Math 55 First Midterm 24 Sep 2007

NAME (1 pt):

TA (1 pt):

Name of Neighbor to your left (1 pt):

Name of Neighbor to your right (1 pt):

Instructions: This is a closed book, closed calculator, closed computer, closed network, open brain
exam. You are allowed one page of notes (double sided) that can be read without a magnifying
glass.

You get one point each for filling in the 4 lines at the top of this page. All other questions are
worth 20 points.

Write all your answers on this exam. If you need scratch paper, ask for it, write your name on
each sheet, and attach it when you turn it in (we have a stapler).

DO | —
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Question 1) (20 pts) Determine whether or not the following proposition is a tautology. a | b
is the same as —=(a \V b).

(rv(plq)— (-r——q)

If it is, prove it using rules for simplifying logical expressions, not using a truth table. If not, give
a counterexample. Indicate what you are doing at each step (i.e. you don’t need to use the Latin
names of inference rules, just convince us that you know what you're doing).

Answer:

(rviplq)—(-r——q)
< (definition of |)

(rvV=(Vg) = (-r—=g)
< (definition of — and double negative)
(rv=(pVae)—(rV-g)
& (definition of —)
=(rv=(pVag)V(rV-g)
< (DeMorgan’s Law and double negative)
(=rA(pVa)V(rv—q)
& (distributivity)
(=r Ap)V (=r Ag))V (rV —g)
& (DeMorgan’s Law and double negative)
(=r Ap)V (=r Ag))V =(=r Ag)
& (associativity and vV —x =T, where x = —r A q)
(=rAp)VT
& (anything VT =T)

T



Question 1) (20 pts) Determine whether or not the following proposition is a tautology. a | b
is the same as —=(a \V b).
(s t)V—0) = (v——t)

If it is, prove it using rules for simplifying logical expressions, not using a truth table. If not, give
a counterexample. Indicate what you are doing at each step (i.e. you don’t need to use the Latin
names of inference rules, just convince us that you know what you’re doing).
Answer:
(1 £) V=) = (v — 1)

& (definition of |)
(=(sVit)V-w)— (v— —t)
& (definition of —)
(=(sVit)V-w)— (-vV-t)
& (definition of —)
—(=(s Vi) V-w) V(v V-t)
< (DeMorgan’s Law and double negative)
((sVt)Av)V (—vV -t)
& (distributivity)
((sAv)V (EAD))V (—vV—t)
< (DeMorgan’s Law)
((sAhv)V(EAD))Va(vAtL)
< (associativity, commutativity, and xV —x =T, where x =t Av)
(sAhv)vT
& (anything VT =T)

T



Question 2. (20 points) Classify each function f as one-to-one, onto, both, or neither. Justify
your answers.

2.1) (5 points) Let Q1 denote the set of positive rational numbers and Z denote the set of
integers. A rational number r € QT can be written in exactly one way as r = p/q where p and q are
positive integers and have no common divisor bigger than 1. We define the function f : Q* — Z
as follows: if r € Q* and r = p/q as above, then f(p/q) = p — q. For example f(7/2) = 5.

Answer: f is onto: If z >0, f((z+1)/1) = z, since z+ 1 and 1 are positive with no common
factors bigger than 1. If z < 0, f(1/(1 — 2)) = z, since 1 and 1 — z are positive with no common
factors bigger than 1. f is not one-to-one, since f(3/1) = f(5/3) = 2.

2.2) (5 points) Let Q denote the set of rational numbers and R the set of real numbers.
Let A={r: reQand0<r<1l}and B={r: reRand 0<r <1}. Let f: A — B
be defined by f(z) = 2% — 1.

Answer: f is one-to-one because it is a strictly increasing function of x. f is not onto because
A is countable and B is not countable, so there cannot be a bijection between A and B.

2.3) (5 points) Let h(z) = [2] — [2] — 2, g(z) = 2+ 1, and f : {0,1,2,3} — {0,1,2,3} be
defined by f = hog.

Answer: f maps 0,1,2,3 to 0,1,2,2, so it is neither one-to-one nor onto.

2.4) (5 points) Let B be the set of all bit strings of length 8, and B x B be the Cartesian
product, i.e. the set of all pairs of bit strings of length 8. If b € B, let b; denote the i-th bit of
b for i =1,2,...,8. We interpret 0 as True and 1 as False, so we can write logical expressions like
b; & b;41, where & is exclusive-or.

We define the function f : B x B — B x B as follows: f(w,z) = (y,z) where y; = w; and
2 = Ww; DT

Answer: f is one-to-one: Suppose f(w,z) = f(w,z) = (y,z). Then w =1y = and

r=r2®F=z0(wodw)=Cdw)dw=20y=(2® ) dwv=rd(Wow)=2dF ==z

fis onto: given (y, z), choose w =y, and x = y®z, so wdxr = yd(ydz) = (ydy)dz = Fdz = 2.



Question 2. (20 points) Classify each function g as one-to-one, onto, both, or neither. Justify
your answers.

2.1) (5 points) Let Q' denote the set of positive rational numbers and Z denote the set of
integers. A rational number x € QT can be written in exactly one way as x = r/s where r and s
are positive integers and have no common divisor bigger than 1. We define the function g : QT — Z
as follows: if z € QT and x = r/s as above, then g(r/s) = s — r. For example g(5/3) = —2.

