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We propose a simple continuous-time system for chaos generation based on a third-order abstract canonical mathematical model. Nonlinearity in this model is introduced by a bipolar
switching constant, which reflects the behavior of a digital inverter. A simple area efficient
implementation of the system in a 1.2 µ CMOS process is presented. Experimental results
from a tested chip are shown.
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1. Introduction
It is well known that chaotic signals are characterized by having a positive Lyapunov exponent
and a noise-like power spectrum [Young, 1983].
These features have motivated researchers to investigate using chaotic signals in various applications and particularly in wide-band communication systems [Kolumbán et al., 1998; Setti et al.,
1999]. In order to be compatible with other system
elements, it is preferable to use chaotic oscillators
that can be integrated on silicon. A number of
attempts have been made to introduce discretetime as well as continuous-time CMOS chaotic
oscillators. In most of these attempts, the resulting circuits were complicated and occupied a large
silicon area. Discrete-time chaotic oscillators usually employ either switched-C or switched-current
techniques. The utilization of a multiplier in

addition to the many capacitors and op amps
used in [Delgado-Restituto et al., 1992] automatically result in a large circuit. Meanwhile, CMOS
continuous-time chaotic oscillators that are available in the literature are based on the classical
Chua’s circuit oscillator. The designs proposed in
[Cruz & Chua, 1993] and [Rodriguez-Vazquez &
Delgado-Restituto, 1993] are copies of the architecture in [Kennedy, 1992] on silicon. In both designs, it can be clearly noticed that the involved
nonlinear resistor, which is active and piecewiselinear, requires a considerable design effort that
had to be done at a separate stage [Cruz & Chua,
1992]. The nonlinear resistor of [Cruz & Chua,
1992] has an area of 0.5 mm2 and requires dual
±9 V supplies; the complete Chua’s circuit [Cruz
& Chua, 1993] has an area of 7 mm2 . The design in
[Rodriguez-Vazquez & Delgado-Restituto, 1993] is
better in that it requires ±2.5 V supplies. A more
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structured circuit based on a signal flow graph approach was introduced in [Kotaka et al., 1998] but
was not physically fabricated.
In this paper, we report a monolithic chaotic
oscillator based on a canonical mathematical model
which is single-parameter-controlled and is capable
of exhibiting double-scroll-like chaos. This oscilla-

tor relies on the natural and robust nonlinearity of
a two-transistor digital inverter.

2. Proposed Chaotic Oscillator
Our proposed model for chaos generation is
given by the following third-order continuous-time
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Fig. 1. Numerical simulation results of (1) with f = sgn(X): (a) sample time waveform of X and (b) chaotic attractor in
the X − Ẋ − Ẍ space.
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differential equation:
...
−X = a[Ẍ + Ẋ + X − f (X, Ẋ, Ẍ)]

extreme simplicity of Eq. (1), it is capable of producing a variety of dynamical behaviors depending
on the choice of the nonlinear function f, which can
in general depend on all three states of the system
X, Ẋ and Ẍ.

(1)

where a is the only parameter by which the dynamics of the system can be altered. Despite the
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Fig. 2. Observations from (1) with f as given by (4): (a) f corresponds to a three-level-logic switching device and (a = 0.8)
(b) f corresponds to a differential input device (a = 0.5).
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Consider the case when f is given by:



1

f (X, Ẋ, Ẍ) = f (X) =

sX



 −1

X≥ε
−ε ≤ X < ε

(2)

X < −ε

This nonlinear function is bipolar in nature and
can represent the abrupt instantaneous switching
of a basic digital inverter device in normalized form
when ε → 0 and s → ∞. Under these conditions,
f (X) is simply equal to sgn(X). The results of numerically integrating (1) with this nonlinearity are
shown in Figs. 1(a) and 1(b), which represent the
time waveform of X and the chaotic attractor in
the three-dimensional X − Ẋ − Ẍ state-space, respectively. Here, a was set to 0.8 and a fourth-order
Runge–Kutta algorithm with a 0.001 time step was
used.
By introducing two new variables: Y = Ẋ
and Z = Ẍ, the system of (1) with (2) can be
expressed as:






Ẋ
0
  
0
 Ẏ  = 
a(b − 1)
Ż



 



1
0
X
0
   
0
1   Y + 0 
−a −a
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ac
(3a)



