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CS267 — Lecture 15

Automatic Performance Tuning
and
Sparse-Matrix-Vector-Multiplication (SpMV)

James Demmel

www.cs.berkeley.edu/~demmel/cs267_Sprl4
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=1 Writing high performance software is hard
—! Make programming easier while getting high speed

=! Ideal: program in your favorite high level language
(Matlab, Python, PETSc...) and get a high fraction of
peak performance

=! Reality: Best algorithm (and its implementation) can
depend strongly on the problem, computer
architecture, compiler,...

~! Best choice can depend on knowing a lot of applied
mathematics and computer science

=/ How much of this can we teach?
=/ How much of this can we automate?
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<1 Motivation for Automatic Performance Tuning
=/ Results for sparse matrix kernels

=/ OSKI = Optimized Sparse Kernel Interface
~! pOSKI for multicore

<1 Tuning Higher Level Algorithms
! Future Work, Class Projects

-/ BeBOP: Berkeley Benchmarking and Optimization Group
—! Many results shown from current and former members
~! Meet weekly W 12-1:30, in 380 Soda
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-| Dense BLAS
~! Sequential
~! PHIPAC (UCB), then ATLAS (UTK) (used in Matlab)
—! math-atlas.sourceforge.net/
~! Internal vendor tools
< Fast Fourier Transform (FFT) & variations
—! Sequential and Parallel
~I FFTW (MIT)
— www.fftw.org
- Digital Signal Processing
~! SPIRAL: www.spiral.net (CMU)
=/ Communication Collectives (UCB, UTK)
<! Rose (LLNL), Bernoulli (Cornell), Telescoping Languages (Rice), ...
</ More projects, conferences, government reports, ...
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What do dense BLAS, FFTs, signal processing, MPI reductions
have in common?
Can do the tuning off-line : once per architecture, algorithm
Can take as much time as necessary (hours, a week...)
At run-time, algorithm choice may depend only on few parameters
Matrix dimension, size of FFT, etc.
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333 MHz Sun Ultra 2i

2-D slice of 3-D space;
implementations color-
coded by performance in
Mflop/s

16 registers, but 2-by-3 tile
size fastest

Needle in a haystack

Which Algorithm is Fastest? (!
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Support-Vector Predictor
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What do dense BLAS, FFTs, signal processing, MPI reductions
have in common?
Can do the tuning off-line : once per architecture, algorithm
Can take as much time as necessary (hours, a week...)
At run-time, algorithm choice may depend only on few parameters
Matrix dimension, size of FFT, etc.
CanAfalways do off-line tuning
Algorithm and implementation may strongly depend on data
only known at run-time
Ex: Sparse matrix nonzero pattern determines both best
data structure and implementation of
Sparse-matrix-vector-multiplication (SpMV)
Part of search for best algorithm just be done (very quickly!)
at run-time
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More references
Machine Learning for Predictive Autotuning  with
Boosted Regression Trees,
(Innovative Parallel Computing, 2012) J. Bergstra et al.
Practical Bayesian Optimization of Machine Learning
Algorithms,
(NIPS 20123 J. Snoek et al
OpenTuner : An Extensible Framework for Program
Autotuning
(dspace.mit.edwhandle/1721.1/81958) S. Amarasinghe et al

Sourceé: Accelerator Cavity Design Problem (Ko via Husbands)

nz = 2287944 4
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Connectivity Matrix (stanford.edu-+)

5
nz = 3105536
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Matrix-vector multiply kernel: y() ' y() + AG.j)*Xa)

for each row i
for  k=ptr[i] to ptri +1]-1 do
yil =yl + vallk] *x[incif}§] ]

2656
5312
7936
10592
13248
15904
18560

21216
0

\ ]

15804 18560 21216
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«l'n=21200
nnz=15M
1 <! kernel: SpMV

=/ Source: NASA
structural analysis
problem
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Matrix 02-raefsky3

n = 21200
nnz=15M
kernel: SpMV

Source: NASA
structural analysis
problem

8x8 dense
substructure

0 8 16 24 32 40 48 656 64 72 80
1792 ideal nz + 0 explicit zeros = 1792 nz

Berkeley Benchmarking and OPtimization Group
: bebop. kel

Mflop/s
21
1075
1025
975
925
875
825
775
725
675
625
4575
525
475
425
375
325
275

Matrix #02-raefsky3.rua on Itanium 2 (300 MHz) [Ref=274.3 Mflop/s]

Best: 4x2

row block size (r)

1.00 . 1.12 1.39

Reference

2 4
column block size (c) Mflop/s
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Bottleneck is time to get matrix from memory
Only 2 flops for each nonzero in matrix
DonAtlistore each nonzero with index, instead store
each nonzero r-by-c block with index
Storage drops by up to 2x, if rc >> 1, all 32-bit quantities
Time to fetch matrix from memory decreases
Change both data structure and algorithm
Need to pick r and c
Need to change algorithm accordingly
In example, is r=c=8 best choice?
Minimizes storage, so looks like a good idea...
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SpMV BCSR Profile [ref=294.5 Milopis; 300 MHz Itanium 2, Intel € v7.0] 1190 Mflop/s
1180

row block size (r)

190 Mflop/s

column block size (c)
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3 x 3 Register Blocking Example

More complicated of i i * More complicated
e S, 1
non-zero structure o T | hon-zero structure
- o #m. | ingeneral
in general
L Hih i
_ T iy /N =16614
<'N =16614 of i {
_ S Hih “'NNZ =1.1M
*'NNZ = 1.1M ® i EESEEE 1
w HH ]
w I
50 , L, RN
0 10 20 30 40 50
B88 true non-zeros
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ST, TR
3x 3 Register Blocking Example . 3% 3 Register Blocking Example
! More complicated non-zero A ! More complicated non-zero
S BN IE 1 structure in general Sliiiiiid | | prdisishid 1 structure in general
O s OB T ]| 1
s L fads i 1 ! Example: 3x3 blocking 15w S i </ Example: 3x3 blocking
alf gy ! Logical grid of 3x3 cells alfti | G Logical grid of 3x3 cells
wellEE SRS S GJEEEEE St BHIEE S ~! Fill-in explicit zeros
" e e =+ < But would lead to lots of Afill-inA " SRR S ~! Unroll 3x3 block multiplies
T W ) R R ! Afill ratioAy= 1.5
£ BERE L ] % [EEEE SRR ]
a0 ::Z§Z ] w0 %::: Ty
. ; Sl TITT e - on Pendum Il: Lk speedup!
RS R ettt —H ~! Actual mflop rate 1.5? = 2.25
50 . R . Ty 50 ] FERTEE R .
0 10 20 30 40 50 0 1 20 30 50 hlgher
688 true non-zeros (688 true non-zeros) + (383 explicit zeros) = 1071 nz
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Selecting the r x ¢ block size
Off-line benchmark
Precompute Mflops(r,c) using dense A for eachr x ¢
Once per machine/architecture
Run-time Adearch Ay
Sample Ato estimate Fill(r,c) foreachrxc
Run-time heuristic model
Choose r, ¢ to minimize time ~  Fill(r,c) / Mflops(r,c)

Accuracy of the Tuning Heuristics [Itanium 2]

e e B M

1400

=
[
@
@
@

: Best
1300} * Ref (1x1)

1200

1100
1000
300
8001+
700
600

Performance (Mflop/s)

500

wpad alumBLLIN LA 1L

amn
300 [k
200
100

. (I Tl s T O B i il il
234567883 10111213151720212425252728354041 4244
See p. 375 of VuducAdithesis for matrices  Matrix No.

