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Abstract-- The List Viterbi Algorithm (LVA) with an
arithmetic coding based continuous error detection (CED) scheme
is applied to high-order partial-response magnetic recording
channels. Commonly used magnetic recording systems employ
distance-enhancing codes along with parity-check post-processors
to correct most dominant error events. The system presented
here inserts a CED encoder between the outer Reed-Solomon
(RS) code and the channel, and utilizes LVA along with CED’s
error detection capabilities to improve the performance of the
Viterbi decoder. Simulations show that this system results in a 2
dB improvement over MTR encoded EEPRML decoding at a
BER of 2x10-6 in additive white Gaussian noise and localizes
error occurrences to the end of the sector.

I. INTRODUCTION
Contemporary magnetic recording systems use high-order
partial response channels with maximum-likelihood (ML)
sequence detection to achieve high recording densities. To
provide greater noise immunity at such high recording
densities, distance-enhancing codes such as maximum
transition run (MTR) constraints [1-6] are used to eliminate
most dominant error events. In addition to dominant error
eliminating codes, parity-check bits with post-processing [7],
[8] and high-rate inner forward error correcting (FEC) codes
[9] have been proposed to correct some of the remaining
dominant error events.
The use of continuous error detection (CED) has been
proposed as a replacement for cyclic redundancy check (CRC)
codes in automatic repeat request (ARQ) based transmission,
list Viterbi algorithm (LVA) decoding of rate compatible
punctured convolutional (RCPC) codes, and joint equalization
and coding for inter-symbol interference (ISI) channels [10],
[11]. In [10] it was shown that LVA with CED outperforms
standard, CRC-based, LVA. All of these schemes make use of
CED’s ability to detect errors “on the fly,” i.e. without having
to wait for an entire block of data to be received before
possible errors in transmission can be detected. In this paper,
that property is used to improve the performance of the ML
decoder in magnetic recording systems.
The next section gives an introduction to arithmetic coding
based CED. Section 3 explains the basic idea of LVA.
Section 4 describes how LVA with CED was incorporated into
the magnetic recording channel. Section 5 justifies some

predictions of the relative performance of the proposed
system. Section 6 provides simulation results along with a
discussion of the importance of those results, and Section 7
concludes the paper.
II. ARITHMETIC CODING AND CONTINUOUS ERROR
DETECTION
A. Arithmetic Coding
Arithmetic coding [12], [13] is a source coding algorithm.
The algorithm asymptotically attains the theoretical entropy
rate of a stationary source [12], i.e. it is a “perfect” lossless
compression scheme. It is used to compress data by mapping
the data-string to a real number in the interval [0,1) in a
symbol-wise recursive fashion. The resulting codeword is the
binary representation of that number. First, the [0,1) interval
is partitioned into segments with each segment corresponding
to exactly one symbol in the source-alphabet, and each
segment’s length proportional to the probability of occurrence
of the corresponding symbol. Whenever a symbol is encoded,
the segment corresponding to that symbol becomes the new
code-space and is itself partitioned in the same manner as the
[0,1) interval was partitioned at the beginning. This procedure
is best clarified by an example.
Consider a source alphabet consisting of three symbols
{a, b, c} with the following probabilities given in binary
representation:

p(a) = 0.011 , p (b) = 0.011 , p (c ) = 0.01

Let us consider encoding a sequence acb… of these three
symbols. Figure 1 illustrates the procedure. After encoding
the first symbol, a, the code-space would be restricted to the
interval [0, 0.011) in binary. Knowing that the first bit in the
binary representation of the final range will have to be 0, the
encoder can output 0 as the first bit as soon as a is encoded.
The second symbol to be transmitted, c, confines the transmit
sequence to the range

[0.011*(0.011 + 0.011), 0.011*1) = [0.01001, 0.011).