 (0, 1)

and (b, c) =




(s, 0)
(0, −1)

X≥ε
−ε ≤ X < ε
X < −ε

(3b)

It can be seen from (3) that when Z is sufficiently
small (Z → 0), the dynamics in the X −Y plane are
dominated by a quadrature oscillator with its condition for oscillation always satisfied. Similarly, in the
Y − Z plane (X → 0) and X − Z plane (Y → 0),
the dynamics are governed by two quadrature oscillators with an identical condition for oscillation
a = 0. The similarity between the chaotic attractor
in Fig. 1(b) and Chua’s double-scroll is noticeable.
In fact, we have recently proven that Chua’s circuit
also has a core sinusoidal oscillator engine [Elwakil
& Kennedy, 2000a, 2000b].
The three equilibrium points of (3) are given
by (x0 , y0 , z0 ) = (c/1 − b, 0, 0). Hence, in the fast
transition region −ε ≤ X < ε, the origin is the
equilibrium point. On the scroll surfaces the equilibrium points are (±1, 0, 0), both of which acquire
the same eigenvalue pattern since the state transition matrix is independent of c. For a = 0.8,
the calculated eigenvalues at these two points are

(−0.899, 0.0497 ± j0.942), which indicate growing
oscillations on the scroll surfaces. In the transition
region, and setting s = 1000, for example, the calculated eigenvalues are (8.996, −4.898 ± j8.058). A
positive real eigenvalue always appears in this region for s > 1 and guarantees the transition from
one scroll to the other.
In the following section, we shall adopt the system described by (1) with f given by (2) for our
monolithic implementation, of course, with a practical digital inverter s → ∞. However, to highlight
the variety of chaotic behaviors which can be obtained from (1), we demonstrate here two other
forms for f . In particular, we consider the two
cases:


 3

f (X) =
and


 −1

X≥2
0≤X<2
X<0

1
−1

X − Ẋ ≥ 0
X − Ẋ < 0

1

(

f (X, Ẋ) =

(4)

Note that we have omitted the transition regions in
both descriptions since it is understood implicitly.
The first case for f represents a three-level-logic
switching device which should result in a triplescroll attractor with its surface equilibrium points
at (±1, 0, 0) and (3, 0, 0). Indeed, numerical integration of (1) with this nonlinearity shows a triplescroll, as plotted in Fig. 2(a). The second case for
f represents a differential input device which will
switch according to the difference between its two
inputs X and Ẋ. The corresponding chaotic attractor is shown in Fig. 2(b).

3. Monolithic Implementation
The system described by (1) can be realized in
a straightforward manner using a conventional
integrator-summer architecture. The two key linear functional blocks are an integrator and a summer while very little effort is needed to implement
the nonlinearity when given by (2); it is a simple
two-transistor digital inverter.
In order to realize an area efficient integrator
and summer, we propose the transconductor building block shown in Fig. 3(a). This element has a
single voltage input and three current outputs. Assuming that the first current output IO1 drives a
load Z1 and that the second current output IO2
drives a load Z2 , the three output currents are then
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Fig. 3. Proposed transconductance building block: (a) symbol (b) CMOS realization and (c) DC characteristics under 10 kΩ
loads (IB = 80 µA, VDD = −VSS = 2.5 V).
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Fig. 4.

Chip implementation of the chaotic oscillator using the Gn block.

Fig. 5.

Die photo of the integrated system.

given respectively by:
IO1 = −GVin , IO2 = G2 Z1 Vin , IO3 = −G3 Z1 Z2 Vin
(5)
where Vin is the input voltage to the block and G is
a constant transconductance.
By choosing both Z1 and Z2 as pure resistors,
the block performs as a weighted amplifier while
by choosing one of them as a pure capacitance, the
block performs as a lossless integrator. Note that
the choice of Z1 as the capacitor is more advantageous since it allows us to obtain both an inverting
integrator (VO1 = Z1 IO1 = −GVin /sC) and a noninverting integrator (VO2 = Z2 IO2 = RG2 Vin /sC).
1

