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Abstract—The idea of modeling an unknown channel using a
broadcast channel was first introduced by Cover1 in 1972. This
paper builds on his line of thought to consider priority encoding
of communication over unknown channels without feedback, using fixed-length codes and from a single-shot, individual channel
perspective. A ratio-regret metric is used to understand how well
we can perform with respect to the actual channel realization.

0.6




0.4

I. I NTRODUCTION
0.2

How does one communicate without knowledge of the
quality of the communication channel? This practical problem
has been extensively considered from a wide range of perspectives. This paper considers single-shot, fixed-blocklength
transmission without feedback, with a priority ordering over
the message bits.
One of the first approaches for the unknown channel problem was put forth by Cover in [1], [2], where he suggested
modeling an unknown (compound) channel using a family
of degraded broadcast channels. This approach explicitly
considers different performances over a range of channel
realizations, and contrasts with Blackwell’s arbitrarily varying
channel (AVC) approach, which provides hard guarantees for
adversarial scenarios [3]. A third approach is to use rateless
codes [4].
Communication over unknown channels naturally parallels
problems in universal source coding. Universal lossless source
coding is like the AVC approach in one sense, in that both provide hard guarantees on the quantities of received information
and no errors are tolerated. Variable-length rateless channel
coding is another error-free approach. On the other hand, the
degraded broadcast approach to transmission over unknown
channels corresponds to the soft source coding guarantees that
are given by successive refinement for lossy source-coding [5],
[6], where the message bits are assigned a priority.
Priority encoding [7] has mostly been looked at in information theory through the lens of error-exponent analysis [8].
Here, we aim to provide a simplified2 view of the problem in
the channel coding case, with the fundamental goal of understanding the tradeoff between outage and graceful performance
degradation. The idea is similar to the variable-blocklengthencoding discussed in [9], with message priority being used
to determine the encoding.
1 The title of this paper is a tribute to Cover’s “Comments on broadcast
channels”.
2 Error-exponent analysis at its heart is an analysis of channel atypicality. We
simplify this view by directly considering variable channel behaviors without
the underlying tail distributions.
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Fig. 1. Rate achieved given a channel realization in the range between 0.3
and 1 using timesharing schemes. Scheme-1 (optimized for worst case) with
outage probability 0.3 codes all information at rate 0.3. Scheme-2 (optimized
for expected rate) maximizes expected rate, assuming a uniform channel
realization between 0.3 and 1. Notice some targeted users (realizations
better than 0.3) get no rate, and both schemes allocate all resources to one
realization. Scheme-3 (optimized for least regret) allows higher rate for better
realizations, and has smooth improvement above the outage probability, 0.3.

Much of the work that follows up on Cover’s idea is
based on the idea of having a prior distribution over a range
of channel parameters, and using this prior to maximize
expected performance [10], [9], [11]. When a prior over the
fades is available, successive refinement ideas have even been
combined with the degraded broadcast approach to optimize
the expected distortion of a Gaussian source [12], [13].
But what if the transmitter has no prior? If they were
allowed, rateless codes [4] would be almost perfect: they
guarantee decodability and are largely agnostic to any prior
over the channel parameters3 . The individual sequence approach also assumes no prior information about the channel,
and tries to achieve a good rate as compared to the actual
channel realization [14], [15] using a scheme that relies on a
small amount of feedback4 . This feedback is also practically
essential to allow the use of rateless codes.
3 Even rateless codes might be suboptimal when dealing with a family of
channels that are not all optimized by the same input distribution (e.g. the
Z channel). A rateless code suffers a penalty for choosing the wrong input
distribution for the realized channel.
4 Implicit in the individual channel framework are two categories of
uncertainty: uncertainty over the channel distribution, and uncertainty over
the channel realization. Here, we focus on the former category. For the
latter category, tools from [16], [17], [14], [15] use feedback to implement
rateless codes and learn the channel realization. Without feedback, commonrandomness (i.e. interleaving) can be used to turn an individual “noise”
sequence into essentially an unknown channel noise distribution.