NOTE: Apair Ajlops used (ops on explicit zeros not counted as Apork Ay
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Idea: Sample matrix
Fraction of matrix to sample: s €& [0,1]
Cost ~ O(s* nnz)
Control cost by controlling s
Search at run-time: the constant matters!

Control s automatically by computing statistical confidence
intervals

Idea: Monitor variance

Cost of tuning
Lower bound: convert matrix in 5 to 40 unblocked SpMVs
Heuristic: 1 to 11 SpMVs

Accuracy of the Tuning Heuristics [Itanium 2]

W07 7T T T T T T T T T T T T T 03883
: ] Best

1 O Heuristicv2

| #* Ref(1x1)

T

Performance (Mflop/s)

upad AALILIA ANAR 1L

: : : 0
1011 1213 15 17 20 21 242525 2728 35 4041 4244
Matrix No.




1400

Accuracy of the Tuning Heuristics [Itanium 2]

—1——0.3889

Best.

1300

1200+
1100
1000k

Performance (Mflop/s)

Heuristicve [{U.3611
f (1
Al o aaas

--0.3056
02778

CLP

:FEI\:/I (varf : O?lhe:r : O
1 1 i 1 1 i 1

T s N
1234567 89 10111213151720212425262728 36
Matrix No.

iy
40 41 42 44

wpad alwnpLLIA AN 1L

Misses per unblocked non-zero

107

Comparison of True and Modeled L2 Misses [ltanium2]
T T

 PowS v SSweL B e s
—¥— Upper bound |:
® Actual -
—— Lower bound

I T NI T R S A S T [
23456789 101112131517202124252627283
matrix no.

Misses measured using PAPI [Browne AID]
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P = (flops) / (time)
Flops = 2 * nnz(A)
Lower bound on time: Two main assumptions
1. Count memory ops only  (streaming)
2. Count only compulsory, capacity misses: ignore conflicts
Account for line sizes
Account for matrix size and nnz
Charge minimum access AptencyA¥t, at L, cache & ojpem
e.g., Saavedra-Barrera and PMaC MAPS benchmarks
%
Time$ | & "Hits, + &, .., Hits

i=1

mem mem

%
=& "Loads+| (&, #&)"Misses+ (&

i=1

#&,,) "Misses,

‘mem

Performance (Mflop/s)

Performance Bounds on Register Blocked SphY [Itanium 2]

1500 T T T T T T T T T T T T T T T T T S o —0.4167
: i R : —— Upper bound
1o #* Reference 0.3889
1300 |- 1 T — 03611
1200+ B 0.3333
1100 0.3056
1000 | 02778 1
: a
q
oo} : 025§
800+ . 0.2222 9
700t - 01944 3
600+ 4 0.1667 §
K
500+ - 01383 o

400 01111

300 [
T LR R
200

100}

“Hoos33
0.0556
0.0278

P Lol FEMag g .C%‘*‘ET R
1234567 89 101112131517202124252627 283640414244
matrix no.




Performance Bounds on Register Blocked SpiV [Itanium 2]
1500 T T T T T T T T T T T T T T T T T I 0.4167
: i : — Upper bound
| & PAPI upper bound
¥ Reference

Performance (Mflop/s)
spad alnLIL A AN 1

I R i i i iy
123456789101 12131517202]24252527233540414244
matrix no.
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I Optimizations for SpMV
~! Register blocking (RB)  : up to 4x over CSR
~! Variable block splitting ~ : 2.1x over CSR, 1.8x over RB
—! Diagonals : 2x over CSR
—! Reordering to create dense structure + splitting : 2x over CSR
—! Symmetry :2.8x over CSR, 2.6x over RB
—! Cache blocking : 2.8x over CSR
~! Multiple vectors (SpMM)  : 7x over CSR
~! And combinations...

! Sparse triangular solve

~! Hybrid sparse/dense data structure: 1.8x over CSR
<l Higher-level kernels

— AlIATIx | ATIAIX : 4x over CSR, 1.8x over RB

—! A21x: 2x over CSR, 1.5x over RB

~I [Alx, A2, A3IX, .., AKIX]

Performance (Mflop/s)

1500
1400
1300
1200
1100
1000

Performance Bounds on Register Blocked SpiV [Itanium 2]
T T T 0.4167
— Upper bound
| 4 PAPI upper bound [0.3883
® Te
% Reference 03611
0.3333

0.3056
02778
0.25

0.2222
0.1944
0.1667
0.1389
01111
0.0833
0.0556
0.0278

apad aapLLIA HARAL 1L

DI, |, (FEM | 1, FEMGen 1, Ohe | o1, 1P
1234567873 1I]111213151720212425252728354041 4244
matrix no.
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-! Raefsky4 (structural
problem) + SuperLU +
colmmd

N=19779, nnz=12.6 M

Dense trailing triangle:
dim=2268, 20% of total
nz

Can be as high as 90+9%!
1.8x over CSR

10
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<l Cache-level : Interleave multiplication by A, AT
—! Only fetch A from memory once

@Y
AA "x=(a" a,) + #'x=1 ala’™

Sl Y A

AdXpyAY dot product

! Register-level : aT to be rxc block row, or diag row
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! Register blocking, symmetry, and multiple vectors
[Ben Lee @ UCB]
~! Symmetric, blocked, 1 vector
=/ Up to 2.6x over nonsymmetric, blocked, 1 vector
~! Symmetric, blocked, k vectors
</ Up to 2.1x over nonsymmetric, blocked, k vectors
=/ Up to 7.3x over nonsymmetric, nonblocked, 1 vector
—! Symmetric Storage: up to 64.7% savings
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-! Register blocking, symmetry, multiple (k) vectors
~! Three low-level tuning parameters: r, c, v

oo
g 0 e
Y A el e e
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<l What is “sparse linear algebra”?
Direct solvers for Ax=Db, least squares
—! Sparse Gaussian elimination, QR for least squares
~! How to choose: crd.lbl.gov/~xiaoye/SuperLU/SparseDirectSurvey.pdf
| Iterative solvers for Ax=Db, least squares, Ax=@X SVD
—! Used when SpMV only affordable operation on A —
! Krylov Subspace Methods
—! How to choose
=/ For Ax=b: www.netlib.org/templates/Templates.html
= For Ax=@%kt www.cs.ucdavis.edu/~bai/ET/contents.html

What about Multigrid?
~! In overlap of sparse and (un)structured grid motifs — details later

11



Motif/Dwarf: Common Computational Methods
Red Hot — Blue Cool
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1 Finite State Mach.
2 Combinational

3 Graph Traversal
4 Structured Grid

AT available?

