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Abstract.

A general method for estimation of domains with limit cycles and finding surfaces with the traces of all cycles
is proposed. Corresponding estimations of domains with cycles for piecewise linear systems and Chua system

are indicated.

1 INTRODUCTION

The many properties of nonlinear system
z=f(z), z€R", flz)eC®MR") (1.1)

depend on the existence of periodic oscillations in
system (1.1).

Any T-periodic solution z(t), z{t+7T) = z(t), to the
nonlinear system (1.1) specifies the mapping R —
R"™, t = z(t), and image is called a limit cycle (or a
cycle) of system (1.1).

In present time there is no analytical algorithm for
finding limit cycles of dynamic systems. Usually
they find limit cycles by means numerical methods.
For using these methods we need to know two sets.
They are a set of initial states and a set containing
all limit cycles.

In the present paper we consider localization prob-
lem of the periodic oscillations for dynamic systems
(1.1) in the following settings: 1) For system (1.1)
find a surface S such that any limit cycle of system
(1.1) either intersects or touches S. This surface is
called Poincare universal intersection and it is a set
of initial states for numerical integration; 2) For sys-
tem (1.1) find a set © such that all limit cycles of
system (1.1) are in Q2 .

2 LOCALIZATION METHOD

For ¢ € C'(R™) denote by Lsp derivative of the
function ¢ with respect to system (1.1), i.e.

Lyp(z) = fil)dp(z)/0z;,

i=1
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where (f1(2), ..., fa(2))" = f(2).

Theorem 2.1 For any function ¢ € C1(R"), any
cycle of system (1.1) contains at least two points of
the set [1-2]

Sp={z: Lyp(z)=0}. (2.1)

For the function ¢ € C'(R"™) we put

wsup = sup{p(z) : T € S, },

PYinf = 1Ilf{(p(m) X € S«p } (22)

Theorem 2.2 For any function ¢ € CHR"), all
limit cycles of system (1.1) belong to the set [1-2]

Ny ={z: Qiny < 0(2) < Poup}- (2.3)
Collorary 2.1 All limit cycles of system (1.1) be-
long to the set [1-2]

Q= {nQ,,p € C'(RM)}. (2.4)

3 PIECEWISE LINEAR SYSTEM

Let system (1.1) be a piecewise linear system of the

form
Az +0b, =z < -,
T = A():E, I.Tll <l (31)
Az +e¢c, z >,

where z, b, ¢ € R, and matrices 4, Ag € M,(R).

Any real matrix A can be transformed by a trans-
formation T~ AT = A’ into Jordan canonica} form
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A :_d_i_ag (J1 ()\1), J2 ()\2), ey Jm(/\m)), where )\k,
k = 1,m, are the roots of the characteristic equa-
tion of matrix A, and J;()s), s = I, m are canonical
Jordan blocks. Then in the new variables z = T !z
system & = Az + ¢ has the form z = A’z + T lc.

If the condition ReA; # 0 is fulfilled for any root
Ak of the characteristic equation of matrix A, then
there exists a function

B(z) = idjz]?, (3.2)
j=1

where d; # 0, |d;| > g;, such that the surface Sy is
an ellipsoid El.. For this function and the system
z = Az + b the corresponding surface Sg is also an
ellipsoid El.. For function (3.2) and the system & =
Aoz the corresponding surface S¢ = {z|2TWz = 0}
is a cone Cg # §. Therefore, for function (3.2) and
piecewise linear system (3.1) we get

Se = (ElpyN{z: z1(2) < =1})
U(Cs N{z: |z1(2)] < 1}) (3.3)
U(Bl.n{z:z,(2) > 1}).

Theorem 3.1 For piecewise linear system (3.1), if
1) the system (8.1) is a continuous one; 2) ReXy # 0
for any root A\ of the characteristic equation for ma-
triz A; 8) the intersection of n-dimensional ellipsoid
El. and the hyperplane z,(z) = l is an (n — 1)-
dimensional ellipsoid; then surface (3.3) is a com-
pact set.

Theorem 3.2 For continuous piecewise linear sys-
tem (3.1), if the conditions of Theorem 3.1 are ful-
filled, then there exists a compact set

Q=0 N Qs (3.4)

containing all limit cycles of system (8.1), where ®
and ®' are different functions of the form (3.2).

4 CHUA CIRCUIT

The Chua’s circuit is a rather simple electronic os-
cillator (in the simplest case it consists of only four
linear elements and one nonlinear element). So the
Chua’s circuit is a very suitable subject for study by
means of both laboratory experiments and computer
simulations because it admits an adequate modelling
via the language of differential equations.

