CS294-179, Spring 2025
Homework #6, Due 4/27

1 SIR Birth Process

Let T g}% be the birth process with off-spring distribution X, where
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and 3 = <. In the above expression, we have
e T represents the duration of an infection (assumed to have exponential distribution of exp(1)).

e pr represents the probability that an individual is infected, if it is exposed for time T" and the infections
spreads at rate 3.

e n is the number of persons that could get infected.

. (Z) ph(1 — pr)"~* is the probability of the event that k of n independent trials to pass an infections
are “successful”.

In this exercise, you will prove the following lemma which lies at the core of the intuition behind the results
for homogeneous mixing we derived in class.

Lemma 1.1 Assume 3 = . Then, the survival probability converges to

0 fe<l
Pr(|T8| = 00) = { o
(ITsiRl ) {p —-1— %’ otherwise.

You will also derive exponential tail bounds for the size of an outbreak below the epidemic threshold.

1.1 Generating function and survival probability [6 + 2 (Bonus) Points]

1. Observe that conditioned on T, we have X is a binomial random variable Bin(n,pr). Calculate E[X]

and conclude that for ¢ < 1, the process T;}% dies out with probability one, while for ¢ > 1 and n
large enough, it survives with nonzero probability. [1 Point]

2. Consider the generating function for the random variable X defined in Eq. . Denoting this generating
function by Gy, prove that for n € [0, 1], G, (n) converges to G¢(n), where

S 1
G(1) = THati=y-
More specifically, we prove the above statement step by step. [4 Points]

(a) Use that X is a binomial random variable Bin(n, pr) conditioned on T to write G,, as an integral
over the generating function of a Binomial random variable.

(b) Prove that npr — ¢TI for each fixed T, and use it to prove the convergence of the integrand in
the form of (1 — (1 — n)pr)™.

(¢) Use dominated convergence to get convergence of the integral.
(d) Evaluate the integral to finish the proof.

3. Solve the implicit equation G¢(n) = 7, identify the smallest solution, and show that P = 1 — 7 is equal
to the expression given in Lemma [1 Point]

4. [Bonus] Prove Lemma for ¢ > 1, that is, the pointwise convergence of G,, to G¢ implies that the
solution 7, € (0,1) of 7, = G,,(n,,) converges to n = *

Hint: Show that for all € > 0, you can find ny such that [ny — 1| <€, G¢(n-) > n- and G,,(n4) < 4.
Then, we can use the pointwise convergence of Gy,. [2 Bonus Points]



1.2 Concentration below criticality [6 Points]

1. Below we will prove the following concentration bound for a sum of k i.i.d. random variables X7, ..., Xg
with the same distribution as X
- (c — a)?
Pr <;Xi 2]4:3:) < exp <—4k> fe<xz<l1. (2)

Assuming this bound holds, prove that for ¢ < 1,

—1)2
~tesply

PH(TL > h) < e
[1 Point]

2. To prove Eq. , we will first use that X conditioned on 7 is a random variable with distribution
Bin(n, pr) to evaluate the conditional expectation E[e!* | T, i.e., the conditional moment generating
function. Use the result you get, pr < 87 and 1 + x < €” to derive the bound in the form of

E[etx]:/ E[etX|T]e_TdT§/ e DT e=Tyr,
0 0

Evaluate the integral, and conclude that for x > ¢, the rate function (defined in Homework 1, Exercise
3) obeys the bound

I(x) > sup {tz +log(1 — c(e’ — 1))}. (3)
tE[O,log(lJr%))

[2 Points]
3. Use Eq. to prove Eq. (2). To this end, first optimize over t € [0,log(1 + 1)) to get

I(z) > zlog (%) +(1+z)log (ii;) .

Then, we consider the Taylor expansion for the right-hand side around = = ¢ to prove that

T 1+c¢ ¥ Yo dz

Show that I(z) > 1(c — 2)? for ¢ < < 1 and hence Eq.(2). [3 Points].

2 Concentration for Exponential Random Variables [6 Points]

Let Ty, ..., T\ be independent exp(1) random variables. Prove that

k 2
Pr (Z T, > (1+ 6)/€> < e Ea R (4)
=1
and
k 2
Pr (Z T, <(1— e)k) <e TH (5)
=1

Hint: Use our by now standard procedure to show that

Pr(SF T >(1+ek) < exp(—k(log(1—t)+ (1+€)t)) forall0<t<1,
Pr(Yf Ti<(1—ek) < exp(—k(log(1+1t)— (1 —e)t)) forallt>0.

Then, we optimize over the range of t and use logarithmic inequalities to concluded the proof; please see the
details in https://en.wikipedia.org/wiki/List_of_logarithmic_identities#Inequalities.
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