Is storage Is A well- Is A well- Largest and smallest
expensive? ditioned? ditioned? i known?

6 Sparse Matrix
7 Spectral (FFT)
8 Dynamic Prog

No Yes
Try GMRES Try CGS or Try QMR Try CG on Try MINRES Try CG Try CG with 9 N_BOdy
Bi-CGStab or normal equations | | or a method for Chebyshev Accel. 10 MapReduce

No  Yes No Yes Yes No

GMRES(k) nonsymmetric A 11 Backtrack/ B&B
12 Graphical Models
All methods (GMRES, CGS,CG...) depend on SpMV (or variations...) 13 Unstructured Grid

See www.netlib.org/templates/Templates.html for details

Sourcea: Accelerator Cavity Design Problem (Ko via Husbands)

Berkeley Benchmarking and OPtimization Group

Application: accelerator cavity design [Ko]
Relevant optimization techniques
Symmetric storage
Register blocking
Reordering, to create more dense blocks
Reverse Cuthill-McKee ordering to reduce bandwidth
Do Breadth-First-Search, number nodes in reverse order visited
Traveling Salesman Problem-based ordering to create blocks
Nodes = columns of A
Weights(u, v) = no. of nonzeros u, v have in common
Tour = ordering of columns
Choose maximum weight tour
See [Pinar & Heath ~ A@7]

2.1x speedup on Power 4

nz = 2287944 4




Post-RCM Reordering

3
nz = 2287944

100x100 Submatrix Along Diagonal
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Alicroscopic

A¥ffect of RCM Reordering

Before : Green + Red
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Afdicroscopic A§ffect of Combined RCM+TSP Reordering
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After : Green + Blue
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SpMV Speedups: SLAC Matrix (Omega3P)

Symmetry + blocking H
TSP reordering + blocking ||
Symmetry + TSP + blocking

a

g
w ¢
> e

i i H i
Pentium 3M Pentium 4 Power4  Itanium 2
Platform

5 i i
Ultra 2i Ultra 3
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Tuning SpMV on Multicore
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<l A = original matrix, A® = A with permuted rows, columns
<! Naive approach: permute x, multiply y=APx, permute y
! Faster way to solve Ax=b
—! Write AP = PTAP where P is a permutation matrix
—! Solve APxP = PTh for xP, using SpMV with AP, then let x = PxP
—! Only need to permute vectors twice, not twice per iteration
-! Faster way to solve Ax=@K
—! A and AP have same eigenvalues, no vectors to permute!
—I APxP =@¥P implies Ax = @¥ where x = PxP
=l Where else do optimizations change higher level algorithms?
More later...

Berkeley Benchmarking and OPtimization Group
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Intel Xeon E5345 (Clovertown) AMD Opteron 2356 (Barcelona)
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T
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56 Source: Sam William:
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MCH (4x64b controllers)
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AMD Opteron 2356 (Barcelona)
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Intel Xeon E5345 (Clovertown)

Berkeley Benchmarking and OPtimization Group
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AMD Opteron 2356 (Barcelona)
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58 Source: Sam Williamg

Intel Xeon E5345 (Clovertown)

8 threads

Sun T2+ T5140 (Victoria Falls)

128 threads.

T

§sﬂrﬁ' §&m Willigmi

Berkeley Benchmarking and OPtimization Group
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AMD Opteron 2356 (Barcelona)

50 *SPEs only
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Intel Xeon E5345 (Clovertown) AMD Opteron 2356 (Barcelona)

P

« SPEs only
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1 21 GB/s ( rite)‘“
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Results from
Aputo-tuning Sparse Matrix-Vector

Multiplication (SpMV)Ay

Samuel Williams, Leonid Oliker, Richard Vuduc,
John Shalf, Katherine Yelick, James Demmel,
"Optimization of Sparse Matrix-Vector
Multiplication on Emerging Multicore Platforms”,
Supercomputing (SC), 2007.

Source: Sam Williams
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<! Suite of 14 matrices
=/ All bigger than the caches of our SMPs
=/ WeAllalso include a median performance number

2K x 2K Dense matrix
stored in sparse format

Dense

Well Structured "
(sorted by nonzerosrow) ‘
FEM / FEM ‘Wind FEM / . Qcp. FEM/

Protein

Spheres  Cantilever  Tunnel  Harbor

Circuit webbase

Poorly Structured
hodgepodge

FE)
Accelerator

Extreme Aspect Ratio
(linear programming)

Ty

Source: Sam Williams

Berkeley Benchmarking and OPtimization Group
bebop. s berkeley. odu

Shp  Eeonomics Epidemiology

65

Berkeley Benchmarking and OPtimization Group
babop.ca. |

</ How do we parallelize a matrix-vector multiplication ?

Berkeley Benchmarking and OPtimization Group
babop. cs berkeley. odu

=/ How do we parallelize a matrix-vector multiplication ?
=/ We could parallelize by columns (sparse matrix time dense sub vector)
and in the worst case simplify the random access challenge but:
—! each thread would need to store a temporary partial sum
~!and we would need to perform a reduction (inter-thread data dependency)

thread 0 thread 1 thread 2 thread 3

T

Source: Sam Williams

67

Source: Sam Williams 66
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=/ How do we parallelize a matrix-vector multiplication ?
=/ We could parallelize by columns (sparse matrix time dense sub vector)
and in the worst case simplify the random access challenge but:
~! each thread would need to store a temporary partial sum
~! and we would need to perform a reduction (inter-thread data dependency)

thread 0 thread 1 thread 2 thread 3
= = n ToT n n

§sﬂrﬁ' §gm Willigmi 68
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How do we parallelize a matrix-vector multiplication ?
By rows blocks
No inter-thread data dependencies, but random access to x

thread 0

thread 1

thread 2

thread 3

Source: Sam Williams 69
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NUMA - Non-Uniform Memory Access

~! pin submatrices to memories close to cores assigned to them
Prefetch — values, indices, and/or vectors

—! use exhaustive search on prefetch distance

Matrix Compression — not just register blocking (BCSR)
—1 32 or 16-bit indices, Block Coordinate format for submatrices
Cache-blocking

~! 2D partition of matrix, so needed parts of x,y fit in cache

71

SpMV Performance

Xeon E5345
- (Clovertown)

Opteron 2356
(Barcelona)

1.0 7 1.0
. 0.0

Median
.

