CS294-179, Spring 2025

Homework #1
Due 2/30

This and the next assignment will review some of the statistics/probability tools needed to follow the
lectures. Most of this material can be found in Sections 2.1 - 2.5 (pp. 55 - 76) of the course of Remco van der
Hofstad on Complex Networks and Random Graphs., https://www.win.tue.nl/~rhofstad/NotesRGCN.
pdf. If you are not familiar with that material, you might want to consider reading these 20 pages as part
of this assignment. You can use the material from that course to solve the problems below, but please make
sure you understand the proofs you might find there, and reformulate them in your own words.

1 Warmup: Binomial, Geometric and Poisson Random Variables
[3 Points]

(i) Recall that a binomial random variable X ~ Bin(n,p) can be defined as a sum of n independent
Bernoulli variables X1,...X,, X; ~ Bern(p) for all i = 1,2,...,n, with Pr(X; = 1) =1 - Pr(X; =
0) = p. Show that Pr(X = k) = (Z)pk(l —p)"~* by considering all possible ways X can take the value
k.

(ii) Similarly, derive the distribution of a Geometric random variable, Y ~ Geo(p), i.e., show that Pr(Y =
k) = p(1 — p)*~! by starting from its definition as the time of the first success in a sequence of
independent Bernoulli trials, i.e., Bern(p).

(iii) Recall that a discrete random variable X,, with values in a countable set S converges in distribution to
a random variable X in S if Pr(X,, = ) — Pr(X = z) for all z € S. Use this to prove that Bin(n,c/n)
converges in distribution to Poi(c) as n — oo.

2 Concentration for Poisson Random Variables [5 Points]

Prove that if X; are i.i.d. Poi(c) random variables, then
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(i) Use the fact that for any random variable Z and any ¢ > 0, Pr(Z > z) = Pr(e!? > %), followed by
Markov’s inequality and an explicit calculation of the moment generating function of Poi(c) to show
that for A > cand ¢t > 0,
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where X ~ Poi(c).
(ii) Optimize over t to bound the left hand side by e */\) where I(\) = AIn(\/c) — A +c.

(iii) Prove that I(\) = f;‘ dy [Y 1dz and use this to prove that I(\) > 0‘2_;)2. Conclude that the first

bound in holds.

(iv) Prove the second bound in a similar way. Hint: If you consider — . X;, you should be able to arrive
at an intermediate bound of the form e "N with I(A) = [ dy [ Ld=.
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3 Concentration bound for general random variables [3 Points]

Let X be a random variable with E[X] = ¢ and let X7, X5, X3, ..
In this exercise, we will show that
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where I(A) is the “rate function”

() = sup;>o(tA — log E[e"X]) if X > ¢,
" | suppeo(tX — log E[etX]) if A < c.

. be i.i.d. with the same distribution as X.

(2)

(i) Combine Markov’s inequality with the fact that for any random variable Z and any ¢ > 0, Pr(Z > z) =

Pr(e? > e'#) to show that for A > ¢,

k
Pr (Z X, > kA) < e_k‘bt(/\), for any t > 0,
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where ¢;(\) = tA — log E[e!¥]. Deduce the bound in Eq. (2). [2 Points]

(ii) Prove the bound in Eq. , either by a similar argument, or by reducing it to Eq. by considering

the variables Y; = —X;. [1 Point]

4 Branching Process [5 Points|

(i) Consider a branching process with Poi(c) off-spring distribution. Calculate the probability generating
function G(A) for the off-spring distribution, write down the implicit equation for the extinction prob-
ability n of the branching process, and conclude that the survival probability § = 1 — 7 is a solution of

the equation 8 + e~ % = 1.

(ii) Plot 1 —6 and e~ as a function of @ in [0, 1] for a value ¢ > 1 of your choice (you can use a computer
or draw it by hand), and determine the survival probability by finding the intersection of these two

curves. If you do it right, there will be two intersections - which one is the right one?

Next, switch to an arbitrary off-spring distribution D = (p¢)e>o such that py is decaying exponentially with

£. You will show that in the subcritical regime ¢ < 1,
Pr(|Tx| > k) < e for some a > 0.
To this end, we recall from class that
Pr(|Tx| > k) <Pr(Xi+Xo+ -+ X > k)
where X,..., Xy are i.i.d. with X; ~ D, i.e., Pr(X; = {) = py.

(i) Bound the right hand side of using the bound (2). What is A?

(4)

(5)

(ii) Write I()) in the form sup,> ¢(¢). You might worry that for any ¢ > 0, the expression you write
down is not well defined since it involves a possibly infinite expectation. Show that for p, decaying

exponentially, this does not happen, at least if ¢ > 0 is sufficiently small.

(iii) Calculate ¢(0) and ¢'(¢), and show that for ¢ > 0 small enough, ¢'(¢) > 0 and use this to conclude that

for small, positive ¢, ¢(t) > 0. This finishes the proof. Why?
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