Communication over channels in heterogeneous networks
often involve unknown recipients, and in these cases, not only
is the channel unknown, but there is also no informative prior
available or any hope of feedback5 . We extend the ideas of
successive refinement and a broadcast approach for one-shot
transmissions over channels without a prior distribution.
Our objective is to do well with respect to a reference: the
realized channel capacity. We use regret — the ratio of the
realized channel capacity to the achieved rate — as a performance metric, and minimize the worst-case regret. Universal
source coding deals with a similar notion — the minmax
redundancy [19]. Such comparisons are also commonly used
as metrics in the machine-learning literature [20].
1
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the chosen outage realization.
Fig. 2 shows how the three schemes compare under the
metrics of expected rate and worst regret. As we will see in
Sec. III-B, every timesharing scheme requires some outage
to maintain finite regret. Hence, the x-axis shows the lowest
targeted realization (in Fig. 1, this was 0.3). With the expected
rate metric (Fig. 2, top), Scheme-2 will do better than serving
the worst user as long as it is beneficial to make the actual
outage threshold higher than the predetermined threshold.
Scheme-3 will always have a worse expected rate, since it
sacrifices some long-term average rate for better one-shot
performance.
We note that neither Scheme-1 or -2 does particularly well
for one-shot transmissions (given by the max regret metric,
Fig. 2, bottom). The worst regret using Scheme-2 can be
infinite for a large chunk of targeted but low-SNR users.
Scheme-2 has maximum regret that decreases as the inverse
of the outage capacity. Compare this to the minmax regret
scheme (Scheme-3) which has maximum regret decreasing as
the natural log of the outage capacity. In this paper, we will
see that a similar regret curve is achievable for many channels
with unknown parameter.

1

Fig. 2. Performance of rate allocations in Fig. 1, given different metrics. The
expected rate allocation trades a higher outage probability for higher longterm rate. The minmax regret allocation trades away some long-term rate for
better short-term performance.

Consider Fig. 1, which compares time-sharing schemes
optimized for different metrics assuming a uniform prior
over channel realizations with capacities between 0 and 1.
In this figure, we assume 0.3 is the outage level — any
lower realization is not deemed worth devoting resources to.
Scheme-1 (optimized for worst case) transmits all information
at rate 0.3 and ensures non-zero rate for every targeted
realization. Scheme-2 (optimized for expected rate) optimizes
the expected rate given a uniform prior over [0.3, 1]. Scheme3 (optimized for least regret) minimizes the maximum regret
over realizations between 0.3 and 1.
Notice in Fig. 1, Schemes-1 and -2 are qualitatively similar:
both allocate all available resources to a single channel realization. Any realization below this threshold will be in outage,
and any above the threshold will receive information at the
threshold rate. On the other hand, Scheme-3 has a graceful
improvement in achieved rate as the channel improves above
5 For example, in cognitive radio networks, a primary may need to signal
its priority status to an unknown secondary with delay constraints. Secondary
radios may be required to transmit a prioritized identity to the primary along
with the main transmission intended for its own receiver. In cases of harmful
interference, the identity of the interferer needs to be resolved to the best
possible resolution even if the main transmission cannot be decoded [18].

Our problem involves an encoder and decoder communicating over an unknown channel. The channel, Pπ (Y |X), X ∈
X , Y ∈ Y, is drawn from a known set S of possible memoryless channels. The message is an infinitely long bitstring
M = m0 m1 m2 · · · ∈ {0, 1}∞ . The encoder E : {0, 1}∞ →
X n is unaware of the channel. The decoder Dπ : Y n →
{0, 1}k(π) ∀ π is aware of the channel π and commits to k(π).
The probability of error, P (Dπ (Y n ) 6= m0 m1 · · · mk(π)−1 ),
must go to zero as n → ∞. Let Rn (π, E, Dπ ) = k(π)
n be the
rate achieved for the channel π, with encoding E and decoder
Dπ . Then, we define R(π, E, Dπ ) = limn→∞ k(π)
n .
A special case of this problem is where S = Sβ is a
degraded family parametrized by a single parameter, β, the
capacity and βmin ≤ β ≤ βmax . A degraded family is a family
of channels where ∀ β1 > β2 and corresponding channels
Pβ1 (Y1 |X), Pβ2 (Y2 |X) in Sβ , ∃ Pβ1 ,β2 (Y2 |Y1 ) such that
X − Y1 − Y2 form a Markov chain.
We will now show that the problem of transmitting over
an unknown channel in Sβ is equivalent to the problem
of transmitting nested messages over a degraded broadcast
channel to users with channels from Sβ . User Uβ has channel
Pβ (Y |X). Let M be the set of all messages to all users. The
messages come from a degraded message set also parametrized
by β. Rβ is the rate of the message to Uβ , i.e. Mβ ∈
Mβ = {1, 2 · · · 2bnRβ c }. A degraded message set is one where
∀β1 > β2 , Mβ2 is a prefix of Mβ1 . Edeg : M → X n , and
eβ .
decoder Ddeg,β : Y n → Mβ . The total rate to Uβ is R
eβ is achievable at Uβ under the degraded
Theorem 2.1: R
broadcast setup with a degraded message set ∀ βmin ≤ β ≤
eβ .
βmax iff ∃ E, Dβ such that R(β, E, Dβ ) = R
Proof: (⇒) ∀n note that the infinite string M can be
easily parsed as a degraded message set, and consider the

