
CS294-179, Spring 2025
Homework #3, Due 3/7

1 Degree Distribution of the Chung-Lu Model [4 Points]

In this problem, you will show that under suitable assumptions on the weight sequence w˜ = (w1, . . . , wn),
the degree distribution of vertex i in the Chung-Lu-Model CLn(w˜) converges to Poi(wi). As an intermediate
step, you will prove the following theorem

Theorem 1.1 Let Xn,1, . . . , Xn,n be independent Bernoulli random variables with E[Xn,i] = pn,i, let

Sn =

n∑
i=1

Xn,i,

and let c ≥ 0. If max1≤i≤n{pn,i} → 0 and E[Sn] → c, then Sn → X ∼ Poi(c) in distribution.

You will prove the theorem by establishing convergence of moment generating functions.

(a) Calculate the moment generating function MSn
(λ) = E[eλSn ] of Sn, as well as the moment generating

function of X. (Hint: use that the moment generating function of a sum of independent random variables
is their product).

(b) Show that under the assumptions of the theorem, MSn(λ) converges to the moment generating function
of X for all λ ∈ R. This proves the theorem (why?).

(c) Express the degree di of vertex i in CLn(w˜) as a sum of n Bernoulli random variables and use the

theorem to conclude that if maxi w
2
i /ℓn → 0 (where ℓn =

∑
i wi), then di converges to X ∼ Poi(wi) in

distribution.

2 Graphical Sequences [6 Points]

A sequence of non-negative integers d1, d2, . . . , dn is called graphical if it is a degree sequence of a simple
graph of size n. In this question we prove the following theorem by Havel and Hakimi, which in turn implies
the correctness of the Havel Hakimi algorithm discussed in class.

Theorem 1.2 (Havel-Hakimi) Let D be the sequence n− 1 ≥ d1 ≥ d2 ≥ . . . ≥ dn > 0 and n ≥ 2. Let D′

be the sequence obtained from D by discarding d1, and, subtracting 1 from each of the next largest d1 entries
of D and then keeping the positive integers. So, D′ is the sequence (d2 − 1, . . . dd1+1 − 1, dd1+2, . . . dn) after
deleting all the zeros. Then, we conclude that the sequence D is graphical if and only if D′ is graphical.

(a) First prove that if D′ is graphical then D is graphical.

(b) Next, assume D is graphical and let G be a graph with vertices v1, . . . , vn and degree sequence D.
Assume first v1 is connected to all vertices vi with 2 ≤ i ≤ d1 + 1. Show that under this condition, the
sequence D′ is graphical, i.e., construct a graph G′ with the sequence D′.

(c) Now assume that the condition in b is not satisfied, i.e., assume that there exists a vertex vi with
2 ≤ i ≤ d1 + 1 that is not connected to v1. Show that there is a vertex vj with j > d1 + 1 that is
connected to v1.

(d) With part c’s notations, show that one can remove two edges from G and add two other ones to obtain
another simple graph G̃, where v1 is connected to vi not vj .

(e) Show that by using the procedure described in c and d a finite number of times, you must end up in
case b to prove the theorem.
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3 Sprinkling Arguments to prove existence of the Giant in G(n, p)
[8 points]

In this exercise, we explore a different, very flexible technique to establish the existence of a giant component
of asymptotic size θn. We will start from the fact, established in Lecture 4, that for c > 1 and k−(c) =

2c
(c−1)2 log n, whp the set

V+(c) = {x : |C(x)| > k−(c)}
asymptotically contains θ(c)n+o(n) vertices, where θ(c) denotes the survival probability of a Poi(c) branching
process. In Lecture 5 and 6 we then proved that whp, all vertices in V+(c) form one connected components,
showing that the size of the proportion of vertices in the giant converges to θ(c) in probability. But our
techniques to proving this very particular to G(n, p), and required tight control of the BFS exploration
process up to time t = n2/3, a type of control which is often not available for other random graphs, while
the proof that the relative size of V+(c) converges to the survival probability of a suitable branching process
does often generalize. It is therefore desirable to develop other techniques to establish the asymptotic size
of the giant. Before doing so, we note that the size of V+(c) is always an upper bound on the giant, since all
other vertices lie in components of size O(log n).

After this remark, let us turn to a technique called sprinkling to establish a lower bound on the size
of the largest component. To do so, we will use that the maximum of two Bernoulli random variables
is again Bernoulli to sample G(n, c/n) by first sampling G(n, c′/n) for c′ < c, and then reconsidering all
edges which were not chosen in the first step, adding them iid with probability δ/n , where δ is such that
(1− c/n) = (1− c′/n)(1− δ/n)). As I explained in Lecture 9, the resulting graph has the same distribution
as G(n, c/n). This process is usually referred to as sprinkling, or more figuratively, as sprinkling back the
missing edges (to get from the sparser graph G(n, c′/n) to G(n, c/n)).

The proof of the lower bound will then rely on two steps, which together will imply that for all ϵ > 0,
the size of the largest component is whp of size at least nθ(c)(1− ϵ):

(i) Choose c′ < c large enough to guarantee that whp, |V+(c
′)| ≥ (1− ϵ

2 )θ(c)n

(ii) Show that when we sprinkle back the missing edges, whp all but an ϵ
2 fraction of the vertices in

V+(c
′) end up in one component in G(n, c/n), even if they had been in many different components in

G(n, c′/n).

