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Learning Objectives

In this lesson we will

* Introduce a basic concept, the linear fractional transformation
(LFT), for modeling systems with uncertainties and nonlinearities.

e Learn to bound the input/output behavior of
uncertainties/nonlinearities using quadratic constraints (QCs) and
integral quadratic constraints (IQCs).

* Learn to assess stability and performance using dissipation
inequalities and QCs/IQCs.




Outline

Basic uncertainty modeling leading to LFTs

Static quadratic constraints (QCs)

Time-domain Integral Quadratic Constraints (1QCs)
Constructing storage functions using 1QCs
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General Representation for Uncertain Systems

The basic modeling concept separates the system into 2 pieces:
|”

1. Known “nominal” part M: This part contains dynamics that are
typically easy to analyze, e.g., LTI dynamics:

2. “Uncertainty” or “perturbation” A: This contains components
that have unknown variations and/or components that are
difficult to analyze, e.g. nonlinearities.

_>.A_

w = A(v) L I PR

The feedback interconnection, denoted F; (M, A), is called a
Linear Fractional Transformation (LFT). This separation is a general
object that greatly facilitates the analysis.



Example: Actuator Saturation

Consider the classical feedback diagram below with actuator
saturation. Typical goals are to assess the closed-loop stability
and analyze the gain from reference to error.

> K(s) » Sat —— G(s) >




Example: Actuator Saturation

Consider the classical feedback diagram below with actuator
saturation. Typical goals are to assess the closed-loop stability
and analyze the gain from reference to error.

This system can be expressed as an LFT F; (M, A) where:

* w = A(v) and A is the saturation. R
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Example: Uncertain Parameters

It is common to have uncertainty in various model parameters,
e.g. masses, spring constants, etc. As a simple example:

x(t) = ax(t) + bu(t) wherea € [-3,—1]and b € [4,6].

W |=
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Example: Uncertain Parameters

It is common to have uncertainty in various model parameters,
e.g. masses, spring constants, etc. As a simple example:

x(t) = ax(t) + bu(t) wherea € [-3,—1]and b € [4,6].
This can be expressed as Fy; (M, A) where:

. W=A(v)andA=[b 0 A
0 a v =[] w=[11]
0 0 1] -~
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Linear Fractional Transformations (LFTs)

Wake-up Problems

True of false?
1) Consider LFTs F;(Mq,A,) and Fy(M,, A,) where - A

0 1 v w
AlER, |A1]§1andM1: 9 3 -

:O 2: e M d
AQER, |A2]§1andM2: 1 3

The two LFTs represent the same uncertain system.

2) Consider LFTs Fy(Mq,A,) and F; (M5, A,) where

AlER, |A1]§1andM1: [(2) é]

Ay € R, Ay € [1,5] and Mo = [(1) é]

The two LFTs represent the same uncertain system.



Example: Nonparametric Uncertainty

A simplified model G, is often used for control design.
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Example: Nonparametric Uncertainty

A simplified model G, is often used for control design.
Actual dynamics are complex and have part-to-part variation.
We lose model fidelity as we go to higher frequencies.

VVoice Coil Motor Bode Diagram
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Example: Nonparametric Uncertainty

The unmodeled dynamics are captured by bounding the error
in the frequency domain. This is an “additive” uncertainty.
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Example: Nonparametric Uncertainty

The unmodeled dynamics are captured by bounding the error
in the frequency domain. This is an “additive” uncertainty.

~

G(w) — Go(w)| < a(w) —mmmoo-ce---
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This can be expressed as an LFT Fy (M, A):
c w =A(v) — A |—
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Example: Nonparametric Uncertainty

Alternatively, we can bound the relative (percent) error. This
leads to a “multiplicative” uncertainty.
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Example: Nonparametric Uncertainty

Alternatively, we can bound the relative (percent) error. This
leads to a “multiplicative” uncertainty.

) AWl =alw)
G(w) — Go(w) L w 1'@
. S a\W I A :
Go(jw) ( .) | ‘ |
\ J' Relative Error ! ) G i
:ZYA Bound U :_ __________ R 0 ___: y'

This can also be expressed as an LFT Fy; (M, A):

v w = A@) — A —
v w 0 1 ’ N
M—M u] and M[GO GJ y v

Multiplicative uncertainty uses a non-dimensional error
bound, e.g. a bound of 0.1 corresponds to 10% uncertainty.