Median

Berkeley Benchmarking and OPtimization Group
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>0 e paratier 30 <! Out-of-the box SpMV
, 25 ] onene L2 performance on a suite of
g 20 — 320 14 matrices
g ]
51 §1° AN Simplest solution =

parallelization by rows

<l Scalability isn Ailgreat

4.0 4.0 </ Can we do better?
UltraSparc T2+ T5140 QS20 Cell Blade
357 (Victoria Falls) ~— > (PPEs)
3.0 3.0
25 = 25
@ O @
£ 2.0 1 7] T 20
] ]
6 1.5 E 1.5 1
1.0 1.0
0.5 s
00 i | 00/380AAREaeasas A [T Naive Pireads
8582258255858 § 35050558580 § .
pRpoigdeigian ¢ appthpeeaisy § O
& w 2 & w 2
Source: Sam Williams 70

loy. odu

=/ On NUMA architectures, all large arrays should be partitioned either
~! explicitly (multiple malloc()Ai+ affinity)
~! implicitly (parallelize initialization and rely on first touch)

=/ You cannot partition on granularities less than the page size

Berkeley Benchmarking and OPtimization Group
babop. cs berkeley. odu

512 elements on x86
—! 2M elements on Niagara § § § §
5 =B
2 2| [o]o]o]o
N ) gl _||2
=/ For SpMV, partition the matrix and HIRIIE IR §|§
) N 3 @0k 5| |elele]w
pf-:rform mu!tlple malloc()Adl £ §§ Z| [ 2m8 victim
=/ Pin submatrices so they are SRI / xbar SRI / xbar
co-located with the cores tasked e Lo
I 2x64b controllers I I 2x84b controllers I
to process them T T

| | 1066681

| | 1066681

| 667MHz DDR2 DIMMs I | 667MHz DD

R2 DIMMs I

§sﬂrﬁ' §am Willigmﬁ 72
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6.0 O+Prefetch
O+NUMA
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NUMA-aware allocation is
essential on memory-
bound NUMA SMPs.
Explicit software
prefetching can boost
bandwidth and change
cache replacement
policies

Cell PPEs are likely
latency-limited.

used exhaustive search
for best prefetch distance

75
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=/ SW prefetch injects more MLP into the for(all  rows){
memory subsystem. y0=0.0;
=/ Supplement HW prefetchers ﬁ f g'gj
-| Can try to prefetch the ya= 0.0;
~! values for(all tiles in this row){
~! indices PREFETCH(V+i+PFDistance );
—! source vector yo+= V[ ]* X[C[i ]I

yL+=V[i+1]* X[Chi 1
y2+=V[i+2]* X[C[i 1]
y3+=V[i+3]* X[Cli 1]

~! or any combination thereof
=/ In general, should only insert one
prefetch per cache line (works best on

}
unrolled code) J[r+0] = yO;
ylr+1] = yL;
ylr+2] = y2;
ylr+3] = y3;
}
Source: Sam Williams 74
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Goal: minimize memory traffic
Register blocking
~! Choose block size to minimize memory traffic
~! Only power-of-2 block sizes
—! Simplifies search, achieves most of the possible speedup
Shorter indices
~! 32-bit, or 16-bit if possible
Different sparse matrix formats
~! BCSR — Block compressed sparse row
<! Like CSR but with register blocks
~! BCOO - Block coordinate
«! Stores row and column index of each register block
| Better on very sparse sub-blocks (see cache blocking later)

[
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=/ In the multicore era, which is the bigger issue?
a lack of ILP/DLP (a major advantage of BCSR)
~! insufficient memory bandwidth per core

=/ There are many architectures that when running low arithmetic
intensity kernels, there is so little available memory bandwidth per core
that you wonAtlinotice a complete lack of ILP

=!I Perhaps we should concentrate on minimizing memory traffic
rather than maximizing ILP/DLP

-/ Rather than benchmarking every combination, just

Select the register blocking that minimizes the matrix foot
print.

Source: Sam Williams 7
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=| Where possible we may encode indices with less than 32 bits
- We may also select different matrix formats

R
A A
R P
e
=l
i
A
i

= In this work,
~! we considered 16-bit and 32-bit indices (relative to threadAdistart)
—! we explored BCSR/BCOO (GCSR in book chapter)

§2Mrss ﬁg Williggi 79
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<! Register blocking creates small dense tiles
better ILP/DLP
~! reduced overhead per nonzero

1x2 2x1

Anr O A S D A e A
Ay JA AL ¢ AAy!
Pz DAz b oA Az DA
| b Wl 01 ¢
Ad | Wb A | X
Ay WAy M| WA 0
fa fu b fal!
ALA AL A, ALA. A A

</ Let each thread select a unique register blocking
= In this work,
~! we only considered power-of-two register blocks
~! select the register blocking that minimizes memory traffic

Source: Sam Williams 78
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Xeon E5345 ) Opteron 2356

(Clovertown) (Barcelona) .

60 o+Compression 60 "1 After maximizing memory

50 - oFhech 50 - bandwidth, the only hope is
é"‘“ o Parallel ém a e to minimize memory traffic.
830 - n g30 " 1 Compression: exploit

20 0aA *H 20 | E # register blocking

1.0 H M 1.0 ﬁ H

H
oo ODHAHEHA 2[aF=H ﬁ 00 BE # other formats
885 e2 gTog 2 efg P2 §¥6% 2 "1 Use a traffic minimization
0 50 heuristic  rather than search
-, UltraSparc T2+ T5140 ) QS20 Cell Blade 1 Benefit is clearl

7.0 (Victoria Falls) 7.0 (PPEs) ’ . Y

6.0 6.0 matrix-dependent.

50 W0 " | Register blocking enables
240 4 g40 efficient software prefetching
§30 | §30 (one per cache line)

2.0 ﬁﬁ ﬁ 20

1.0 HH 1.0

O
0.0 0.0 DQH‘ B=H 8
GELETEOS5ERLYY § $E6ETE02EEBERY §
s2565886588857 3 2555880558822 3
Sgg FPL & 02 = feg Fz & 02 =
T m William: 80
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- Store entire submatrices contiguously «! Store entire submatrices contiguously
-/ The columns spanned by each cache =/ The columns spanned by each cache
block are selected to use same space ‘ block are selected to use same space —

in cache, i.e. access same number of x(i) in cache, i.e. access same number of x(i)

thread 0
thread 0

= =
s <
2 : f P S
<! TLB blocking is a similar concept but £ ! TLB blocking is a similar concept but £
instead of on 8 byte granularities, 9 instead of on 8 byte granularities, o i
) = 3 . = 5
it uses 4KB granularities z it uses 4KB granularities i
3 3
£ £
Source: Sam Williams 81 Source: Sam Williams 82

Auto-tuned SpMV Performance

Au_to-tungd SpMV Performance

Berkeley Benchmarking and OPtimization Group Berkeley Benchmarking and OPtimization Group
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0 +Cache/TLB Block . 0+Cache/TLB Block performance across the suite
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Auto-tuned SpMV Performance

Berkeley Benchmarking and OPtimization Group
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Xeon E5345 - Opteron 2356
(Barcelona)

(Clovertown) Fully auto-tuned SpMV

performance across the suite
of matrices

Included SPE/local store
optimized version

Why do some optimizations
work better on some
architectures?