R(β)s achieved by Edeg , Ddeg,β . With the re-encoded string
e
as message sets, R(β, Edeg , Ddeg,β ) = R(β)
∀ β.
(⇐) ∀n consider Mβmax ∈ {1, 2, · · · 2bnRβmax c }, and repref ∈ {0, 1}nbRβmax c . Notice that,
sent it as a binary string, M
∀β ≤ βmax , Mβ is a prefix of Mβmax . Now, fill in all bits of
f beyond bnRβ c randomly to get M ∈ {0, 1}∞ . Clearly,
M
max
f
M is a prefix of M . Now, using E and decoders Dβ , Uβ can
eβ .
decode R(β, E, Dβ ). But this is the desired rate, R
Clearly, the two formulations are equivalent. With this in
mind, we will interchangeably think of channel realizations as
virtual receivers of the degraded broadcast channel [12].
|R
−R |
Let R0 (β) = lim→0 β+ β be the differential amount
of information sent at rate β. The total decodable information,
R(β), for Pβ (y|x) is the integral of the incremental rates
Rβ
achieved at all weaker channels, i.e. R(β) = 0 R0 (β) dβ.
Definition 2.1: The regret for allocation R0 at β, ξ(R0 , β),
ξ(R0 , β) = R β
0

β
R0 (α)

,

(1)

dα

is the ratio of the actual capacity to the achieved rate.
We
aim
to
minimize
the
worst-case
regret
minR0 maxβ ξ(R0 , β). However, there is a tension between
the range of users (β’s) supported and the minmax regret
achieved6 . Hence, we define Co :
Definition 2.2: The outage level, Co , is the minimum capacity supported by an achievable scheme, i.e. R(β) = 0 for
β < Co and R(β) > 0 for β ≥ Co .
We define the metric for performance as the worst case
regret for a fixed outage level:
max ξ(R0 , β).
ξm (Co ) = min
0
R

(2)

β≥Co

As we will see in Sec. III-B on binary erasure channels,
Co > 0 is necessary to be able to achieve finite minmax regret,
ξm (Co ). For the BEC, ξm (0) = ∞.
III. E XAMPLES
A. Linear deterministic channels
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B. Binary erasure channels
Consider a family of degraded BECs parametrized by their
erasure probability 0 ≤  ≤ 1, with capacity parameter β =
1−. Any achievable rate allocation R0 (β) is contained within
the timesharing region [24], [7] as below8 :
Theorem 3.2: The rate region for a degraded family of
BECs Pβ (y|x) is given by R0 (β) satisfying
Z
0

received

Noise level

w

For this channel, ξ(R, β), is always 1, regardless of Co . Even
though the realized channel capacity is unknown, it can always
be achieved.
Consider a linear deterministic channel, Y = X + Z, such
that the signal, X has power P = 2l , and the noise Z has
maximum power Pnoise = 2w . Thus, yi = xi for l ≥ i ≥ 1,
and all lower bits are lost to the noise. The parameter w, is
unknown and indexes a family of degraded channels. It is
clear that the capacity of any member of this family is given
by β = l − w.
Theorem 3.1: For the deterministic channel described
above ξm (Co ) = 1 ∀ Co .
Proof: Achievability: Let the message M = m0 m1 m2 ...,
ordered so m0 is the highest priority bit. Then, ∀ blocklength
n send xl = m0 m1 · · · mn−1 , xl−1 = mn , · · · m2n−1 and so
on. Given noise realization w,
e the receiver can decode all n
bits from the first l− w
e bit levels . The achieved rate is R(β) =
l−w
e = β, with regret ξ(R, β) = 1 for every β. Converse:
The regret is trivially bounded below by 1.
The deterministic channel achieves a perfect regret of 1
because the bit-levels, or “virtual channels” [12], [13], do not
interact. So, information sent at one level does not interfere
with the transmissions on any other level. As we will see,
other channels cannot perform so well.