Generic LFT Formula

We can express the LFT F;(M, A) based on the uncertainty A and
the partitioned nominal system M:

v M11 M12 w o
] 2] st

Combine the first plant equation with the uncertainty equation:
v =M1 Av+ Misd = v = (1 — M1 A)"Miod
Substitute this into the second plant equation:
e = Ma1 Av + Maogd => e = [Mao + Mo AL — M1 A) " Mo d

This gives the following general expression - A
for the uncertain system: ’ v
.<_
Fu(M,A) = My + Moy A1 — My A) ™Mo . M J
This expression appears in various derivations.




Linear Fractional Transformation

A linear fractional transformation in complex analysis refers to an
invertible function f: C — C of the form:

_ aztb
f(z) = &5

where a, b, c,d € Cand ad — bc # 0 so that f is invertible.

This function is a transformation from z to f (z) defined by a fraction
(ratio) where the numerator and denominator are linear in z.

_b.A_

Our LFT is a generalization: v w
e M
FU(M,A) :M22+M21A(I—M11A)_1M12 -~ <—d

It simplifies to the form above when A € C and M € C?*2.



Interconnections of LFTs

An important property of LFTs is that typical algebraic
operations preserve LFT structure, e.g.

e frequency response,

* inverses,

e cascade (serial) connections,

e parallel connections, and

* feedback connections

A few examples are given on the following slides.

Hence, typical interconnections of LFTs are still in the form
of an LFT. For this reason, the LFT is an excellent choice for
a general hierarchical representation of uncertainty.



Cascade (Serial) Connections of LFTs
Consider the serial connection of LFTs Fy;(L,A;) and Fy (N, A,).

> A2 - Al

U2 w2 w1

——— <

€oy — o <
d2:81

The output of the first LFT is the input to the second, i.e. d, = e;.




Cascade (Serial) Connections of LFTs
Consider the serial connection of LFTs Fy;(L,A;) and Fy (N, A,).

Ay
2 A 2 AN —>
o= |
Vo w2 U1 wy Vo Wo
N ) L ) M )
€y —— L« «— €y ——— <~
d2:81
The individual LFTs are:
U2 Ni1 Nig| |we U1 L1y Lig| |wy
LJ {Nzl le [dJ 2= S H {Lzl L22] {dll 1= A

The combined LFT Fy (M, A) is:
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Cascade (Serial) Connections of LFTs
Consider the serial connection of LFTs Fy;(L,A;) and Fy (N, A,).

Ay
P> AQ > Al —>
ol = |
U2 w2 U w1

U2 w2
— < <

ey —oI > «— 4 €y —— <« d;

Uncertainties A; and A, in the individual LFTs combine into a
single uncertainty A with block diagonal structure.

In other words, component level uncertainty leads to
“structured” uncertainty at the system level.




Feedback Connections of LFTs

Consider the feedback connection of an LFT Fy; (L, A).

A |

The LFT output is connected to the input via negative feedback.




Feedback Connections of LFTs

Consider the feedback connection of an LFT Fy; (L, A).

A

—| A |—

The combined LFT is:

vl _ L1y — Lio(I + Lag) Loy Lio(I + Lag) ™| [w and w — Aw
e (I + Loo) tLo Loo(I 4 Lao)™t| |d

. -
"

=M

There are some additional technical (well-posedness) conditions
required for the inverses to exist.



Linear Fractional Transformations (LFTs)

Wake-up Problem

Consider the parallel connection of LFTs Fyy(L,A;) and Fy(N, A,).
Express the combined LFT in terms of the individual LFTs:
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Example: SISO Feedback System

Unstable plant with uncertain P(s) = - where

S—a

pole and input gain: a € [0.8,1.1] and b € [1.7,2.6]

First-order actuator with A(s) = Ap(s) + E(s) where

additive dynamic uncertainty Ay(s) = 5 & |E(jw)| < 0.1, E stable

Proportional-Integral control C(s) = %

F
U
| o ] A 1.4 1 p Y.,
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Example: SISO Feedback System

Unstable plant with uncertain P(s) = - where

S—a

pole and input gain: a € [0.8,1.1] and b € [1.7,2.6]
First-order actuator with A(s) = Ap(s) + E(s) where
additive dynamic uncertainty Ay(s) = 3% & |E(jw)| < 0.1, E stable

Proportional-Integral control C(s) = 2542

S

Separate the known from the A | 1 a,
uncertain to create Fy (M, A).
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Uncertainty Normalization

The uncertainty can be normalized as follows:

a € [0.8,1.1] = a =0.95+ 0.154, with |0, < 1.
be[1.7,2.6] = b= 2.15 + 0.458, with |d,] < 1.

|E(jw)| < 0.1 = E=0.1Ag with |Ag(jw)| < 1.