Cache/TLB Block

- 27x

GFLOP/s
GFLOP/s

Median [IIL

1‘[ UltraSparc T2+ T5140 j QS20 Cell Blade
(Victoria Falls) (SPEs)
l;i [ +Cache/LS/TLB Blocking
o D Matrix Compression
[ ] +SW Prefetching
[ ] +NUMA/Afinity
[ Naive Pthreads
[] aive
Source: Sam Williams 85

Berkeley Benchmarking

Provides sparse kernels automatically tuned for
user's matrix & machine
—! BLAS-style functionality: SpMV, Ax & ATy
~! Hides complexity of run-time tuning

-/ Based on OSKI — bebop.cs.berkeley.edu/oski
—! Autotuner for sequential sparse matrix operations:
</ SpMV (Ax and ATx), ATAX, solve sparse triangular systems, ...
—! So far pOSKI only does multicore optimizations of SpMV
! Class projects!
~! Up to 4.5x faster SpMV (Ax) on Intel Sandy Bridge E

=/ 0On-going work by the Berkeley Benchmarking and
Optimization (BeBop) group

Berkeley Benchmarking s

</ Fully automatic heuristics for
—! Sparse matrix-vector multiply (Ax, A’X)
<! Register-level blocking, Thread-level blocking
-1 SIMD, software prefetching, software pipelining, loop unrolling
=/ NUMA-aware allocations

=1 Aplug-inAgxtensibility
—! Very advanced users may write their own heuristics, create new data
structures/code variants and dynamically add them to the system,
using embedded scripting language Lua

= Other optimizations under development
~! Cache-level blocking, Reordering (RCM, TSP), variable block structure, index
compressing, Symmetric storage, etc.

Berkeley Benchmarking

Library Install-Time (offine) €= Application Run-Time

Sample Dense Matrix : UserOs Matrix ~ UserOs hints

i H

Workload
from program
monitoring

Generated Benchmark

Code Data Empirical &
Variants & Heuristic
Selected Search
ne,d,imp,...
(wedimp,...) Code Variants

(23]

(r,c) = Register Block size
(d) = prefetching distance
(imp) = SIMD implementation

To user: Matrix handle for kernel calls

22
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At library build/install-time ) -1 May gradually migrate existing apps

~! Generate code variants ) o ) ~1 Step 1: “Wrap” existing data structures
<! Code generator (Python) generates code variants for various implementations

~! Collect benchmark data ~! Step 2: Make BLAS-like kernel calls
! Measures and records speed of possible sparse data structure and code variants on . . . .
target architecture P P P int* ptr = E, *ind = E; double* val = E; /* Matrix, in CSR format ~ */
! Select best code variants & benchmark data double* x = E, *y = E; /* Let x and y be two dense vectors ~ */

«| prefetching distance, SIMD implementation
—! Installation process uses standard, portable GNU AutoTools
<l At run-time
—! Library AfunesAysing heuristic models

=!I Models analyze userAimatrix & benchmark data to choose optimized data
structure and code

=/ User may re-collect benchmark data with user’s sparse matrix (under development)
~! Non-trivial tuning cost: up to ~40 mat-vecs
I Library limits the time it spends tuning based on estimated workload

—! provided by user or inferred by library /* Computey = Bly+ alAlx, 500 times */
<! User may reduce cost by saving tuning results for application on future runs with for(i=0;i<500;i++)
same or similar matrix (under development) :
my_matmult( ptr, ind, val, a X, By)
Berkeley Benchmarking and OPtimization Group Berkeley Benchmarking and OPtimization Group
bebop.ce.berkeley. oda babop. ce.beskeley.oda
<1 May gradually migrate existing apps -/ May gradually migrate existing apps

—! Step 1: “Wrap” existing data structures —! Step 1: “Wrap” existing data structures

—! Step 2: Make BLAS-like kernel calls ~! Step 2: Make BLAS-like kernel calls
int* ptr = E, *ind = E; double* val = E; /¥ Matrix, in CSR format ~ */ int * ptr =E,* ind =E; double* val =E; /* Matrix, in CSR format  */
double* x = E, *y = E; /* Let x and y be two dense vectors ~ */ double* x = E, *y = E; /* Let x and y be two dense vectors ~ */
/* Step 1: Create a default pOSKI thread object */ / * Step 1: Create a default ~ pOSKI thread object */
poski_threadarg_t *poski_thread = poski_InitThread 0; poski_threadarg_t * poski_thread = poski_InitThread 0;
/* Step 2: Create pOSKI wrappers around this data */ /* Step 2: Create pOSKI wrappers around this data */
poski_mat_t  A_tunable = poski_CreateMatCSR  (ptr, ind, val, nrows, ncols, poski_mat_t  A_tunable = poski_CreateMatCSR (ptr , ind, val , nrows, ncols ,

nnz, SHARE_INPUTMATposki_thread, NULL, E); nnz, SHARE_INPUTMAT poski_thread , NULL, E);
poski_vec_t  x_view = poski_CreateVecView (X, ncols, UNIT_STRIDE, NULL ); poski_vec_t x_view = poski_CreateVecView (x, ncols , UNIT_STRIDE, NULL);
poski_vec_t y view=  poski_CreateVecView  (y, nrows, UNIT_STRIDE, NULL ); poski_vec_t y view = poski_CreateVecView (y, nrows, UNIT_STRIDE, NULL);
/* Computey = Bly+ alAlx, 500 times */ /* Step 3: Computey =  Bly + al!Alx, 500 times */
for(i=0;i<500;i++) for( i =0; i <500; i++)
my_matmult( ptr, ind, val, a, X, B.y) poski_MatMult ~ (A_tunable , OP_NORMAL a, x_ view , B, y_view );
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! User calls “tune” routine (optional)
~! May provide explicit tuning hints

poski_mat_t A_tunable = poski_CreateMatCSR  (E);
FE*
/* Tell pOSKI we will call SpMV 500 times (workload hint) */
poski_TuneHint_MatMult (A_tunable, OP_NORMAL @, x_view, B, y_view, 500);
I* Tell pOSKI we think the matrix has 8x8 blocks (structural hint) */

poski_TuneHint_Structure (A_tunable, HINT_SINGLE_BLOCKSIZE, 8, 8);

