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Introduction

We proposed the Lorentz direct concatenation that concate-

nates vectors in the Lorentz space and illustrate that it is much

more stable than concatenating in the tangent space. We pro-

vide some insights and show superiority of performing direct

concatenation in real tasks.

Methods

Suppose the input vectors are {xi}N
i=1 where xi ∈ Lni

K. Goal:

concat them into y ∈ LM
K where M = ∑N

i=1 ni.

Lorentz Tangent Concatenation

1. Logarithmic map xi to the tangent space of the origin o:
vi = logK

o (xi) = [ vit
vis

] ∈ Rni+1

2. Perform the Euclidean concat to get v :=
(
0, v>

1s
, . . . , v>

Ns

)>
.

3. Exponential map it back as y = expK
o (v) ∈ LM

K

Lorentz Direct Concatenation

y = HCat({xi}N
i=1) =


√√√√√ N∑

i=1
x2

it
+ N − 1

K
, xT

1s
, · · · , xT

Ns


T

.

wherexis
is the spatial component. Essentially, we direct concat

the xis
in the Euclidean space and view it as ys.

Numerical Stability

We design a hyperbolic neural network consists of a cascading

of L blocks as follows: for l = 0, · · · , L − 1,
h

(l)
1 = Hlineard,d(x(l)), h

(l)
2 = Hlineard,d(x(l));

h(l) = HCat(h(l)
1 , h

(l)
2 ); x(l+1) = Hlinear2×d,d(h(l)).
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Input/Output data: sampled from two wrapped normal dist.

The average gradient norm of the HLinear in each block is

recorded, and shown in Figure 1.

The increased norm is due to Log/Exp operations.

Large norm ⇒ Far from origin ⇒ Unstable Float Repr.
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Figure 1. Average gradient norm in training. (a) 64 blocks. (b) 128 blocks.
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Hyperbolic Distances

We study how concatenation influence pairwise distance.

Given x, y, c ∈ Ln
K

Let xc = HCat(x, c), yc = HCat(y, c) be Direct Concat
Let x′

c = HTCat(x, c), y′
c = HTCat(y, c) be Tangent Concat

We hope dL(xc, yc) / dL(x′
c, y′

c) be close to dL(x, y).
In the experiment, we randomly sample x, y, c from

wrapped noraml distribution in different dimensions and

report |dL(xc, yc) − dL(x, y)| and |dL(x′
c, y′

c) − dL(x, y)| as
well as their differences in Figure 2.
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Figure 2. (a, b, c): Difference between concated and original distances with

n = 3, 6, 64, respectively. (d): |dL(xc, yc) − dL(x, y)| − |dL(x′
c, y′

c) − dL(x, y)|.

Applications

We compare the performance of Direct / Tangent concatena-

tion on the HAEGAN framework as illustrated in Figure 3.
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Figure 3. The HAEGAN framework.

We use the HAEGAN with a tree AE on random trees to test

concatenation methods:

Table 1. Results of the tree generation experiments.

Concat
MMD Average Difference Time

Degree Orbit Orbit Betweenness Closeness (s/step)

Beta 0.000470 0.000001 0.129896 0.026102 0.022375 1.7529

Tangent 0.000314 0.000052 0.131563 0.024171 0.021858 1.6385

Direct 0.000156 0.000005 0.123286 0.023706 0.021740 1.3146

We also test molecular generation on the MOSES dataset with

a hyperbolic version of JTVAE as the AE:

Table 2. Results of the molecular generation experiments.

Concat Validity (↑) Unique (↑) Novelty (↑) SNN (↑) Scaf (↑)

Beta NaN NaN NaN NaN NaN

Tangent NaN NaN NaN NaN NaN

Direct 1.0±0.0 1.0±0.0 0.905±0.006 0.593±0.002 0.113±0.007
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