0-7803-7206-9/01/$17.00 © 2001 IEEE

3007

(1)

(2)

0

0.011

0.11

0.011

0.011

a
a

1
0.01

b
b

a

c
a

1

b

c
b

c

a

b

c

c
0.0101101

0.011

0.011

c

c

c

c

b

b

b

b

a

a

a

a

0
Before encoding
any symbol

0
After encoding a

0.01001
After encoding c

0.01010001
After encoding b

Figure 1. Arithmetic Coding Example

Now, the encoder knows that the second bit must be 1 and can
immediately output that second bit. Each symbol encoded
reduces the code-space. As the number of encoded symbols
increases, we get a segment whose length is proportional to the
probability of occurrence of that particular sequence of
symbols.
The decoder, upon receiving bits, maps them to a segment
of the number line (just as was done by the encoder) and
retrieves the original data. As more bits arrive at the receiver,
more data-symbols can be decoded. In this example, if the
first three bits received were 010, then the value of the
fractional number received cannot exceed 0.011, and so the
decoder knows that the first information symbol was a since
the interval [0,0.011) corresponds to the symbol a. Thus, both
the encoder and decoder process data continuously (i.e.
symbol-by-symbol or bit-by-bit) instead of having to wait for
large blocks of data to be input.
B. Continuous Error Detection (CED)
Arithmetic coding has been shown to be the optimal
algorithm for data compression [12]; however, as with most
compression algorithms, a single bit error can be catastrophic
because synchronization is lost. In arithmetic coding, if a
single bit is lost or corrupted, synchronization is lost, and all
the subsequent bits will be mapped to an incorrect portion of
the number line resulting in erroneous decoding of the
subsequent data. It is precisely this property that has been
proposed for use in error-detecting channel codes [14].
Consider again the three-symbol alphabet, {a, b, c} , example
given above with the code-space [0,1) partitioned as above,
only this time consider a source which never produces symbol
c. Should the decoder ever receive a bit-stream which
corresponds to a c at the encoder, it will know that an error has
occurred somewhere in the bit-stream. The CED scheme
employed in this paper works exactly the same way. User bits
are arithmetically encoded onto the [0,1) code space, but with
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a certain portion (of length ε) of the code space reserved for a
forbidden symbol. This forbidden symbol is never encoded,
so that whenever the decoder processes a received bit-stream
that corresponds to an occurrence of the forbidden symbol, the
decoder knows that an error has occurred during transmission.
The advantage of CED over commonly used error-detection
block codes such as CRCs is that CED need not wait for an
entire (often very large) block to be received before it can
detect an error in transmission. The CED decoder processes
each bit as it arrives, and each bit can potentially indicate that
an error has occurred somewhere in the transmission, though it
cannot point out exactly where the error has occurred. The
question is, “will the decoder surely detect an error, and how
long after the first bit-error will the system detect it?” There is
no deterministic answer to this question, but a probabilistic
answer can be given. As soon as the first error occurs,
synchronization is lost, and each subsequent bit will point to
an erroneous position on the number line. This new position is
well modeled as being uniform on the current interval. Thus,
each bit (corrupted or not) after the first bit-error will point to
the forbidden symbol (i.e. the decoder will detect that an error
has occurred) with probability ε. So, each bit in a CEDencoded stream serves as a check for each previous bit. Let us
define the random variable Y to be the number of bits it takes
to detect a bit-error after it occurs, then Y can be modeled as
having a geometric distribution:
P (Y = k ) = (1 − ε)k −1 ε, ∀ k ∈ {1,2,3...}

(3)

Thus, the probability that an error in transmission is detected
converges to 1 with every subsequently received bit, and the
probability that the error is detected within k subsequent bits is
1 − (1 − ε) k . This model has been shown to be accurate in
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Figure 2. Conventional LVA System

