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1 The Discrete-Time Stochastic LQR Problem

Consider the linear time-invariant system driven by process noise:
Ti41 = Axy + Buy + wy, xo =0, (1)

where x; € R" is the state, u; € R™ is the control input, and w; € R" is i.i.d. white noise with
E[w;] = 0 and E[w;w, | = £, = 0.
The stochastic LQR cost is the steady-state expected quadratic cost:

T
J(K) = lim —ZE[wZth—l—uIRut]. 2)
t=1

Under state feedback, uy = Kuxy, the closed-loop dynamics are x411 = (A + BK)xy + wy. If
A+ BK is Schur stable, the state covariance converges to the unique solution X = E[z;x/ ] of the
Lyapunov equation:

X =(A+BK)X(A+ BK)" +%,. (3)

The cost then simplifies to
J(K) = tr [(Q + KTRK) X|. (4)

2 The Hy; Norm Minimization Problem

We can also pose an equivalent problem in terms of minimizing the Ho norm of a linear system.
Define the closed loop transition matrix as Ax = A + BK. Define the closed-loop output

1/2,, 1/2
2 = [gl/%j = [R?/QK] x; =: Cgxy. (5)

Also set B = E%U/ 2, Treating d; as an exogenous input, define the system
Ti41 = Agxy + Bd,, 2zt = Cgaxy.

If Ak is stable, the squared discrete-time Hs norm from d to z is

[e.e]
1Gams:lFy, = Z |Cx A B || %

t=0

= tr(CKA%BKB;(A%C};)
t=0

= t1(CkCr {Z A}(EwAtK})

t=0
=t((Q + KRK)X) .



where X satisfies the Lyapunov equation
X =(A+BK)X(A+ BK)" +%,.
We have thus shown that the Ho norm of this system is equal to the LQR cost derived in the first
section.
3 Why do we care about this equivalence?

Control theorists care for a variety of reasons, but for the purpose of this class, it’s worth noting
that LQR is measuring the amplification of state disturbance into channels measured by the cost
matrices () and R. This gives us another way to view LQR, as proposing to minimize the gain in
certain output channels specified by the design.