Our proposed transconductor building block
can be realized in various ways. Here, we use the
simplest possible realization shown in Fig. 3(b).
This circuit is composed of three cascaded matched
transconductor cells [Park & Schaumann, 1988]
(transistor pairs M10 –M11 , M12 –M13 and M14 –M15 )
biased from the same current source IB . All transistors are biased to operate in the saturation region and the √
cell transconductance
G is equal to
p
Gn + Gp = 2IB Kn + 2IB Kp , where Kn,p =
µn,p COX (W/L)n,p .1 The aspect ratio (W/L) of each
transistor is given in Table 1. Note that since
µn /µp ≈ 3 from the use of MOSIS process parameters, we choose (W/L)11,13,15 /(W/L)10,12,14 = 3

µn,p are respectively the electron/hole mobilites and COX is the gate oxide capacitance per unit area.
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(a)
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Fig. 6. Experimental observations (X-axis: 0.5 V/div, Y -axis: 0.5 V/div): (a) chaotic trajectory; (b) period-four orbit;
(c) period-three orbit.

which sets Gp = Gn = G/2. Also note that the
length of transistors M10 –M15 has been chosen sufficiently large to increase the output resistance at
the cell current output nodes whereas the width of

Table 1. Aspect ratios of the transistors in the basic transconductance
cell.
Transistors

Aspect Ratio

M1 -M5

60/4

M6 -M9

40/4

M10 , M12 , M14

6/20

M11 , M13 , M15

18/20

the current-mirror transistors M1 –M9 is sufficiently
large to achieve better post layout matching.
Figure 3(c) represents a Spice simulation of the
characteristics of this building block when driving
a 10 kΩ load at each output node. Here, the bias
current is 80 µA, the supplies are ±2.5 V and 1.2 µ
transistor models from MOSIS were used. It is clear
from Fig. 3(c) that for linear operation, the voltage
swing at each node should be limited to the range
−1 V to 1 V approximately. Beyond this range,
typical saturation-type characteristics are seen.
We now proceed to construct our chaotic system, as shown in Fig. 4. Four transconductor blocks
and a single inverter are required. The first three
transconductor blocks perform as integrators while
the block following the inverter is an inverting

2892 A. S. Elwakil et al.

voltage-to-current converter. We have eliminated
the need for a summer stage as we can directly route
the output current IO3 of each block through the
grounded resistor RS to create the input voltage of
the first integrator. In addition to being robust, this
circuit implementation requires no floating elements
at all, i.e. all resistors and capacitors are grounded.
The describing equations of this circuit are:
C1 V̇C1 = −G3 R1 RS (VC1 + VC2 + VC3
− G2 R4 R5 VN )

(6a)

2

(6b)

4. Nonideal Effects

2

(6c)

The faithful implementation of (1) implies that
the integrator blocks perform ideal integration and
that the transconductor cells do not contribute additional nonlinearities to the system. However,
close investigation of the performance of the designed chip reveals that the signal propagating
from one integrator to the following is subject to
successive amplification. Considering the characteristics of Fig. 3(c), it becomes clear that the second and third integrators in the chain (see Fig. 4)
particularly contribute additional nonlinear effects
as their transconductor cells are forced to operate
partially outside the linear region. Nevertheless,
the dominant nonlinearity remains that of the inverter. In order to capture the effects of these additional saturation-type nonlinearities, we modify (6)
to read:

C2 V̇C2 = G R2 VC1

and

set the bias current IB = 80 µA, R1 = R2 = R3 =
28.5 kΩ and R4 = R5 = 150 kΩ (R4 and R5 had
to be increased in order to increase the amount of
current supplied by the last transconductor). The
projection of the observed chaotic attractor in the
VC3 − VC2 (X − Y ) plane is shown in Fig. 6(a).
Periodic with period-four and period-three orbits
are also shown in Figs. 6(b) and 6(c) respectively. A total power dissipation of 28 mWatt was
measured.

C3 V̇C3 = G R3 VC2
(
VDD VC3 ≥ 0
VN =
VSS VC3 < 0

(6d)