.
.
.

Fig. 3. Achieved rate for the deterministic model is equal to the capacity of
the realized channel.

To illustrate the regret metric and understand the best
possible case, we explore linear deterministic7 channels [23].
6 [21] notes a tension between reliability and utility in the cognitive radio
setting with regards to choosing whitespace device transmission power limits.
The authors find that sacrificing the use of a few receivers yields a substantial
increase in utility for the remaining transmitters.
7 A parallel analysis will give regret 1 for a truncation channel [22] as well.

1

R0 (β)
dβ ≤ 1.
β

(3)

Thus, the best performance under any metric achieved using
time-sharing as in Fig. 2 is in fact the optimal performance
possible for the family of BECs.
Lemma 3.3: The minmax regret for the BEC for outage
level Co , ξm (Co ), is achieved by an R0 such that ξ(R0 , β) = θ
for some constant θ, and R0 (β) = ρ, a constant, ∀ β > Co .
The only atom in the rate allocation is at Co .
Proof: The proof follows from a standard argument using
calculus of variations. We first argue that the rate allocation
must be continuous across the parameter space except for at
Co , and then use this to show that the minmax is achieved
when the regret is constant across the parameter range.
Theorem 3.4: The minmax regret ξm (Co ) for the degraded
BEC family is ξm (Co ) = 1 − ln(Co ) = 1 + ln(1/Co ).
8 Although traditionally rate regions are hosted in finite dimensions, our
minmax regret formulation is naturally considered over a continuous family.
So, we adopt the appropriate differential rate regions whenever possible.

Proof: The equal regret ξ(R0 , β) = θ and equal rate
R (β) = ρ ∀ β > Co constraints from lemma 3.3 imply
0

θ=

Co
β
= 0
∀ β.
R0 (Co )
R (Co ) + ρ · (β − Co )

θ. Based on this conjecture, the minmax regret ξm (Co ) for the
degraded Gaussian family is the solution to
min θ

(4)

s.t. P (β, θ) ≥ 0 ∀ β ≥ Co

(11)

0

C. Gaussian channels
Consider a degraded family of complex Gaussian channels
with power constraint P , parametrized by their capacity,
Co ≤ β < ∞, in nats. We know that β = ln(1 + P/N (β)),
so N (β) = P/(eβ − 1). Any achievable rate allocation lies
within the Gaussian degraded broadcast rate region9 given by
superposition parametrized by a power allocation with an atom
at PCo and otherwise continuous over the range of β:
Z ∞
P = PCo +
P (β)dβ
(8)
Co

PC o
(9)
R(Co ) = ln 1 +
P − PCo + N (Co )
Z β
P (α)
R∞
R(β) = R(Co ) +
dα
(10)
Co α P (y)dy + N (α)
for all β ≥ Co .
We believe that the minmax regret for the Gaussian is
achieved by an R0 such that ξ(R0 , β) = θ for some constant
9 To find this differential form, take the discrete region in [25], let the power
at each rate get very small, and linearize using ln(1 + x) ≈ x for small x.
More details are given in [26].

where P (β, θ) = P (Co , θ) · e
−

P∞
−mCo
o
−m(β−Co )
− β−C
θ
,
P · m=1 me
·
e
−
e
1−mθ 

Co −Co /θ
and P (Co , θ) = Pθ e eCo −1 .
To see this, note that if ξ(R0 , β) = θ as above, then
R(Co ) = Co /θ. Hence, R0 (β) = θ−1 for all β, where θ is
the optimal regret. The optimizing power allocation, P (β, θ)
above, is the solution
to the first order integral equation
R∞
P (β, θ) = θ−1 ( β P (y, θ)dy + N (β)), with initial condition
P (Co , θ). P (Co , θ) is calculated using the power constraint
equation, and is feasible if P (β, θ) ≥ 0 ∀ β ≥ C0 . P (β, θ)
has at most three extrema (over β), which makes the feasibility
constraint easy to check.
Numerical search leads to the same solution as above. The
Gaussian outage-regret curve is in Fig. 4 for βmax = ∞. We
also include curves for βmax = {.5, 1, 5} for comparison.
D. Binary symmetric channels
It is difficult to express a differential form of the rate region
(found in [27]). So, we numerically calculate an achievable
minmax regret by finding an achievable rate allocation that
produces an equal regret for all channel realizations above
outage. The result is shown in Fig. 4.
IV. D ISCUSSION AND FUTURE WORK
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BEC (slope = -ln(10))
Minmax Regret

Hence, ξm (Co ) = θ = ρ1 = 1 − ln(Co ) = 1 + ln( C1o ).
The above minmax regret computation holds for any timesharing based scheme, since the BEC rate region is equivalent
to the timesharing region over the same range of capacities.
As Co → 0, θ → ∞. This is not surprising. Since the
rate region of the BEC can be achieved using timesharing, we
know that any achievable regret vector ξ(R0 , β), and hence
min-regret ξm (Co ), can also be achieved using a timesharing
scheme. A regret of 1 is unattainable since as soon as a block
of time l(β) is allocated for a certain erasure probability  =
1 − β:
• weaker realizations with a higher erasure rate will be
unable to decode the block, and hence, will not be able
to achieve their capacity and face regret.
• stronger realizations with a lower erasure rate will face a
regret due to the lower transmission rate.
In this way, the BEC behaves in a fundamentally different way
from the linear deterministic channels.

o
− β−C
θ

4
BSC
(slope = -.95ln(10))
2
Deterministic (slope = 0)
0 -2
10
6

Minmax Regret

Hence, ρ = R C(Co o ) . Plugging into the rate region (3), and
noting that the minmax point must exist on the boundary of
the rate region, we have
Z 1 0
R0 (Co )
R (β)
+
dβ = 1
(5)
+
Co
β
Co
Z 1
ρ
dβ = 1, since R0 (β) = ρ, C(β) = β
(6)
ρ+
+ β
Co
ρ = (1 − ln Co )−1
(7)
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Regret vs. outage curve for different channel models

Fig. 4 numerically compares the regret versus outage curves
for the BEC, BSC and Gaussian channels. First, let us note
that the curve for the BEC is a straight line, 1 + ln(Co ), and
both the BSC and Gaussian curves have linear regimes where
the minmax regret falls as γ ln(Co ) for some γ ≥ 0. This
is significantly better than the γ/Co regret achieved in the

introduction by optimizing our transmission for the weakest
user at rate Co . We believe that the slope γ of the curves
represents the ability of the channel to support superposition
coding. The deterministic model curve has slope γ = 0, and
represents the best possible situation. Each bit-level above
noise can be independently used for transmission. The BEC,
on the other hand, has slope −1·ln(10), (corrected since the xaxis is in base 10). This is the timesharing curve: the resources
allocated to the individual realizations interact such that no
superposition is possible as discussed earlier. These two slopes
bound what is possible for any degraded family of channels
because slope better than 0 is not possible, and a timesharing
scheme is always achievable.
Observe that in Fig. 4, as the Gaussian SNR → ∞,
the slope, γ → 0. This matches the traditional intuition
that the Gaussian at high SNR is well represented by the
deterministic channel, and essentially perfect superposition
coding is possible. The slopes of the Gaussian model in low
SNR scenarios are tricker to interpret. Since it is difficult to
obtain an explicit expression for γ in the Gaussian case, we
rely on numerical calculations to understand it. Preliminary
calculations indicate that they approach the slope of the BEC,
indicating that superposition gains, while technically possible,
are very small for low SNR Gaussian broadcast channels.
However, numerical estimates for the slope of the BSC give
γ ≈ −.95 ln(10). This is better than the slope of the BEC,
and suggests that perhaps gains from superposition coding are
possible for the BSC broadcast channel.
An interesting question to consider is: could we construct
a channel with a regret-outage slope of any desired value
between 0 and −1? Such a construction could provide insight
into the transitional behavior of the Gaussian — what exactly
is going on in between the low and high SNR regimes?
These ideas can be extended beyond even different families
of channels. For example if a cognitive radio is sending an
identity signal through an unknown channel to a primary [18],
both the channel quality and the possible blocklength may be
unknown. Does there exist a strategy similar to the approach
here to allow identity rate to gracefully improve with both a
better channel and more time? At what cost?
Finally, what is the lossy source coding analog of this
channel coding regret formulation? There is obviously a connection between the minmax regret results here and the ideas
of successive refinement in [6] which remains to be explored.
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