[11] and will be used in later analyses of the system’s
performance.
III. LIST VITERBI ALGORITHM (LVA)
LVA [15] is an extension of the regular Viterbi algorithm.
Unlike the Viterbi algorithm which finds the most likely (ML)
path to each state at each stage of the trellis and outputs the
single ML path through the state-space trellis, LVA tracks a
list of m ML paths to each state at each stage of the trellis and
outputs an ordered list of m ML paths. The paths are ordered
by their path metrics. The path with the lowest path metric is
considered to be the most likely path, the path with the second
lowest path-metric is considered to be the second most likely
path and so on. Conventional LVA implementations, shown in
Figure 2, use an error-detection code such as a CRC. The data
first has some CRC parity-check bits appended to it, it is then
sent through the ISI channel, and the LVA-decoder outputs an
ordered list of ML received bit-sequences. The parity bits of
the most likely bit sequence are first checked to see if any
errors are contained within the sequence. If no errors are
detected, that sequence is declared to be correct. If an error is
detected in the most likely sequence, the second most likely
sequence is then checked for errors, and so on. The list of
paths has finite size, usually about 3-9, and if all of the paths in
the list contain errors, the decoder either asks for
retransmission or outputs the path with the lowest path-metric
and flags it.
IV. SYSTEM DESIGN
The proposed system is shown in Figure 3. Simulations
were run only on the inner code, although the results do have
an implication on the possible design of the outer ReedSolomon (RS) code.
The system operates as follows: user data is first encoded
by an outer RS code, and the output of the RS encoder is then
CED encoded one sector (4096 bits) at a time. The amount of
redundancy introduced by the CED encoder can easily be set
to any positive rational number by varying ε. In the
simulations presented here, this redundancy was set to 3%
because that is comparable to the redundancy added for paritychecks by [7] and [8] or inner FEC codes by [9]. The bitstream at the output of the CED encoder is fed into an MTR
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encoder. The output of the MTR encoder is then passed
through the Lorentzian channel, noise is added and the
resulting waveform is equalized to the EEPR4 target and
sampled. This sampled stream is then input to the LVA
detector, which keeps a list of ML paths through the trellis and
works in conjunction with the MTR and CED decoders to
prune out any paths that violate the MTR or CED constraints.
In Figure 3, the LVA, MTR and CED decoders are shown as
separate blocks to point out the fact that three types of signal
processing are being done, but they are done concurrently.
Thus, the components within the dashed box labeled “LVAMTR-CED” can be thought of as a single decoder in practice.
In the end, the ML path that satisfies the MTR and CED
constraints is sent to the RS decoder for further processing.
For comparison, a similar system setup was also used to
simulate the performance of a magnetic recording system with
a conventional LVA decoder. The only difference between the
system shown in Figure 3 and the conventional LVA system is
that the CED encoder and decoder were replaced by a CRC
encoder and decoder. In that system, the LVA decoder works
in conjunction with the MTR decoder to find the ML paths
through the trellis and then outputs that list of paths to the
CRC decoder. Simulating that system makes it possible to
discriminate between gains provided by keeping a list of
several paths through the trellis and gains provided by using
CED for early error detection.
Both of these systems were compared to the EEPRML
decoding technique in which a regular, single-path Viterbi
decoder is used with no error detection codes. For reference,
simulations were run for both EEPRML with and without
MTR coding.
V. EXPECTED PERFORMANCE
There are two types of errors that can occur in the output of
the LVA-MTR-CED decoder. Type 1 occurs when the ML
path through the LVA trellis contains an error that is not
detected in time, i.e. by the time the CED decoder detects an
error in the ML path, the correct path may already have been
discarded from the finite list of ML paths tracked by the LVA.
The probability of this type of error is negligible at high
signal-to-noise ratios (SNR), but it can dominate the
performance of low-SNR systems. Type 2 occurs when the
ML path through the LVA trellis contains an error that goes
completely undetected by the CED decoder. Since each bit in
a CED-encoded stream serves as a check for each prior bit, as
discussed in Section II.B, this type of error is highly unlikely
to occur early in the bit-stream. For example, let pb denote the
bit error rate (BER) of the single-path Viterbi decoder. This is
the probability that the ML path of the LVA decoder (which
would also be the output of a single-path Viterbi decoder)
contains an error in any given bit position. Then from
equation (3), one can see that the probability that an error
occurs in the ML path in the 500th bit position from the end of
the sector and goes undetected by the LVA-CED-MTR
decoder, when ε = 3% , is p b (1 − 0.03) 500 = p b 2 * 10 −7 , and
the probability that an undetected error occurs in a bit-
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Figure 3. Proposed LVA-CED system for magnetic recording

position prior to that decays exponentially. Thus, errors that
do occur in this LVA-CED scheme will be restricted to the end
of the sector with high probability, allowing for outer FEC
codes that can focus on correcting errors at the end of the
sector.
VI. SIMULATION RESULTS
Figure 4 shows the simulated relative performances, at a
user density of 3.0, of the EEPRML system with and without
MTR coding, the LVA with CRC and MTR system, and the
proposed LVA with CED and MTR system. At high SNR, no
gains were observed by increasing the number of paths kept by
the LVA decoders from 6 to 7; therefore, the list size used for
both the LVA-CED system and LVA-CRC system was 6.
As can be seen from Figure 4, at low SNR, the LVA-CED
system performs considerably worse than both the LVA-CRC
system and both EEPRML systems. This is to be expected
since, at low SNR, errors of Type 1 do occur, and they are not
limited to the end of the sector. However, at high SNR, the
LVA-CED system provides two important benefits:
1.
2.

bytes of each sector, regardless of sector-size, are likely to
contain errors.
To quantify this statement consider a sector of size s. Let
the desired sector error rate be ps. Since the LVA-CED
scheme offers greater protection to bits earlier in the sector, it
is possible to find a value n such that the probability of at least
one error occurring within the first n bits is less than ps.
Define α:=1/(1-ε) and pb as in Section V. Since this is not a
binary symmetric channel, and the average error event is
longer than one bit, we have P(ei | no errors before i)<pb,
where ei is the event that an error occurred at bit position i of
the output of the EEPRML inner decoder. Assuming that
enough paths through the Viterbi trellis are tracked so that any
error detected by the CED decoder can be corrected, we can
use the following calculations to find the largest n such that the
probability of even a single bit error in the first n bits is less
than the desired ps. This also gives the smallest value, s-n, of
bits at the end of the sector where probability of error exceeds
ps.
P( at least one error in first n bits of LVA-CED decoder
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At a BER of 2x10 , it gives a 2dB improvement over
EEPRML with MTR and a 1dB improvement over an
LVA-CRC based system.
Error occurrences are probabilistically confined to the
end of each sector.

n

output ) ≤

∑ P (e | no errors before i)*P(error at i goes
i

i =0

n

undetected) <

∑

pb (1 − ε) s −i = pb α − s

i =0

The first point shows that, while some performance gains
are obtained by keeping a larger list size through the Viterbi
trellis, those gains can be further increased by being able to
detect errors early in the bit-stream and immediately
discarding the incorrect paths. These gains are expected to be
even greater at higher SNR.
The second point may be the biggest advantage offered by
the LVA-CED system since it allows for the design of outer
FEC codes that focus on correcting errors in those bytes. This
phenomenon is obtained only in the LVA-CED system and is
the result of CED’s ability to detect errors early by using
subsequent bits to check each previous bit in the stream. This
advantage could become even greater if sector sizes could be
extended beyond 512 user bytes because only the last several
3010

= pb α − s
Thus,

n

∑α

i

=

i =0

1 − α n +1
≤ ps
1− α

(4)

ps
(Note that 1-α is negative)
(5)
pb
But for large values of s, the 1 on the right hand side of the
inequality becomes negligible giving
α n +1 ≤ 1 − α s (1 − α)

n < (log( p s / p b ) + log(α − 1) + s log(α)) / log(α) − 1
= s + (log( p s / p b ) + log(α − 1)) / log(α) − 1

(6)

of errors can be used to design outer FEC codes that
specifically protect against errors in those bytes giving a lower
sector error rate than in systems where the errors are not
localized. Even for larger sector sizes the number of bytes at
the end of the sector where probability of error exceeds any
desired threshold remains constant.
It should be noted that the LVA-CED system could be
applied to any ISI channel, and the benefits of early error
detection and localization of errors would still be present. The
results presented in this paper of applying the LVA-CED
system to the EEPR4 channel with AWGN are just one
example.
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