/* Ask pOSKI to tune  */
poski_TuneMat (A_tunable);

for(i=0;i<500; i++)
poski_MatMult ~ (A_tunable, OP_NORMAL a, x_view, B, y_view);

Berkeley Benchmarking and OPtimization Group
bebop.cs berkeley. odu

=l Ask library to infer thread hints (optional)
—! Number of threads
—! Threading model (PthreadPool, Pthread, OpenMP)
<l Default: PthreadPool, #threads=#available cores on system

poski_threadarg_t *poski_thread = poski_InitThread 0;

/¥ Ask pOSKI to use 8 threads with OpenMP */
p oski_ThreadHints  (poski_thread, NULL, OPENMP, 8);

poski_mat_t  A_tunable = poski_CreateMatCSR  ( E, poski_thread, E);

poski_MatMult  ( E );

Berkeley Benchmarking and OPtimization Group
babop. cs berkeley. odu

=1 Ask library to infer workload (optional)
~! Library profiles all kernel calls
~! May periodically re-tune

poski_mat_t  A_tunable = poski_CreateMatCSR  (E);
FE¥

for(i=0;i<500;i++){
poski_MatMult  (A_tunable, OP_NORMAL a, x_view, B, y_view);
poski_TuneMat (A_tunable); /* Ask pOSKI to tune  */

Berkeley Benchmarking and OPtimization Group
s Loau

=1 Ask library to infer partition hints (optional)
—! Number of partitions
! #partition = kl#threads
~! Partitioning model (OneD, SemiOneD, TwoD)
<! Default: OneD, #partitions = #threads

Matrix:
/* Ask pOSKI to partition 16 sub-matrices using SemiOneD */
poski_partitionarg_t *pmat p oski_PartitionMatHints (SemiOneD, 16);
p oski_mat_t A_tunable = poski_CreateMatCSR  ( E, pmat, E);
Vector:
/* Ask pOSKI to partition a vector for SpMV input vector based on A_tunable */
poski_partitionVec_t *pvec =  poski_PartitionVecHints (A_tunable,
KERNEL_MatMult, OP_NORMAL, INPUTVEC);
p oski_vec_t x_view= poski_CreateVec ( E, pvec);
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¥ Jaketown: i7-3960X @ 3.3 GHz

¥ #Cores: 6 (2 threads per core), L3:15MB

¥ pOSKI SpMV (Ax) with double precision float-point
¥ MKL Sparse BLAS Level 2: mkl_dcsrmv()

4.0X

=

ORNWAUIOINKOOOR

HOSKI B MKL pOSKI

Performance in GFlops

dense kkt_power bone largebasis tsopf Idoor wiki
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-/ We almost always do many SpMVs, not just one
—! Mfrylov Subspace MethodsAYKSMs) for Ax=b, Ax = @K
=/ Conjugate Gradients, GMRES, Lanczos, ...
~! Do a sequence of k SpMVs to get vectors [Xy , ..., X,]
—! Find best solution x as linear combination of [x, , ..., X]
=/ Main cost is k SpMVs
=l Since communication usually dominates, can we do better?
-l Goal: make communication cost independent of k
~! Parallel case: O(log P) messages, not O(k log P) - optimal
=/ same bandwidth as before
—! Sequential case: O(1) messages and bandwidth, not O(k) - optimal
=l Achievable when matrix partitionable with
low surface-to-volume ratio

Berkeley Benchmarking and OPtimization Group
babop. cs berkeley. odu

! Iterative methods all depend on it
=! But speedups are limited
~!'Just 2 flops per nonzero
—! Communication costs dominate
</ Can we beat this bottleneck?
<! Need to look at next level in stack:
~! What do algorithms that use SpMV do?
—! Can we reorganize them to avoid communication?
=1 Only way significant speedups will be possible

:agdeOPtimization Group
s borkeley. odu

¥ Replace k iterations of y = A-x with [AX,

A3X® © 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0000000
A2:X® ® € 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 000000000 e
AX® © 0 0 0 0 0 0 0 0 0 0 0 0 00 0 0 0000 0000000

X ® 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0000000000000 o0

123 4 .. .32

¥ Example: A tridiagonal, n=32, k=3
¥ Works for any Apell-partitioned A
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A3-x0 0 o o

AZ.XC [ ] ] .
A.x . [ ] .
N

123 4.

¥ Example: A tridiagonal, n=32,

=3

¥ Replace k iterations of y = A-x with [Ax, A%x,

oy AKX

A3X® ® 0 0 0 0 0 0 0 0 0 0 00 ° o 0
A2-x® o 0 0 0 0 0 0 0 0 0 00 A L]
Ax® ® e 0 0 0 0 0 0 0 0 0 0 0 0 00

X ¢ A ® 0 0 0 0 0 0.0 0 0 0 0 00

123 4.

¥ Example: A tridiagonal, n=32,

=3

¥ Replace k iterations of y = Ax with [Ax, A%x,

oy AKX]

¥ Replace k iterations of y = A-x with [Ax, A%,

A3-x® @ o 0

AZ.XI ] . [ ]
A.x [ ] ] [ ]
A

123 4..

¥ Example: A tridiagonal, n=32, k=3

.., A]

.32

¥ Replace k iterations of y = A-x with [Ax, A%X,

A3x® o ¢ 0 0 0 0 0 0 0
A2-x0 @ ¢ 0 0 0 0 0 0 0
AxX® ® 0 0 0 0 00

X ® A e o 0 0 0 0

123 4 ..

¥ Example: A tridiagonal, n=32,

3
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Adxe o 0 0 0 0
AZxe o o o o o
Ax® ® e o o0
X ¢ 0 0 0 00
123 4.

¥ Example: A tridiagonal, n=32, k=3

¥ Replace k iterations of y = A-x with [Ax, A%x,

oy AKX

.32

¥ Sequential Algorithm

123 4.

¥ Example: A tridiagonal, n=32, k=3

¥ Replace k iterations of y = Ax with [Ax, A%x,

oy AKX]

¥ Replace k iterations of y = A-x with [Ax, A%,

¥ Sequential Algorithm

123 4.

¥ Example: A tridiagonal, n=32, k=3

.., A]

.32

¥ Replace k iterations of y = A-x with [Ax, A%X,

¥ Sequential Algorithm

123 4.

¥ Example: A tridiagonal, n=32, k=3

.32
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A3-x Stel Ste 2 LI .Stlelzil‘ll e 0 0 L 0 0 0 0 0 0

AZ.X ® 6 6 0 0 0 0 0 0 0 0 0 0 0 0 0o

Ax T
X Ciser e e
123 4.