Consider the simplest case Chua’s equations written
in the following dimensionless form [3]:

& = afy - h(z)),
y=z—-y+z, (4.1)
z= _by7
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where h(z) = miz+0.5(mg +mq)(|lz — 1] = |z + 1|),
a>0,b>0my>0,m >0 Let = (z,y,2)T €
R3. System Chua is a example of continuous piece-
wise linear systems. The system (4.1) is considered
to be a Chua system if its equilibrium points are
not asymptotically stable. Find all these points and
research their characters.

The system (4.1) has three equilibrium points:

1) O1(mg + m1)/m1,0, —(mg + my1)/mi) in the do-
main {z > 1};

2) 03(0,0,0) in the domain {|z| < 1};

3) O2(=(mo +my)/my,0, (mo+my)/m;) in the do-
main {z < —1}.

In the domain {|z| < 1} the point O3 is unstable. In
the domain {|z| > 1} system (4.1) has the following
Jacoby matrix:

—am; a 0
A= 1 -1 11,
0 -b 0

and the characteristic equation for A is
N+ +am)N+(b—a+ami)A+abmy = 0. (4.2)

The points O; and O, are not asymptotically stable
if and only if

(14+amq)(amy +b—a) — abmy <0. (4.3)

Under this condition system (4.1) is a Chua system,
and in the further consideration we suppose that it
is fulfilled.

Theorem 4.1 Characteristic equation (4.2) for the
matriz A of system (4.1) has no roots with null real
part iff (1 + amy)(amy + b —a) —abmy # 0.

Proof. In the domain {|z| > 1} characteristic equa-
tion (4.2) has no null roots due to the fact that
abm; > 0. Let A = u¢ be an imaginary root of
(4.2), p € R, u # 0. If we submit A = i into
equation (4.2), then we will have

[~ (14 amy) p? +abmy] +i[— 4 + pulam; +b—a)] = 0,

i.e.

o

abm; — (1 +am))p? =
plamy +b—a—p?) = 0.

Since p # 0, we receive

p? =abmy/(1+am;) = am; +b— a.



So equation (4.2) has an imaginary root under the
conduction (14 am;)(am; +b—a) —abm; = 0. This
completes the proof of Theorem 4.1. >

In the further consideration we insist that
(1+amy)(amy +b—a) —abm; <0 (4.4)

in accordance with both (4.3) and the condition of
Theorem 4.1. In this case it is possible to use all the
results obtained for piecewise linear systems.

Theorem 4.2 For Chua system ({.1) there exists
a quadric quantic

o(Z) = az? + By  +v2° + 2 xy +2uzz +20yz, (4.5)

such that the set S, is a compact surface.

Proof. For function ¢(Z) (4.5) the Lie derivation
with respect to the system (4.1) is

Lip(z) = 2{\z% — aah(z)z + (aX — B — bd)y*+
+62% + (a + B — X — bu)zy — a h(z)y+
+ (A +8)zz — aph(z)z + (ap + B — § — by)yz}.
Since h(z) = myz + 0.5(mo + my)(Jz — 1| — |z + 1}),
in the domain {|z| > 1}
Lip(z) = 2{(A — amia)z? + (a) — B — bd)y>+
+ 622+ (aa+ B — X = b — am N)zy+
+ (A48 ~amip)zz + (apn+ B — 6 — by)yz+
+ sign(z)a(mo -+ ma)(az + My + p2)}.
Put
c1 =\A—amia, cz=ak— [ —bs,
c3=96, ca=aa+ B~ X~-bu—amA,
cs=A+d0—amip, cg=au+P-686—by,

and
C= cy 2¢0 g
cs  cg 2c3

The quadric of L;p(Z) is a positive definite quadric
-quantic iff

A =q >0, A2=46102—C42>0, (46)
Az =detC > 0. '
Supposing

Cp =Cp =Cs = 0,
then system (4.6) turns into the following system of
conditions: ¢; > 0, ¢c2 > 0, cs > 0. In the original
parameters of function (4.5) we get the equivalent
system:

>0, )\>m1d25/(1—m1d1),

(diA+d2d)/a < a < A/(amq),

B =(1+am)X - aa+ by,

k=0 dfom), ==,
4.7

where d; = b/(amy) + 1+ am; —a, dy = b(1 +
amy)/(amy). It is clear that this system is solvable
and its solutions can be founded by the following
way. First, in accordance with (4.7) we can choose
4, A, o and then calculate p, 8 and v. Under con-
ditions (4.7) the surface S, is a part of the ellipsoid

(z+p)®  @W+p)® | (z+ps)’
=1 .
Bje T Bje T e (48)
in the domain {z > 1}, where
p1 = a{mgo +my)a/{(2¢),
p2 = a(mg + m1)A/(2¢2), (4.9)

p3 = a(mo + mi)u/(2c3),
R? = ¢1p1? + copa? + caps?,

and in the domain {z < —1} the surface S, is a part
of the ellipsoid

@-p)® , G- (-p)