Those statement clearly imply that whp, the largest component inG(n, c/n) is of size at least |(1− ϵ
2 )|V+(c

′) ≥
(1− ϵ)θ(c)n(1− ϵ), as required. Your task will be to prove the two claims.

(a) Use the implicit function theorem to show that for c > 1, θ(c) is continuous in c, conclude that for all
ϵ > 0 we can choose c′ < c such that θ(c′) ≥ θ(c)(1 − ϵ

4 ), and use this and what we know about the
asymptotic size of V+(c

′) to prove (i). [1 Point]

To establish (ii), we first note that the connected components of the set V+(c
′) in G(n, c/n) are made up from

components of V+(c
′) in G(n, c′/n) joined by edges added while sprinkling. Denote the connected components

of V+(c
′) before sprinkling by C1, . . . , CK . It is clear that if after sprinkling, the largest component in V+(c

′)
is smaller than |V+(c

′)|, then not all components can have been joined together via sprinkling.

(b) Show that if after sprinkling, not all components C1, . . . , CK of V+(c
′) have been joined into a single

component, then there must be a set A ⊂ [K] such that none of the sprinkled edges goes from

VA =
⋃
i∈A

Ci

to its complement VAc =
⋃

i∈[K]\A Ci. [1 Point]

(c) Prove the stronger statement that if after sprinkling, the largest component in V+(c
′) is smaller than

|V+(c
′)|(1 − ϵ

2 ) then there exists a partition of the components C1, . . . , CK into two sets VA and its
complement such both VA and its complement are of size at least ϵ

2 |V+(c
′)|, and none of the sprinkled

edges goes from VA to its complement. [2 Points]

Hint1: If the largest component after sprinkling is of size at least ϵ
2 |V+(c

′)|, you can just set VA to be the
union of the original components which make up the largest component after sprinkling. (Why?) What
will you do if the largest component after sprinkling is smaller than that?
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(d) Prove that the above event is unlikely. More precisely, give a lower bound on the number of possibly
sprinkled edges between VA and VAc in terms of ϵ

2 |V+(c
′)|, and show that the probability of none of

these edges appearing is bounded above by e−
ϵ2δ
4 |V+(c′)|2n−1

. [2 Points]

(e) Use what you have proven so far together with a union bound over all possible sets A ⊂ [K] to show
that the probability that after sprinkling, the largest component in V+(c

′) is smaller than |V+(c
′)|(1− ϵ

2 )
is bounded by

2Ke−
ϵ2δ
4 |V+(c′)|2n−1

,

and show that K = o(n) to prove that this goes to zero as n → ∞. [2 Points]

4 Connectivity Phase Transition in G(n, p) [6 Bonus Points]

In this exercise, you will show that the threshold for the existence of isolated vertices in G(n, p) is also a
threshold for connectivity. One direction is clear: if G(n, p) contains isolated vertices, it can’t be connected;

as a consequence, if p ≤ c log(n)
n for some fixed c < 1, then the probability that G(n, p) is connected tends to

0 as n → ∞.
To prove that for c > 1 and p ≥ c logn

n , the graph G(n, p) is connected with probability tending to one,
we note that if G(n, p) is not connected, it must contain at least one component of size k between 1 and n/2.
We already ruled out to the case k = 1, so all we need is to prove bounds for the case 2 ≤ k ≤ n/2.

1. As a preliminary, prove that

pk−1(1− p)k(n−k) decreases with p if 2 ≤ k ≤ n/2 and p ≥ 2/n. (1)

2. k = 2: Let C = {x, y} for two distinct vertices, and let P2 be the probability that C is a connected
component of G(n, p). Prove that P2 = p(1− p)2(n−2). Use a union bound together with (1) to show
that for p ≥ p0 = logn

n and n large enough, the probability that G(n, p) contains a component of size
2 is bounded by (

n

2

)
P2 ≤ n log n

2
e−1.5 logn

Show that the right hand side goes to 0 as n → ∞.

3. Let 3 ≤ k ≤ n/2 and let C be an arbitrary collection of k points in [n] = {1, . . . , n}. Note that for C
to be a connected set of points in G(n, p), it must contain at least a tree T with k vertices and k − 1
edges. Use the fact (mentioned in the lectures, and proven in an appendix I am providing for the scribe
of Lecture 6) that the number of trees on k vertices is equal to kk−2 (Cayley’s formula) to prove that
the probability Pk that C is a connected component of G(n, p) is bounded by

Pk ≤ kk−2pk−1(1− p)k(n−k) ≤ ekk!

k2
pk−1
0 (1− p0)

nk/2.

if p ≥ p0 = log n/n and n is large enough to allow us to use (1)). Use a union bound to prove that the
probability that G(n, p) contains a component of size 3 ≤ k ≤ n/2 is bounded by

n/2∑
k=3

(
n

k

)
Pk ≤

n/2∑
k=3

k−2(en)kpk−1
0 e−np0k/2.

Show that the right hand side goes to 0 as n → ∞.
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