
 

Ma 221 Lecture 9

Eigenvalue Problems

Goals
Canonical Forms recall Jordan

why Schor form better

Variations on eigenvalue problems
not just one matrix 1

Perturbation theory
can I trust the answer

Algorithms for a single
non symmetric matrix

Recommended on webpage
Templates for Solution ofAlgebraic
Eigenvalue Problems

Recall definitions for an A



Def p d detCA DII is
characteristic polynomial
n roots are eigenvalues

Det If I eigenvalue a nonzero

null vector x CA DI x o

must exist ie A x dx
is a right e vector

Analagously F y't CA II o

or y A dy

y is left e vector

Def S non singular and A SAS
S is a similarity transform
A and B are similar

Lemma A and B similar have
same e Vals e wees are related

by multiplying bys
proof A x dx iff SAI'S x dS

B



or B Sak Sx

g A dy't iff y's SAS dy S
or y T Y B d Cy'ty

Goal Transform A to a

simpler similar B whose

ovals and e vecs are easy

Simplest B diagonal then
e vats are Bci i and e verse

Lemma if Axe taxi for Elton

and S Xi in is non singular
ice I n linearly independent e wees

Then A Sf
Conversely if A SIS where

A diagonal then columns ots
are e recs do Alesi are e vats



proof A Sh S iff

A S Sh ift

A Sli if Sf di for all i

Bot we can't always diagonalize A
for 2 reasons

may be mathematically impossible
recall Jordanform

may be numerically unstable
even if it exists

Recall Jordan for anyt
there is a similar J SAS

such that J diag LI Ja
where each Ji is a JordanBlock

a
I

Up to permuting order of Ji unique
Different Ji can have same

deg

A I Only one rightdeftle vec



per Jordan Block

I t.it3
So a matrix has a independent
e vec s iff has n 1 1 JordanBlocks

called diagonalizable otherwise

defective The number of times
1 appears is called its multiplicity

why not Compute Jordan Form
Consider slightly perturbed
2 2 identity matrix

1 LIE Cliff andCite

flee Chef p andCte
evecs rotated 45

to fee Ct andGte Id
eve nearly parallel



poet a I P
only one ever

too 1 anything andG anything

when e vats are nearly multiple
Jordan form very ill conditioned

Best we can hope for is

backward stability Getting
exact ovals and e recs for a

slightly perturbed ATE KEIKO HAH

Ma 221 Lecture 9 Segment 2

Backward Stable approach
to computing e Vals and e wees



Chap3 Multiplying by orthogonal
matrices is backward stable

fl Q Qu il CQ A I I QCATE
where QQ I HEH E HAK

Apply to computingorthogonal similarity

ffl Qd CQEQAQ.TW QE
QCATE QT QQ't I
HEH O HAIL

If we restrict to orthog unitary
similarities how close to Jordan
form can we get

Th m Schur Canonical Form

Given any hen A there is a

unitary Q s.t Q't A Q T

upper triangular with
evals are Tco which can

appear in any order



Computing e vecs of T just
triangular solve

is Ii L

Ti X tiz X et Tiz X Tci Xi

Mi i xztTzsxs TCI xz

Toss Xz TCosi Xs

If one Tlii on diagonal then

only x that satifies
Tss X 5 TCisi x is xs O

T l XE Tcc X
choose X

Ti X t Tu IT i i x

Hu T 1 Xi Tiz
if Tci it only appears once

non singular triangular system
else singular as expected

What does LAPACK Matlab do it



there are multiple eigenvalues always
returns something try eigcfgio.gl
see what happens

proof of Schur form Induction

let be on it right evec Axt x Hallet

et Q x Q be unitary matrix

Q AQ f IfA Lx Q
Ax xKAQ

Q Ax Q AQ

d x x x't AQ
SQ

t
x Q AQ

d x AQ
0 Q AQ

apply induction to Q HAQ U TU
Tupper triangular unitary

Q t II fitful



H P T
We AQH ff fQe
unitary inverse

upper triangular
as desired

what about real matrices with
complexevals2
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Schur Form for Real Matrroes

Real A can have complex evals

unless say A At see chaps
so Schur form could be complex
But if A veal prefer all real
computations

reduce flops
less memory
make sure complex evals evecs



appear in complex
conjugate pairs

Instead of triangular T
use block triangular T

if

evals of T are the union of evals
of all Tii Hw 4 l Show any
real matrix orthogonally similar
to blocktriangular T where each diagonal
block either 1 1 real eval on

2 2 2 complexconjugate evals

Th m Real Sohar Canonical Form Given
real man A f real orthog Qarah that
QAQT is block uppertriangular
with 1 1 and 2 2 blocks