¥ Example: A tridiagonal, n=32, k=3

¥ Replace k iterations of y = A-x with [Ax, A%, ..., A]
¥ Sequential Algorithm

¥ Replace k iterations of y = A-x with [Ax, A%,
¥ Parallel Algorithm

Proc 1 Proc 2 Proc 3
AS.X. ® 0 0 0 0 0 0|0 0 0 0 0 0 0 0|0 0 00 000 00 0
AZ.XI e 0 0 0 0 0 0 (0 0 0 0 0 0 0 0|0 0 0 0 0 0 0 00 0
A.x e & 0 0 0 0 0 0 (0 0 0 0 0 0 0 0|0 0 0 0 0 0 0 0|0 0
X 0 0 0 0 0 0 00 0 0 0 0 0 0 00 0 0 0 00 0 00 0

123 4.

¥ Example: A tridiagonal, n=32, k=3

.., A]

.32

¥ Replace k iterations of y = A-x with [Ax, A%X, ...
¥ Parallel Algorithm

Dvoe
A3-Xe .P.I‘O.c ! ° o 0 Proc 2 U] ol ol Uo( 030 ejo o o 0 0 o 0
A2-xe o o 0 0 0 0 0 0 0 0 0 0|0 0 0 0 0 00
Ax® ® e o 00 o 0 0 0 0 0|0 0 0 0 0 00
X ® 0 0 00 o 0o 0 0o olo 0o 0 0 0 00
123 4.

¥ Example: A tridiagonal, n=32, k=3
¥ Each processor communicates once with neighbors

¥ Replace k iterations of y = A-x with [Ax, A%X,
¥ Parallel Algorithm

123 4.

¥ Example: A tridiagonal, n=32, k=3

.32
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¥ Replace k iterations of y = A-x with [Ax, A%, ..., A] ¥ Replace k iterations of y = A-x with [Ax, A%X, ..., AX]
¥ Parallel Algorithm ¥ Parallel Algorithm

AB.X. o 0 0 0 0 0 0 0 0 0 0 0 00 AS.X. e 0 0 0 0 0 0 0 0 0 0 0 00 L Plrnlc .3 910 0 0 0 0 0 00
AZ.XC o o o 0 o 6 0 0 0 0 0 0 0 0 0 o0 AZ.XI ® 0 0 0 & 0 0 0 0 0 0 0 0 0 (0 s 0 s 00
A,x e o 0 o o 0 0 0 0 0 0 0 0 0 0o A.x ® 0 0 0 0 0 0 0 0 0 0 0 0 0 0 B0 0 0000
X ®© o 0 0 0 0 0 0 0 0 0 0 0 0 00 X ® 0 0 0 0 0 0 0 0 0 0 0 00 0 0l 00000 0l 0 0 0 0

123 4. 3 123 4. .32

¥ Example: A tridiagonal, n=32, k=3 ¥ Example: A tridiagonal, n=32, k=3

¥ Replace k iterations of y = A-x with [Ax, A%X, ..., A] ¥ Replace k iterations of y = A-x with [Ax, A%X, ..., A
¥ Parallel Algorithm ¥ Parallel Algorithm
Proc 2

ASAX. ® 0 0 0 0 0 0 0 0 0 0 0 0 0 00 000NN Y e 0 0 0
Al.x. ® 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0000000 e 0 0 0
A.X. ® 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 00 00O 00 e 0 0 0
X e 0 0 0 0 0 0 0 0 0 0 0 0 0 00 0000000l e 0 0 0

123 4. S 123 4. .32

¥ Example: A tridiagonal, n=32, k=3 ¥ Example: A tridiagonal, n=32, k=3

¥ Each processor works on (overlapping) trapezoid




Simple block-row partitioning $
(hyper)graph partitioning

Top-to-bottom processing $
Traveling Salesman Problem

Locally Dependent Entries for [x,Ax,...,A%x], A'tridiagonal | 0" 0o

oooooooooooooooooooooo

A'X 7YY F P ¥Ehoooocoo0o0o0000000000000 o]
AX R AR PRERARR{ROOC0O00O0D0D00000D000Q0Q0OO0 o
Asx s 000000000000 0000O0O0O0 O

0000000000000 0 0]

z
sl
a
=L = =~ =1 —~J —~J =71
o
o
o
o

Can be computed without communication
k=8 fold reuse of A

¥ Replace k iterations of y = A-x with [Ax, A%X, ..., AX]
¥ Parallel Algorithm

Avx Proc 1 Proc 2 emiroc 3 Proc 4
AZ.X lllllllllllll
A.x ® 6 0 0 0 0|0 0 0 0 0 0 00
X LI e 0 0 0 0

123 4. .32

¥ Example: A tridiagonal, n=32, k=3
¥ Entries in overlapping regions (triangles) computed
redundantly

Proc 2

2 processors
OOOOOOOOOOOOOOO—‘

Onemessage to get data needed to compute remotely dependent entries, not k=8!
!
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Fewer Remotely Dependent Entries for [x,AX,...,A%]; Artridiagonal oo

Proc 2

000000000
A’X 7o0o0o0o0o0o0 000 of
ASx 68000000 000 o
ASX So0o0o0o00o0 00 0 Of
A 4000000 000 of
Ax 3©o0oco0o0o0 00 o of
Axx feecocococoo 00 0 of
Ax 1Pooo0o0o0o0o0 00 o of
e 00 0000000 00 o of
. .
5 30

Reduce redundant work by half

Berkeley Benchmarking and OPtimization Group
babop.ca.

loy. odu

Berkeley Benchmarking and OPtimization Group
bebop. cs.berkeley. du

Performance (GFlops/s)

Speedups on Intel Clovertown (8 core)s . i wion e

oy, edu
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2d 9-pt stencil

bmw7st_1.rsa

cant.rsa

cfd2.rsa

pwtk.rsa

shipseci.rsa

gearbox.psa

marca_tcomm.rua

mc2depi.rua

xenon2.rua

oup.
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Measured Multicore (Clovertown) speedups up to 6.4x
Measured/Modeled sequential OOC speedup up to 3x
Modeled parallel Petascale speedup up to 6.9x
Modeled parallel Grid speedup up to 22x

Sequential speedup due to bandwidth, works for many
problem sizes

Parallel speedup due to latency, works for smaller problems
on many processors

Multicore results used both techniques

Minimizing Communication of GMRES to solve Ax=b.:

Berkeley Benchmarking and OPtimization Group
bebop. cs.berkeley. odu

k-steps of typical iterative solver for sparse Ax=b or Ax=@X
Does k SpMVs with starting vector
Finds AliestAgolution among all linear combinations of these k+1 vectors
Many such Afrylov Subspace MethodsAy

Conjugate Gradients, GMRES, Lanczos, Arnoldi, ...

Goal: minimize communication in Krylov Subspace Methods
Assume matrix Apell-partitioned,Ajvith modest surface-to-volume ratio
Parallel implementation

Conventional: O(k log p) messages, because k calls to SpMV
New: O(log p) messages - optimal
Serial implementation
Conventional: O(k) moves of data from slow to fast memory
New : O(1) moves of data b optimal
Lots of speed up possible (modeled and measured)
Price: some redundant computation

Much prior work
See Mark Hoemmen's PhD thesis, other papers at bebop.cs.berkeley.edu

Standard GMRES
fori=1tok
w=A-v(i-1)
MGS(w, v(0),...,v(i-1))
update v(i), H
endfor
solve LSQ problem with H

Sequential: #words_moved =
O(k-nnz) from SpMV
+ 0(k?-n) from MGS
Parallel: #messages =
0O(k) from SpMV
+0(k? - log p) from MGS

eDops — W from power method, precision lost!

Communication-avoiding GMRES
W =[v, Ay, Ay, ..., Aky ]
[Q,R] = TSQR(W) ... Afrll Skinny QRAY
Build H from R, solve LSQ problem

Sequential: #words_moved =
0O(nnz) from SpMV
+0(k-n) from TSQR
Parallel: #messages =
0O(1) from computing W
+O(log p) from TSQR

Log10 of 2-norm relative residual
1
w

A different polynomial basis does converge:
[P (A)X,....p(A)x]

% L L L L I L L L I
100 200 300 400 S00 600 700 300 900 1000

Inner iteration number

Matrix diag-cond-1.000000e-11: rel. 2-nrm resid. &
0g T T T T T T I T T oy.edu
ialAWasi k ——— Nonrestarted GMRES
AldonomialAjasis [AX,...,Ax] v Resttes GMRES(192)
fails to converge O Monomial-GMRES(24,8)
2 Nevton-GMRES(24,8)
-1 o Q o (o]
oo o 09, a a
o o °% o [ 0°
Q 0co
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Speed ups of GMRES on 8-core Intel Clovertown
Requires co-tuning kernels [MHDYO09]

untime per kernel, relative to

, for
using 8 threads and restart length 60

ind OPtimization Group
bebop. cs.berkeley. edu

all test matrices,

==t
w
%

Relative runtime, for best (k,t)

with floor(restart length / k)

cant 1d3pt shipsec

SEa rse matrix name

Matrix powers
kernel g
3 TSQR
Block Gram- |4
= schmidt
[ Small dense
|
|

operations
Sparse matrix-
vector product |
Modified

Gram-Schmidt

President Obama cites Communication-Avoiding Algorithms:in

“New Algorithm Improves Performance and Accuracy on Extreme-Scale
Computing Systems. On modern computer architectures,
communication between processors takes longer than the performance
of a floating point arithmetic operation by a given processor. ASCR
researchers have developed a new method, derived from commonly used
linear algebra methods, to minimize communications between
processors and the memory hierarchy, by reformulating the

communication patterns specified within the

has been implemented in the TRILINOS framework, a highly-regarded
suite of software, which provides functionality for researchers around the
world to solve large|scale, complex multi-physics problems.”

FY 2010 Congressional Budlget, Volume 4, FY2010 Accomplishments, Advanced Scientific Computing

CA-GMRES (Hoemmen, Mohiyuddin, Yelick, JD)
“Tall-Skinny” QR (Grigori, Hoemmen, Langou, JD)

algorithm. This method

Research (ASCR), pages 65-67.

Compute ry = b — Axj. Choose rjj; arbitrary.

. —on Berkeley Benchmarking and OPtimization Group
Set po =10, ¢-1=0nx1- bebop. cs .berkeley. odu
For k=01, . until convergence, Do

Compute the 1 x (35 1 3) Gram vector.

For j=0 to |5]—1, Do
9= (3)' [P.Q. R J 1z
//Compute the (3s+ 3) x (3s+ 3) Gram matrix o <'r"/’\u,>
‘L’T a <O by >
0 Gkt = Tskts — Qi [P. Q. RD!

ak+j

For (=0 to s—2j+1, Do

£ o (41
Cok+j = (’xh, - tmﬂb.gﬂ—w

//such that [P, Q, R|cly.; = A'qus;
- <Chpian Geligjin>
e Coktitl (’V"FA+;A|>
Tktjt1 = Tsk+j + QshtjPsk+j + Wek+jQsk+j
Taktj+1 = Qektj — Waksi [P Q. H]"lu,ﬂ
For (=0 to s —
+1
Il{‘+,+1 = (‘(L+/+| - »~'~A~+y“ix-,+|
;- //such that [P, Q, R|dly ;i = AP
3. Bairj = SLlehpiti” 2
kg -
év Putct i1 = Pakjit + BukaiPeksj — BoktiWeksi [P, Q. Rl
o For (=0 to s—2j, Do
7 Vopjin = Aoiin + Bearsiblpy; = Bursjwanr bl
8. //such that [P. Q. RV, = A'puijii-
9. EndDo
10. EndDo
11. EndDo

Berkeley Benchmarking and OPtimization Group
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¥Wany different algorithms (GMRES, BiCGStab, CG, Lanczos,...), polynomials, preconditioning
Ylassifications of sparse operators for avoiding communication

¥ Explicit indices or nonzero entries cause most communication, along with vectors

¥ Ex: With stencils (all implicit) all communication for vectors

Indices

Explicit (O(nnz)) Implicit  (o(nnz))
Nonzero |Explicit (O(nnz)) | CSR and variations | Vision, climate, AMR,...
entries Implicit (o(nnz)) | Graph Laplacian Stencils

¥ Operations
M [x, AX, A2X,..., A ] or [x, py(A)X, py(A)X, ..., p(A)X]
¥ Number of columns in x
¥ [x, A, A%,..., Ax ] and [y, ATy, (AT)2y,..., (AT)ky ], or [y, ATAy, (ATA)%y,..., (ATA)y ],
¥ return all vectors or just last one
¥ Cotuning and/or interleaving
MW =[x, Ax, A%,..., A ] and {TSQR(W) or WW or ... }
¥ Ditto, but throw away W
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-/ Come to BEBOP meetings (W 12 — 1:30, 380 Soda)
-I Experiment with SpMV on different architectures
—!'Which optimizations are most effective?
=l Try to speed up particular matrices of interest
—! Data mining, “bottom solver” from AMR
-I Explore tuning space of [x,Ax,...,AKx] kernel
—! Different matrix representations (last slide)
—! New Krylov subspace methods, preconditioning

<1 Experiment with new frameworks (SPF, Halide)
=/ More details available

Berkeley Benchmarking and OPtimization Group
babop. cs berkeley. odu

Extra Slides
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