Answer: g is onto: If 2> 0, g(1/(z+ 1)) = z, since z+ 1 and 1 are positive with no common
factors bigger than 1. If z < 0, g((1 — 2)/1) = z, since 1 and 1 — z are positive with no common
factors bigger than 1. g is not one-to-one, since g(3/1) = g(5/3) = —2.

2.2) (5 points) Let Q denote the set of rational numbers and R the set of real numbers.
Let A={r: reQandl1 <r<4}land B={r: reRand1<r <2} Let g: A— B
be defined by g(z) = /.

Answer: g is one-to-one because it is a strictly increasing function of x. g is not onto because
A is countable and B is not countable, so there cannot be a bijection between A and B.

2.3) (5 points) Let q(y) = [Jy] — [3y] =2, 7(y) =y + 1, and g: {~1,0,1,2} — {~1,0,1,2} be
defined by g =rogq.
Answer: g maps -1,0,1,2 to -1,-1,1,2 so it is neither one-to-one nor onto.

2.4) (5 points) Let S be the set of all bit strings of length 10, and S x S be the Cartesian
product, i.e. the set of all pairs of bit strings of length 10. If s € S, let s; denote the i-th bit of s
for i = 1,2,...,10. We interpret 0 as True and 1 as False, so we can write logical expressions like
S; P Si4+1, where @ is exclusive-or.

We define the function g : S x S — S x S as follows: ¢(z,w) = (y,z) where x; = z; and
Y; = Wy @D z;.

Answer: g is one-to-one: Suppose g(z,w) = g(2,w) = (y,xz). Then z =x = Z and

w=wdF=uwd(z02)=(wdz)Pz=ydr=Wd 2)PZ=00(E®2)=veF =0

g is onto: given (y,x), choose z = x, and w = ydzx, sowdz = (ybz)dr = yd(xdx) = ydoF = y.



Question 3 (20 points) In the expressions below log x means log, . Show your work to get full
credit.
3.1) (6 points) Find the smallest integer n such that

f(z) = \/487x7(log 2)3 + 15124V 210 (log log )7 — 3zV 11 — 4!

is O(z™/%). Note that the exponent is n/6.

Answer: Of the terms being added under the square root sign, O(x" (log x)3), O(x% (loglogz)7),
O(x%), and O(1), the second has the largest power of x. Since logx = O(z®) for any a > 0,
the second term is largest, and the sum is O(x%?(log logz)7). Taking the final square root yields
O(az%(log log 1:)%) This is not O(az%) but is O(x%) for similar reasons, so n = 23.

3.2) (7 points) The notation Hle p; means the product p; - po---p. Find a simple accurate
function h(n) such that H;il 53iFTlogi is O(h(n)).
Answer: H:il 53i+710gi < H:ﬁl 53i+7logn2 _ H:il 53i5710gn2 _ 57n2 log n? H:il 53i —

2 . 2 .. .
nl4n2 log 5 H?:l 531 nl4n2 log552?:1 30 nl4n2 log553n2(n2+1)/2‘

3.3) (7 points) Find a simple accurate function h(x) such that
g(z) = log(log((z)*)) + z(log 2)"/* is O(h(z)).

Answer:  We simplify the first term to get loglog(z)®) = log((x!)log(z!)) = log(z!) +
loglog(z!). The first term is arbitrarily larger than the second term, and is bounded by log(z!) <
log(x®) = xlogx. This dominates the last term, so g(x) is O(xlogz).



Question 3 (20 points) In the expressions below log x means log, . Show your work to get full
credit.

3.1) (6 points) Find the smallest integer m such that

9(y) = \3/ 1010 — 89y2+/y” + 7208y /' (loglog y)* — 92y5(log y)?

is O(y™/3). Note that the exponent is m,/3.

Answer:  Of the terms being added under the cube root sign, O(1), O(y%), O(y%(log logy)4),
and O(y%(logy)?), the third has the largest power of y. Since logy = O(y®) for any a > 0,
the third term is largest, and the sum is O(y%(loglogy)‘l). Taking the final cube root yields
O(y%(log log y)%). This is not O(y%) but is O(y%) = O(y%) for similar reasons, so m = 17.

3.2) (7 points) The notation [[}., ; means the product r1 - 72+ -7y,. Find a simple, accurate
3 . .
function f(m) such that [[jZ, 32716187 is O(f(m)).
3 . . 3 . E 3 . - E 3 .
Answer: H;’;l 32j+6logj < H;ll 32]+610gm3 _ 1—[;7;1 32]3610gm3 _ 36m3 log m? H;n:1 32/ —

3
3 ) )
nlléim3 log 3 H;TLZI 32 — TnISm3 log 3323":1 2j _ m18m3 log33m3(m3+1) )

3.3) (7 points) Find a simple accurate function r(y) such that
h(y) = log(log((yH ™)) + y(logy)*/* is O(r(y)).

Answer:  We simplify the first term to get loglog(y)®@) = log((y!)log(y!)) = log(y!) +
loglog(y!). The first term is arbitrarily larger than the second term, and since logy! < logy¥ =
ylogy, is O(ylogy). This dominates the last term, so h(y) is O(ylogy).