Generalize evecto invariant subspace



Def V span Xi xm3
span X XIX xn

be a sobspace of IR It is invariant

if A V span AX
c V

Ex V span x ox for allscalars of
where Ax dx
A V Alex f is

od x Ve EV

f V unless 1 0

Ex V span X i xB EYE i xi t ri

where Axe tix
AV EA Efi x HE

I Gidi xi Hoi
E V

Lemma V span Xi san span X where

dimension V m Then there is

an mxm B such that A X X B
The evals of B are erals off

pf existence of B follows from def
A Xi in V 7 scalars Ba il n Boyd

M



such that A K E x Bg c i.e AX XB

By dy ALXg XBy dig
i e Xy eve of A evald

Lemma Let span X be m dimensional

invariant subspace of A as above

A X XB X QR Left
be square and orthog

QQ'T AIQQ'tTEI
An R B R has same evalsasB

proof QQ'T t CQ Q

18 18 81 61 I
AQ A XR XBR QRBR
so A AQ QRBR RBR
Au jQRBR O



Proof of Real Schur Form
Induction if Ax dx
where X d are real reduce
to a 1 x n l problem as in

proof of Schur form all arith real

If X d complex look at real
and imaginaryparts of Ax fx

Iread imad BI it
AX BX first ad is real Ax 1 1

second cot is imag Ard x

X invariant subspace
eval s of B are d and I
so use lemma to doorthog similarity

to get LEAH
evals of A are d and I
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Review other eigenproblems
that can arise In Lecture I
showed that ODES can

give
rise to more general

eigenproblems
l ODE x'CH KxCt

If K Ko d X o then
Xctkedtxlo similar it

Co is linear comb of eve as

2 When Mx CHtkxlt 0

and d Mao KxCo2 0 then

Ct eat o

generalized eigonproblem
for CM K with eval 5
and evec do Usual
de C of eval becomes
detcd Mtk 0 d d



3 Mx Ct Dx Ct Kat o

nonlinear eigenproblem
IM No tdDxCo t Kxco 0

can be reduced linear problem
of twice the size

4 x'Ct Axel Butt
linear control system
how to choose u Ct to control
xCtl turns into singular
eigenproblem for rectangular
BAT and QI

All ideas of chap4 eval even

Jordanform Schurform algorithms
generalize to these cases see

chap 4.5 for details continue

discussion for I matrix



Perturbation Theory how can I

trust my answer

Goal Backward Stability
right answer Cevals for a slightly
wrong problem

ATE HEH 06711All

Last time showed it euals are close

evecs very sensitive disappear
be non unique for A I

To describe perturbations in evals
Def Epsilonpseudo spectrum of 1
is set of all evals of all matrices
within distance E of A

he A d At E x dx for some k 0

and HEAz E e

Ideal case Is A onion of disks of
radius e around ovals of A
attained by adding e Ito A

true for A At Chaps



Worst case Trefethen Reichel

Given any simply
connected REG

any X E R
X

any E 0

tIiIaonEEiAat.xR
hdAIuearlyf.llsoutRi.eevals can be very sensitive

proof use Riemann MappingThm

Ex Perturb axn Jordan Block 1 0

with Jin.AE

put ti e
E

d Ve uniformly spaced
on circle of radius VE
10

b
n _16 radius o

i evals are not always differentiable
functions of A scopeof e is Nate o

E expect sensitive evals when nearly
multiple as was case for execs



Condition number of simple non multiple
eval
Thm d simple eval ofA
A x dx y A dy't HallellyHEl

If we perturb A to ATE then

I perturbed to dirt
d yyE to CHEIR

Is I E HELL
T to CHEM

see G HEIL to CHER
where O angle between X and y
i e secco is condition number

proof t Subtract A x d x from
At E Xtra Cdt d Catch

Aft ASxtExtESx Lxtdfxtddxtod8x
cancel

ignore secondorder
terms E Sx Adx

A diet Ex tox toda

multiply by y
H



y A
oh t y Ex dy Tx t dy't x

cancel

od y Ex

Note y
x D for Jordan Block
x I g fi

Special case A real symmetric Hermitian
or normal AA't A A all
evees are orthonormal

Cor If A normal perturbingA to ATE
Jdl c HEH TOCKEIT ie conditionnumber't

proof A QI Q is eigendeoomp

Q unitary AQ Q1

right areas are cols of Q

HA L Q't left evees also
columns of Q

Later Chaps for Hermitian A
if At E E also Hermitian
1SHE HE112 no OHEN term



Extend to eliminateONE112 in general

Thm Bauer Fike A has all simple
events call them di with evecs Xi yi
with Hxilli HyiHE l Then for any E
the evals of ATE lie in the union

of disks Di with centers di and
radius n HEH Ily A

Note band n times larger than

asymptotic result If 2 disks
overlap only guarantee is that Zevals
lie in union D U Dj analogous if
multipledisksouenlo.pl seeproofinbo
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Algorithms for

Non symmetric Eigenproblem



Ultimate Algorithm Hessenberg QR

takes non symmetric A computes
Schur form A QT Q in 0 us flops

Build upto it via simpler algorithms
that are also used eg

to find just
a few evalslevees of large sparse
matrices Hessenberg QR also boildung
block because we approximate large

sparse matrix by
small dense matrix

on which we use Hessenberg QR ap 7

Plan
Power Method Jost repeated
multiplication of x byA converges

to eve for eval of largest magnitude

Inverse Iteration Apply power
method to B CA oil which has
same eve as as A largest eval in
magnitude corresponds to eval of A



closest to r shift So by choosing
or appropriately can converge to any
evallevec

Orthogonal Iteration Extends power
method from one evecto whole
invariant subspace

QRIteration Combine InverseIteration
and Orthogonal Iteration

lots of other techniques to getcomplexity
down to 01h37 realScherform
reduce movement discuss later

Power Method
i 0
repeat
Yin A Xi
Xi Yiu l Hye Ha approx evec

b'in Xiii Axis approx eval
i it 1

cut d convergence












