This normalization often performed but is not necessarily
required for our analyses later.

P~

O, A

This yields an LFT in normalized
form, Fy (M, A).




Numerical Algorithms and Software

Reliable software to create uncertainty models & perform analyses.

 Matlab’s Robust Control Toolbox (Safonov & Chiang), (Balas, Doyle, Glover,
Packard, & Smith), (Gahinet, Nemirovski, Laub, & Chilali)

 ONERA’s Systems Modeling, Analysis and Control Toolbox (Biannic,
Burlion, Demourant, Ferreres, Hardier, Loquen, & Roos)

€

\

I C 4c A q () P

Example Matlab code to
assess robustness of
simple feedback loop.

v

Unstable plant with parametric uncertainty
ureal('a’,0.95, 'Range', [0.8 1.1]);,
ureal ('b’,2.15, 'Range', [1.7 2.6]);,
tf(b, [1 -a]);

L VI o N VIS
nun

$ Actuator with non-parametric (dynamic) unc.
nomAct = tf(10, [1 10]);,

DeltaA = ultidyn('DeltaA’',[1 1], 'Bound',0.1);,
A = nomAct + DeltaA,

$ Uncertain closed-loop (d->e) with PI control
C =¢tf([3 4.5],[1 0]);,

Td2e = feedback (-P, A*C);,

% Extract LFT model with normalized uncertainty
[M,DeltaNormalized] = lftdata (Td2e) ,

28




Static Quadratic Constraints (QCs)

We introduced the LFT with A containing components that have
unknown variations and/or are difficult to analyze.

The next step is to bound the input / output behavior A. A useful
starting point is a static quadratic constraint on (v, w).

Definition: A satisfies the static QC defined by a matrix ] = J' €
RMv+mw)X (Mo +nw) if each input/output pair w = A(v) satisfies:

{”(t)]TJ {”(t)] >0 Vt>0

w(t) w(t)
— A —_—

. . . U w
Static QCs will provide useful bounds to .
combine with dissipation inequalities. e M d

- <




Example: Saturation

v w
—» A

Suppose A is a unit saturation:
B v(t) if [v(t)] <1
w(t) = { sign(v(t))  otherwise

4
S




Example: Saturation

v w
—» A

Suppose A is a unit saturation:
) it <1
w(t) = { sign(v(t))  otherwise N
v(t) 0 1] [w(t) >0
- 2 w(t) 1 =2| |w(t)
' ’’ h ~ d
// :J
v A satisfies the static QC

defined by .J.




Example: First/Third Quadrant Nonlinearity

v A w w(t) - v(t) >0

Suppose A is a nonlinearity, I
w = f(v,t), whose graph lies T
in the first/third quadrant. v(t) 0 11 |o(?) > ()
w(t) 1 0| |w(t)| —
N——
W (% =J
V'

A satisfies the static QC
>V defined by .J.

The function is passive
(pointwise in time).




Example: Sector-bounded Nonlinearity

—_— A

Suppose A is a nonlinearity,
w = f(v,t), whose graph lies
in the sector |a, 3].




Example: Sector-bounded Nonlinearity

~ A 5 (w(t) — av(t)) - (Bu(t) —w(t)) =0
Suppose A is a nonlinearity, I
w = f(v,t), whose graph lies T
‘N . v(t) —2ab a+ B |v(t)
the sector |a, (]. [w(t)] [a 5 o ] [w(t)] > ()

A satisfies the static QC
defined by J.




Static QCs
Wake-up Problems

Specify a sector that contains each function w = f (v) below.

(0 iflyl <1
a) Unit Deadzone: w=<sv—1 v>1
v+l v=<-1

b) RelU: w =max(v,0)

v ifv=>0

where 0 < e < 1.
ev v<O0

c) LeakyRelU:w = {

d) Cubic nonlinearity: w = v3



Example: Time-Varying Real Parameter

— A — (w(t) —av(t)) - (Bu(t) —w(t)) =0

Suppose w = p(t)v where I
p(t) € la, B] for all t > 0.

A satisfies the static QC
defined by J.




Example: Time-Varying Real Parameter

Special case:
oA S If « = —f then |p(t)| < B.

!

Suppose w = p(t)v where

p(t) € la, B] for all t > 0. v(t) 282 0 v(t)
>0
w(t) 0 =2| |w(t)| —
w
V'
” !
\\~\\ ,," p(t1)v(ty) The constraint is unchanged
T P when scaled by %
= » VU (or any positive constant).
—ad e p(t2)v(ts) T
JPee >. v(t) 8201 [v(t) >0
g \‘_57] w(t) 0 —1| |w(t)| —

=J




General Static QCs

A QC with | € R?*? defines a set of input/output pairs:

(MR NIEIHED

A) /oo = 0: For each v the QC is satisfiedasw — F00,e.g. ] =

[(1) (1)] corresponds to functions in the first/third quadrant.




General Static QCs

A QC with | € R?*? defines a set of input/output pairs:

(MR NIEIHED

A) J,, = 0: For each v the QC is satisfiedasw — +,e.g. ] =
[1 O] corresponds to functions in the first/third quadrant.

B) /o, < 0: We can scale J,, = —2 without loss of generality. It
can also be shown the set S is non-empty if and only if JZ, +
2]11 = 0. If this condition holds then define:

8= 1 (J12 +/JE +2J11) and o == 3 (J12 — I+ 2J11)

2
Then—co <a<f <oand] = [ ap a +'8] Every nontrivial

QC with J,, < 0 corresponds to a flnlte sector bound.



Motivation: Integral Quadratic Constraints (1QCs)

Static QCs are useful to bound the |/O behavior pointwise in time.

However, if a system has memory then the output w at time ¢t

typically cannot be bounded by the input v at time t.

U
—_— A
Example: A(s)
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Motivation: Integral Quadratic Constraints (1QCs)

Static QCs are useful to bound the |/O behavior pointwise in time.
However, if a system has memory then the output w at time ¢t
typically cannot be bounded by the input v at time t.

This motivates the more general constraint defined below.

Definition: A satisfies the IQC defined by a matrix ] = J' €
RMWwHnw)X(w+nw) if every v € L, and w = A(v) satisfies:

/oT L?ljf((?)] T / [5)((?)] dt >0 VT >0

Here L, denotes the set of signals with bounded —| A |—
L, norm,i.e.v € L, if v w
+o0 <
o]l = / Bt < oo : M d
- <




Example: Passive Systems

A system A is passive if every v € L, and w = A(v) satisfies

(% w

T
f w) @) dt >0 v >0  — A
0

The system can possibly be nonlinear and time-varying.
This is equivalent to:

RG] ) ezom=e

A system is passive if and only if it satisfies the IQC defined by
] = [0 I]
I 0]




Example: L, Bounded Systems

A system A has L, gain < [ ifevery v € L, and w = A(v) satisfies

f w(t)T dt<6/ Hdt VT >0 —— A >
0

Again, the system can possibly be nonlinear and time-varying.
This is equivalent to:

[T [ 0N [0 s vrs

A system has L, gain < [ if and only if it satisfies the IQC defined
27
by J = [ﬁ O




Wake-up Problems

Integral Quadratic Constraints

1) True or False? A system w = A(v) generated the input/output
pair below on the left. The system could be passive.

2) True or False? A system w = A(v) generated the input/output

pair below on the right. The system could have L, gain < 1.

1
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Dynamic I1QCs

We can further enlarge the class of IQCs by allowing constraints on
filtered input/output signals. This allows the 1QC to capture additional
system properties, e.g. time-invariance.

Definition: A satisfies the 1QC defined by a stable filter ¥ and a matrix
J =7 € Rwrnmw)xX(w+mw) if every v € L, and w = A(V) satisfies:

foT 2(t) " Jz(t)dt >0 VT >0

- Z
v
v g
If ¥ =[thenz = [ ] and this simplifies v w
w —L A >
to our previous 1QC definition.




Magnitude (dB)

Example: Norm-bounded LTI Uncertainty

Consider a stable, causal, SISO, LTI system A with w
|Alle =sup, |AGw) <1 T |2 [

Here ||A||w is the Hy, norm. The peak on a Bode magnitude plot
is < 1 and the Nyquist plot lies within the unit circle.

This was used previously to capture unmodeled dynamics / non-
parametric uncertainty.
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Example: Norm-bounded LTI Uncertainty

We need to recall a few additional facts to express the bound
||1A]lo < 1 as a time-domain IQC.

1. Fourier Transforms (FTs): If v € L, then we can define its FT and
Inverse Fourier Transform (IFT):

0(jw) = [ v(t)eItdt and v(t) = = [T 0(jw)e It dw

2. Parseval’s (Plancheral’s) theorem: Assume u, v € L, and let i, ¥
be their Fourier Transforms. The time and frequency domain inner
products are equal:

foJroo u(t)v(t) dt = % f+oo u* (w)o(w) dw

— o0
3. Linear system Response: Assume A is a stable, causal LTI system.

Let v € L, be an input with (zero IC) output w = A v. The FTs are
related by:

w(jw) = A(jw)o(jw) — A —




Example: Norm-bounded LTI Uncertainty

Consider a stable, causal, SISO, LTI system A with w
|Alle ==sup, |AGw) <1 T |2 [

Every v € L, and w = A(v) satisfies

o) < o)y [H] O] o,

w(w) w(w)

This quadratic constraint holds

pointwise in frequency.




Example: Norm-bounded LTI Uncertainty

Consider a stable, causal, SISO, LTI system A with w
|Alle ==sup, |AGw) <1 T |2 [

Every v € L, and w = A(v) satisfies

o) < o)y [H] O] o,

i w(w)
o 2 I ) I R ] Mo T

Integrate over frequency to obtain a

frequency domain 1QC.




Example: Norm-bounded LTI Uncertainty

Consider a stable, causal, SISO, LTI system A with w
|Alle ==sup, |AGw) <1 T |2 [

Everyv € L, andw = A(v) satisfies

ww) < oo b [XO] O] o
= [ e

= [l b ] e

Use Parseval’s theorem to convert to an

infinite-horizon, time-domain IQC. This is
sometimes called a “soft” 1QC.



Example: Norm-bounded LTI Uncertainty

Consider a stable, causal, SISO, LTI system A with w
|l = sup, [AGw) <1 T |2 [T
Everyv € L, andw = A(v) satisfies

ww) < oo b [XO] O] o

(w)
=[] b AJEE] e
= LB o] ese

] [w(®)
By causality, the constraint holds over all finite-time horizons.
Thus, A satisfies the (“hard”) IQC defined by W = [ and ] = [(1) _O ]

- [ ez



Example: Norm-bounded LTI Uncertainty

Consider a stable, causal, SISO, LTI system A with w
|Alle ==sup, |AGw) <1 T |2 [

Every v € L, and w = A(v) satisfies

[Tl S [eo] aezover=t

This is just the IQC for a norm-bounded uncertainty.
Next, we exploit the fact that A is LTI.




Example: Norm-bounded LTI Uncertainty

Consider a stable, causal, SISO, LTI system A with w
|Alle ==sup, |AGw) <1 T |2 [

Let D(s) be a bi-proper LTI system with all poles/zeros in the LHP,
i.e. both D(s) and D~1(s) are stable and proper.




Example: Norm-bounded LTI Uncertainty

Consider a stable, causal, SISO, LTI system A with w
|Alle ==sup, |AGw) <1 T |2 [

Let D(s) be a bi-proper LTI system with all poles/zeros in the LHP.
SISO, LTI systems commute:

D(s)A(s) = A(s)D(s) = A(s) = D(s)A(s)D™1(s)
Thus ||A]|s < 1 implies ||DAD™}||, < 1 for any such D.
Every vp € L, and wp = (DAD™1)(vp) satisfies

fOT {w(ﬂr [1 0] [’”D(t)] dt >0 VT >0

wD(t) 0 -1 U)D(t)




Example: Norm-bounded LTI Uncertainty

Consider a stable, causal, SISO, LTI system A with w
|Alle ==sup, |AGw) <1 T |2 [

Let D(s) be a bi-proper LTI system with all poles/zeros in the LHP.
Every vp € L, and wp = (DAD™ 1) (vp) satisfies

/OT {’UD(ﬂ]T [1 0] [”D“)] dt >0 VT > 0

’U)D(t) 0 -1 ”UJD(t)
Note that wp = Dw and vy = D v.

A satisfies the 1QC defined by | = [(1) _01] and ