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ABSTRACT 

MACSYMA [1 ] ,  a computer program for  a lgebra ic  
m a n i p u l a t i o n ,  is  used to so lve ,  s g m b o l i c a l l g  and e x a c t l g ,  a 
p rob lem i n v o l v i n g  i n t e g r a t i o n  and the s o l u t i o n  o f  an 
i n f i n i t e  se t  o f  l i n e a r  equa t ions .  This is  a t u t o r i a l  i n  t he  
use o f  11ACSYMA. and i l l u s t r a t e s  some of  the cho ices  
a v a i l a b l e  to  the i n t e r a c t i v e  user which a i d  in s o l v i n g  a 
mathemat i ca l  problem. 

I - The problem 

In  [ 2 ] .  H. P. Greenspan deve lops  a model o f  the  
g e n e r a t i o n  o f  la rge  sca le  magnet ic f i e l d s  from smal l  s c a l e  
mo t i ons  o f  a conduc t i ng  f l u . d .  We take as a s t a r t i n g  p o i n t .  
a met o f  e q u a t i o n s  (whose s i g n i f i c a n c e  w i l l  no t  be d i s c u s s e d  
he re )  to  be so lved  f o r  c o e f f i c i e n t s  B [ 2 N + i ] .  The e q u a t i o n s  
a re  
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where P is  an assoc ia ted  Legendre f u n c t i o n .  The above 
d i s p l a g s  were genera ted  bg MACSYMA, and i nc ludes  a summation 
s i g n  and two i n t e g r a l s  (stand back a b i t  i f  gou c a n ' t  see 
them).  

I I  - The S o l u t i o n  

E q u a t i o n  (1) is  an i n f i n i t e  set  o f  l i n e a r  e q u a t i o n s .  
The t e c h n i q u e  f o r  s o l v i n g  f o r  the B [ i ]  is  to g e n e r a t e  and 
s o l v e  the  f i r s t  equa t i on  fo r  B [ 1 ] ,  then genera te  the  n e x t  
e q u a t i o n ,  and so l ve  these two equa t ions  t o g e t h e r  to  ge t  B [ I ]  
and B [ 3 ] ,  e t c .  One hopes t ha t  the sequence o f  v a l u e s  f o r  
B I l l  d e r i v e d  in t h i s  wag converges,  and s i m i l a r l g  f o r  B [ 3 ] ,  
e t c ,  I t  i s  a l so  expected,  in the c o n t e x t  o f  t h i s  p rob lem,  
t h a t  B [ i ]  tends to  0 f o r  la rge i .  

We w i l l  assume t ha t  the reader  has a s l i g h t  
a c q u a i n t a n c e  w i t h  MACSYMA [1] or  a s i m i l a r  agetem f o r  
a l g e b r a i c  m a n i p u l a t i o n .  

L e t  us do the easg p a r t s  f i r s t .  Equa t i on  (3) d e f i n e s  
a se t  o f  va l ues  f o r  C. We cou ld  d e f i n e  a f u n c t i o n  C(K) 
wh ich  when g i v e n  the va lue  f o r  K r e t u r n s  the v a l u e  f o r  C (K) ,  
bu t  t h i s  gou ld  r e p e a t e d l g  compute C. We might  as we l l  save 
them in  an a r r a g ,  e s p e c i a l l g  s ince in MACSYMA i t  i s  j u s t  as 
s i m p l e .  I n  t h i s  case, when C[1] is  reques ted  the  f i r s t  
t ime ,  i t  ge t s  computed us ing the fo rmu la ,  and is  then s t o r e d  
in  memorg so t ha t  subsequent r e f e rences  to C [ I ]  a re  j u s t  
r ead  ou t  o f  s to rage .  The d e f i n i t i o n  (and d i s p l a g ]  o f  C as 
g i v e n  to  11ACSYMA is= 

(C1 ] C [KI ; = -GAMMA (3/2)  ~'rGAMMA (2~'~+3) / 
(2~'~GAMMA (2~',K+1) ~'A3AMMA (3/2-K)  ~AMMA (3-PK) ) ; 

SORT(%PI) GAMMA(2 K + 3] 
(D1) C = . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
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Note  t h a t  MACSY11A has s i m p l i f i e d  the GAMMA(3/2). 
L e t  ue compute a l i s t  o f  the f i r s t  4 va l ues .  

(C2] [C [0] ,C [1] ,C [2] ,C [31 ] ; 
1 1 5 7 

(D2] [ - - ,  - - ,  - - ,  - - - ]  
2 2 32 80 

Nex t ,  l e t  us compute the assoc ia ted  Legendre f u n c t i o n s  
bg ang c o n v e n i e n t  method. Rodr igues '  fo rmu la  is  handgz 

N + 1 1  
N 2 N / 2  0 2 M 

( - 1 )  (1 - X ) ( . . . . . . .  (X - 1 )  ! 
N + M  

(N) DX 
P (X) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
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Bu t  s i n c e  a l l  we need is  the N=I case e v a l u a t e d  a t  c o s ( u ] ,  
He can r e p l a c e  (1-X ' I '2 ) f (N/2)  bg s i n ( u ) ,  and a f t e r  t a k i n g  
d e r i v a t i v e s  w i t h  respec t  to x,  s u b s t i t u t e  cos(  U ) f o r  x .  ge 
can se t  up an a r r a g  o f  f u n c t i o n s ,  one f o r  each a s s o c i a t e d  
Legendre  f u n c t i o n  a t  a cos ine p o i n t  bg 

(C3) ALF[M] (Y) := -SIN(Y) / (2 fM~ '~ ! )~SUBST(CDS(Y] ,X ,  
D I F F ( ( X f 2 - 1 ) f M , X , M + I ) ) :  

(D3] 

M + I  
D 2 M 

SIN(Y) SUBST(COS(Y), X, - . . . . . .  (X - 1) ) 
I 1 + 1  

DX 
ALF (Y) = . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

M M 
2 M! 

(C4) A L F [ S ] ( X ) ;  
2 2 4 2 

(04] - ( ( ; 2 0 0  (COS (X) - 1) + $7800 COS (X) + 88400 COS (X) 

(COS (X] - 1 ) )  S I N ( X ] ) / 3 8 4 0  

Th is  migh t  be s u f f i c i e n t ,  but  i t  is  somewhat nea te r  to  
c o n v e r t  these r e s u l t s  i n t o  a s imp ler  form i n v o l v i n g  j u s t  
s i n e s  o r  j u s t  cos ines .  Since formula (2) a l r e a d g  i n v o l v e s  
s i n e s ,  we choose s ines .  Ue can do t h i s  bg d e f i n i n g  ge t  
a n o t h e r  a r r a g ,  which has the same va lues  as ALF, bu t  w i t h  
( 1 - S I N ( Y ) ~ 2 )  s u b s t i t u t e d  fo r  COS(Y)~2 evergwhere.  S ince  He 
a l s o  want to  c o n v e r t  COS(Y)t4 (e tc )  to S I N ' s ,  we use 
RATSUBST= 

(C5) ALF1 [M] (Y] = = RATSUBST ( l -S (  N (Y) t 2 ,  COS (Y) f 2 ,  ALF [M] (Y))  $ 
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i t  Imeea.pra farab la  to d iv ide the denominator through, 
Imlam tMpe# 

(C8) RATIEXPANOz T$ 

(C7) ALF1 [5] (X) 
5 3 

315 SIN (X) 185 SIN (X) 
(O7) . . . . . . . . . . . .  + . . . . . . . . . . . .  15 SIN(X) 

8 2 

The next problem ie to evaluate the i n teg ra l s  o f  
equat ion (2).  Me Bay have no a p r i o r i  knoHledgm of  Mhathmr 
the in teg ra l  |e s ingular ,  or i f  i t  can be done exact lw by 
convent ional  methods, or i f  i t  involves special func t ions .  
Me can le t  rlACSYItA take care of  these problems i f  Me j us t  
de f i ne :  

(C8) A IN ,K ] : -  INTEGRATE(-BIN(TH)~(2.~N+3I/COS(TH)~ 
ALF1 [2.kK+l] (TH)~ 

INTEGRATE(ALFi[2~.N+II(Z)/SIN(Z)~(2ctN+3),Z,TH,¢OI/2), 
TH,B,Y, PI /2)$  

This i e a  time-consuming ca l cu la t i on  since d e f i n i t e  
i n t e g r a t i o n  in MACSYMA is done Nith great concern fo r  a 
f u n c t i o n ' s  behavior,  and can use contour i n teg ra t i on  
a lgor i thms,  and various heu r i s t i c  methods. Another f a u l t  
w i t h  t h i s  formulat ion ie that  i f  Me are going to compute 
many of  these A[N,K],  Me Mi l l  be recomputing the inner 
i n t e g r a l ,  Nhich depends only on N, repeatedly.  Although 
t h i s  fo rmu la t ion  can be used, i t  is helpfu l  to analyze the 
problem f u r t h e r .  