4.
Bla R T B (4.10)

The intersection of the plane z = 1 and ellipsoid
(4.8) is the ellipse

ca(y -l—pg)2 + c3(z -i—pg)2 =R z=1, (411)

and the intersection of the plane x = —1 and ellip-
soid (4.10) is the ellipse

ey -p)’ +es(z—ps)’ = R%, z=-1, (412)
where
Ri® = cops” + csps® — (1 + 2p1)er. (4.13)

Therefore, the intersection of the surface S,, and the
planes z = 1 and z = —1 are the ellipses (4.11) and
(4.12) respectively, if

R?>0. (4.14)

This condition is an essential for the coeficients of
the function p(Z), however, it is always possible to
take d, A, a that satisfy (4.7) and (4.14) as well. In
fact, let & and A be already taken in accordance with

(4.7). Since

R? = a(mo +m1)*N?/(4(a — (di X + d20)/a))
— XA —ampa + (mo +ma)* (A + 8)%/(46m,2),
then Ii)rg R1%(a) = +00, where ap = (dy A+da6)/a.
(23 0
Hence, there exists a in some neighbourhood of ap
such that R;%(a) > 0.

Since h(z) = —mgz in the domain {jz| < 1},

Lip(z) = 2{(X + amoa)2? + (aX ~ B — b&)y?+
+ 0822 + zy(aa + B — X — by + ampA)+
+ zz(A+ 6§+ amop) +yz(ap+ B — 6 — b))},
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and if we recall (4.9), in this domain we obviously
obtain S, given as

c1(1+2p1)a? + coy? + 32+

+ 2copazy + 2¢3p3xz = 0, (4.15)

lz| < 1.

Since the intersection of S, and the planes z =1
and z = —1 are the ellipses (4.11) and (4.12) (due
to Ry> > 0), in the domain {|z| > 1} the surface
S, is a compact set. Now, by Theorem 3.1 S,
is a compact set in the whole phase space. This
completes the proof of Theorem 4.2. &

Thus, any limit cycle of system (4.1) contains at
least two points of the surface S, given as

(@+p)”  (y+ps)’
R2/01 R2/Cz
(Z +p3)2
+ W = 1, T 2 1,
(z - P1)2 (y —p2)2
R2/61_ R2/62
Gom)l Loy
+ RZ/Cg =% F3 ’
(14 2p1)crz? + coy? + c32?+
\ + 2pocozy + 2psczzz =0, |z| < 1,
(4.16)

where ¢y, c2, ¢3, p1, P2, 3 and R? are given by (4.9).
All the limit cycles belong to the corresponding set
Q.

Theorem 4.3 For system (4.1) there exists the
compact set Q such that all limit cycles of the sys-
tem belong to ().

Proof. Since for the system Chua Theorem’s 3.1
conditions are valid, by Theorem 3.2 there exists a
compact set §) as intersection (3.4). >

Example. Consider an example of Chua system,
where
a=9, b=100/7, me=1/7, my =2/7.
(4.17)
The system with these parameters’ values is charac-
terized with chaotic motions [3]. Equilibrium points
01 (3/2,0,-3/2), 02(-3/2,0,3/2), 03(0,0,0) are
unstable. Since condition (4.4) holds it’s possible
to use obtained results. With reference to (4.7) we
choose the function

(%) = 3% + 133.71y% + 13.722+

+ 3dzy + 1dzz + 2yz, (4.18)
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and the surface S, according to (4.16) is

(z +0.27)*/43.17 + (y + 6.56)%/80.17+
+(z+13.5)%/40084 =1, =z >1,
(z —0.27)%/43.17 + (y — 6.56)%/80.17+
+(2—-13.5)%/40084=1, z<1,
20.8622 + 5y® + 22+
+65.572y + 2722 =0, Jz| <L
(4.19)
To define the set 2, we need to solve a conditional
extremum problem for the function (4.18) under
condition (4.19). Using the numerical methods we
obtain the localization set:

Qe ={z| —6.15 < 9(z) < 34338.32}.

For function ¢'(%) = 5z% + 115.71y% + 12.442% +
34zy + ldxz + 2yz, in the same way, we obtain the
new localization set

Qp = {Z| —7.30 < ¢'(z) < 30279.66 },

It is proved that the cones ¢(Z) = 0 and ¢'(Z) = 0
have the only common point Z = 0. So, by Theorem
3.2 the set 2 = Q,NQ, is a compact set containing
all limit cycles of the Chua system with parameters’
value (4.17).

5 CONCLUSION

The suggested method can be efficiently used for
solving the localization problem for periodic orbits
of ordinary differential systems in various fields of
science and technology. Here we use it for piecewise
linear systems, the Chua’s circuit in radiophysics
and nonlinear electronics. We have shown that the
method is very useful and efficient and it can give
new interesting results.
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