which transforms to (3) after setting R1 = R2 =
R3 = R4 = R5 = 1/G = R, C1 = C2 = C3 = C,
X = VC3 /VDD , Y = VC2 /VDD , Z = VC1 /VDD ,
a = GRS , VSS = −VDD and normalizing time with
respect to RC.
The chaotic oscillator, whose die photo is shown
in Fig. 5, has been fabricated through MOSIS in
a 1.2 µ Nwell CMOS process. The three onchip polysilicon capacitors are approximately 15 pF
each. Single NMOS transistors biased in the linear region were used to realize resistors R1 , R2 ,
R3 , R4 and R5 respectively.2 The gate voltage
of these transistors is off-chip controlled allowing
possible tuning of their values. However, the corresponding nodes were also accessible such that offchip resistors might be used instead if necessary.
The only off-chip element is the tuning resistor RS ,
which is used to control the system by changing the
value of its only control parameter a (recall that
a = GRS ). The circuit occupies a total area of
0.35 mm2 ; 20 times smaller than the chip designed
by Cruz and Chua [1993]. The capacitors alone occupy 0.26 mm2 , i.e. 74% of the area, which indicates
that for frequencies higher than those of interest
in our case and with better test facilities, a much
smaller area can be obtained by reducing the capacitor size. The center frequency of operation when
the circuit operates in sinusoidal oscillation mode is
around ω0 = 1/RC. In chaotic oscillation mode, the
power spectrum is noise-like and spreads around ω0 .
The fabricated chip was tested using ±2.5 V
supplies and a 10 kΩ tuning resistor for RS . We

C1 V̇C1 = −G3 R1 RS (VC1 + K1 tanh(VC2 )
+ K2 tanh(VC3 ) − G2 R4 R5 VN ) (7a)
C2 V̇C2 = G2 R2 tanh(VC1 )

(7b)

C3 V̇C3 = G2 R3 tanh(VC2 )

(7c)

where VN is as given by (6d).
In the above model, the tanh(·) functions model
the saturation effects of the transconductor outputs
while K1 and K2 are used to account for the excessive propagation gain. In reality, K1 and K2 are dynamic variables which depend on the amplitude and
are not constants. By adopting the same normalization following (6) and setting |VSS |/VDD = ∆,
(7) becomes:
Ẋ = tanh(Y )

(8a)

Ẏ = tanh(Z)

(8b)

The resistance in this region is given approximately by R = [Kn (VG − VT H )]−1 , where VG is the gate control voltage and
VT H is the NMOS threshold voltage (≈ 0.7 V).

2
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Ż = −a[Z + K1 tanh(Y )
+ K2 tanh(X) − f (X)]

(

and f (X) =

1

X≥0

−∆

X<0

Note that ∆ is used to take into account the possibility of unsymmetrical rails.
We have integrated numerically (8) for various
sets of K1 , K2 and ∆; in Fig. 7(a) a projection of the
observed chaotic attractor is shown when K1 = 1.5,

(8c)
(8d)
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Fig. 7. Numerical observations from the modified model of (8): (a) chaotic trajectory (K1 = 1.5, K2 = 2.5, ∆ = 1, a = 0.8);
(b) period-three orbit (K1 = 1, K2 = 2.5, ∆ = 1, a = 1.4) and (c) period-four orbit (K1 = K2 = 1.5, ∆ = 0.7, a = 0.285).
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K2 = 2.5, ∆ = 1 and a = 0.8. When K1 is reduced
to 1 and a increased to 1.4, the period-three orbit,
plotted in Fig. 7(b), is found. We note that the additional tanh(·) nonlinearities extend the range of
a in which chaos is sustained as compared to (3).
Finally, a period-four orbit is shown in Fig. 7(c).
Here, K1 = K2 = 1.5, ∆ = 0.7 and a = 0.285. The
plots in Fig. 7 agree better with the experimental
observations.
It is worth noting that we were not able to obtain experimentally periodic orbits similar to that
of Fig. 7(b). All periodic orbits which were observed (see Figs. 6(b) and 6(c)) were similar to
Fig. 7(c) which indicates that there is indeed a
mismatch between the negative and positive rails
(∆ < 1). This mismatch results in an unsymmetrical dynamic swing which became more apparent
as the chip was supplied from ±1.5 V instead of
±2.5 V. In principal, these nonideal effects can be
reduced by designing a better transconductor cell.

5. Conclusion
In this Letter, we have proposed an integrated
chaotic oscillator. The necessary nonlinearity is
robust since it is introduced by a digital inverter,
while the remaining circuit elements should be con-

(Continued )

fined to their linear regions of operation. We have
focused on obtaining a simple and area efficient design which demonstrates a straightforward architecture. Further optimization of the circuit for
wide-linear-range, low-voltage or low-power applications can be done simply by interchanging the
basic transconductor cell with other optimized ones
[Ismail & Soliman, 2000; Wang et al., 1999].
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