Some experimentat ion shows that the inner in teg ra l  Is  
siNeWs 8 at  ZPI/2,  and that a l l  Me have to do is compute: 

(C8) INNER|NT[N]:- -INTEGRATE(ALFi[2~+iI(TH)/SIN(TH)~(2.crN+3),TH)$ 

An improvement in running time can be made by f i r s t  
cance l l i ng  the SIN's in the denominator and expanding the 
integrand.  A f t e r  th is  expansion, the i n teg ra t i on  program 
produces an in tegra l  e n t i r e l y  in terms of  I/TAN(TH). 
Ml thout  t h i s  t ransformat ion,  the in tegra t ion  program r e t u r n s  
a much more unuleldy aneMer. The i n te rac t i ve  nature o f  
I'IACSYrlA aided in th i s  discoverw, because both of  the 
ind ica ted  programs Mare t r i ed  out.  

(C18) INNER;NT[N]zm -INTEGRATE(RATEXPAND(ALFI[2~,N+I] (TH)/ 
SIN(TH)~(2~AS+3I),THI$ 

(C l l )  INNERINT[2]~ 

1S iS 3 
(011) . . . . . . . . . .  + . . . . . . . . . . . . . . . . . . .  

8 TAN(TH) 3 5 
2 TAN (TH) TAN (TH) 

This ie f a i r l y  neat. Mhat Me Mould r e a l l y  p re fe r ,  le to  
remove the TAN'B and put in SIN's, or at least  S|N'e and 
COS'e. This can be done qui te  simply using RATSUBST. 

(C12) [1 [N]z-RATSUBST(1-SIN(THIt2,COS(THIt2, 
RATSUBST(S|N(TH)/COS(TH),TAN(TH),INNERINT [ N ] ) ) I  

(C13) i1(2]1 
99 COS(TH) 27 COS(TH) 3 COS(TH) 

(D13) . . . . . . . . . . .  + . . . . . . . . . . . . . . . . . . . .  
8 SIN(TH) 3 S 

2 SIN (TH) SIN (TH) 

NoM Me are at  the point  Mhere Me can generate the in tegrand 
fo r  the outer  i n teg ra l ,  and examine Nhat i t  is Me r e a l l y  are 
a f t e r .  The integrands have a supr is ingl  W simple s t r u c t u r e .  

(C14) R(N,KIz=RATEXPAND(-SIN(THIt(2~N+3)/ 
COS(THI~ALF~I2c, K+ I ] (THI~ I I [N ] )$  

(C15) R(8,1Is 

(DIS) 

(C16) R(1,8)~ 

(016) 

S 
15 SIN (TH} 3 
. . . . . . . . . . . .  G SIN (TH) 

2 

S 
7 SIN (TH) 3 
. . . . . . . . . . .  2 SIN (TH) 

2 

(C17)'R(1,1)~ 
7 

185 SIN (TH) 5 3 
(017) . . . . . . . . . . . . .  + 3G SIN (TH) - 12 SIN (TH) 

4 

] t  can be determined that in fac t  a l l  integrande are auma o f  
poMere of  S]N(TH), and only odd poMere, at  tha t ,  
I n t e g r a t i o n  could be done by using the INTEGRATE command, 
but t h i s  computation Mould proceed b W doing the i n d e f i n i t e  
i n t e g r a l ,  and then re turn  the d i f fe rence of  eva lua t ing  at  
the l i m i t s .  This ie f ine  for  one or tMo cases, but Me can 
save considerable time bg computing d e f i n i t e  i n teg ra l s  o f  
powers of  SIN, and s tor ing them in an array.  Me can a lso  
i l l u s t r a t e  some mope f a c i l i t e e  Of MACSYMA along the Nay. 

There i e a  l i t t l e  formula ava i lab le  fop computing the 
in teg ra l  from 8 to Y, P I /2  of an odd pouer o f  SIN. I t  is :  

(C18) ISIN[N]:-BLOCK([M), Mz(N-1)/2, 
RETURN(2t(2~)~(M!I t2/N!))$ 

NoM Me are ready to produce the A[N,K]: 

(C1S) A [ N , K ] : -  BLOCK([EXP,ANS,COEF,H], 
ANS:8, 
EXP:R(N.K), 
H:HIPOW(EXP,SIN(TH)), 
FOR IzH STEP -2 THRU i DO 
[COEF:BOTHCOEF(EXP,SIN(TH)~i), 
ANSsANS+ISIN[I]wINPART(COEF,1), 
EXPzINPARTICOEF,2)], 
RETURN(ANS))$ 

Let us describe the steps in the program above: 

( l i n e  1) the var iab les  EXP, ANS, COEF, and H are declared 
local  to the BLOCK, That is, values of  EXP (e tc . )  M i th in  
t h i s  program bear no r e l a t i o n  to values prev ious ly  assigned 
to EXP ( e t c . ) .  

( l i n e  2) Set ANS to B. ANS Mi l l  have the ansMer Mhen Me 
conclude execut ion of  th is  program. 

( l i n e  3) Set EXP to the integrand computed by func t ion  R. 
( l i n e  4) Set H to the highest power of  BIN(TH) in EXP. 
( l i n e  S) Set up a loop on I for  a l l  (odd) poMere of  SIN(TH) 

in EXP. 
( l i n e  G) Set COEF to a l i s t  of (1) the c o e f f i c i e n t  o f  

SIN(TH)~I in EXP, and (2), the res t  of  EXP Mith the 
SIN(TH)t l  term removed. 

( l i n e  7} Add to ANS the integral  of SIN(TH)~I times the 
appropr ia te  c o e f f i c i e n t .  ([NPART(COEF,1) picks out the f i r s t  
pa r t  o f  the answer from BOTHCOEF.) 

( l i n e  8) Set EXP to the part  Mhich remains a f t e r  removing 
the SIN(TH)~I term from the integrand. (Also, r e tu rn  to l i ne  
G fo r  the next value of I unless |=1) 

( l i n e  9) Return ANS as the value of  the i n teg ra l ,  and set 
A IN,K] to that  value. 

Me can no. set up the equations to be solved. Me can 
conver t  equat ion (2} to the form 

INF 
\ = . . =  

\ 
(BET(N, K) B ) = C 

/ > 2 N + i K 
/ == . .  
N - 8 

Mhere BET(N,K) is A[N,K] i f  N is not equal to K, otherMise 
to A[N,K] + an add i t iona l  term. I t  looks l i ke  t h i s :  

(C28) BET(N,K):- IF (N#K) THEN A[N,K) ELSE 
A[N,K]+(2~cN+i)~(2~'~+2)/(4~a+3)$ 

SETUP sets up N equations, EQ[8] . . . . .  EQ[N-1]. 

(C21} SETUP(N):- FOR L:B THRU N-1 DO 
EQ[L] :SUM(BET(I ,L I~B[2~I+I ] , I ,1 ,NI=C[LI$ 

F i n a l l y  Me def ine a program Mhich sets up l i s t s  o f  
equat ions and var iab les ,  and ca l l s  the b u i l t - i n  command, 
SOLVE. CONS is a program Mhich adds an element to the 
beginning of  a l i s t ,  An empty l i s t  is [ ] .  
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(C22) ISOLVE(N)s- BLOCK ([EQS,VARS], 
E Q S I [ ] ,  V A R S : [ ] ,  
SETUP]N), 
FOR L: 1THRU N DO 
[EOS:CONSIEO[L-1],EOS), 

VARS:CONS(B[2~4.+I],VARS)], 
RETURN(SOLVE(EQS,VARS)}}$ 

L e t ' s  t r y  i t  ou t .  

(C23) ISOLVE(1)# 
(023) [E23) 

Th is  i s  a l i s t  o f  the s o l u t i o n s  from SOLVE. Eva lua te  ) tz  

(C24) EV(%}s 
16 

(024) [8 . . . .  ] 
3 16 

I f  we se t  TIME to  TRUE, us can f i n d  out how long 
compu ta t i ons  take.  

(C26) TIME:TRUES 
TIME- 4 MSEC. 

(C2G) 1SOLVE(2)# 
TIME- 11863 MSEC. 
(D27) [E26, E27] 

(C28) EV(~)~ 
TIME- 11MSEC. 

(D28) 
35 36 

[B . . . .  , B . . . .  ] 
6 144 3 48 

(C29) ISOLVE(3)~ 
TIME- 61849 MSEC. 
(D31) [E2S, E30, E31] 

(C32) EV(~)# 
TIME- 14 MSEC. 

83 77 36 
(D32) [B . . . . .  , B . . . .  , B - - - ]  

7 $12 S 576 3 48 

In  f a c t ,  we can run t h i s  example out  much f u r t h e r ,  and we 
no te  t h a t  we have an exact  s o l u t i o n  from |SOLVE(N) fop the 
terms up to  2N-1. That is ,  the i n f i n i t e  se t  o f  e q u a t i o n s  
has an exac t  s o l u t i o n ,  This s u r p r i s i n g  s i t u a t i o n  is  a 
r e s u l t  o f  the f a c t  t ha t  A[N,K] is  8 f o r  K • N, which i s  
obv ious  i f  we look a t  the va lues of  the A [N ,K ] .  We can 
d i s p l a y  them in a m a t r i x .  

F i r s t  we have to  o f f s e t  the va lues o f  A bu 1, s i nce  
m a t r i c e s  in MACSYMA (as in most o the r  p laces)  beg in  t h e i r  
i ndex ing  a t  1, not  0. We can do i t  as f o l l o u s :  

(C33) A A [ N , K ] I - A [ N - 1 , K - 1 ] $  
TIME- 20 MSEC. 

(C34) GENMATRIX(AA,3,3)= 
TIME- 38S5 MSEC. 

(D34) 

[ 2 I 
[ - -  0 0 ] 
[ 3 ] 
[ ] 
[ 8 4 ] 
[ . . . .  0 ] 
[ 15 6 ] 
[ ] 
[ 18 24 G ] 
[ - - ]  
[ 36 36 7 ] 

The s u r p r i s i n g  p a t t e r n  in the va lues o f  the doub le  
i n t e g r a l  o f  equa t ion  (2) led to a recu rs (on  r e l a t i o n  (no te  
t h a t  A A [ 1 , 2 ] - A A [ 1 , 1 ] ~ A A [ 2 , 2 ] ,  e t c . )  and a fo rmula  to  
e v a l u a t e  i t  a n a l y t i c a l l y  f o r  a l l  va lues of  N and K. F u r t h e r  
e x a m i n a t i o n  shone tha t  the ma t r i x  "BET" leads to  a system 
where each roH can be cance l led ,  except  f o r  the d iagona l  
te rm,  b W a m u l t i p l e  o f  the nex t .  This d iagonal  system was 
e x p l i c i t l y  so lved to  y i e l d  a c losed form r e s u l t  f o r  the 
B [ 2 N + I ] .  For some d e t a i l s  o f  t h i s ,  consu l t  the paper by 
Greenepan [ 2 ] .  

I f |  - Add i t i ona l  Comments 

As i s  f a i r l y  t yp i ca l  in mathematics,  the problem as 
o r i g i n a l l y  s t a t e d  (and which was, in f a c t ,  a l s o  so lved)  Nae 
o f  no i n t e r e s t  because the equat ions  were e r roneous .  I n  
f a c t ,  t h a t  use o f  MACSYMA was someghat more e l e g a n t ,  because 
an a p p r o x i m a t i o n  to  a n o n - r a t i o n a l  p o r t i o n  o f  the i n t e g r a l s  
was computed us ing power se r ies .  However, the va lues  o f  
B [2N+i ]  which were produced bg tha t  f o r m u l a t i o n  d id  no t  
converge ,  but  o s c i l l a t e d  and grew. This u n s a t i s f a c t o r y  
r e s u l t  suggested tha t  MACSYMA was being asked the wrong 
q u e s t i o n s ,  as indeed was the case. A c o r r e c t e d  v e r s i o n  o f  
the  e q u a t i o n s  leads, as Ne have seen, to a dec reas ing  and 
conve rgen t  s e r i e s .  

IV - Lonc lua ions 

We would l i k e  to  b r i e f l y  po i n t  out  a few o f  the  
f a c i l i t i e s  in MACSYMA which make i t  use fu l  to  a work ing  
a p p l i e d  mathemat ic ian .  

( i )  I n c o r r e c t  and/or  use less f o rmu la t i ons  can be d i s c a r d e d  
more r a p i d l y  bu f o l l o w i n g  such f o rmu la t i ons  through to  
symbo l i c  r e s u l t s  (or numerical  r e s u l t s )  in s u f f i c i e n t  
q u a n t i t y  to  answer bas ic  ques t ions  concern ing the b e h a v i o r  
o f  a s o l u t i o n .  

(2) P a r t i a l  r e s u l t s  can be examined immediate ly  to  
de te rm ine  procedures to be fo l l owed  in the nex t  s teps .  

(3} Large numbers of  techniques can be draun upon, w i t h o u t  
e x p l i c i t  user  d e f i n i t i o n .  For example, the presence o f  
GAMMA f u n c t i o n  e v a l u a t i o n  and s i m p l i f i c a t i o n  r o u t i n e s ,  the  
iNTEGRATE command, the SOLVE command. 

(4) The a b i l i t y  to  set  up h i e r a r c h i e s  of  programs which 
d u p l i c a t e  the sequence o f  typed in commands, once a sequence 
i s ,  in f a c t ,  w e l l - d e f i n e d ,  makes i t  easy to i n i t i a t e  
c o m p l i c a t e d  c a l c u l a t i o n s  in a simple fash ion .  Fu r t he rmo re ,  
the  e x t e n s i o n  to  more terms or  h igher  accuracy i s  u s u a l l y  
e x t r e m e l y  s imp le .  
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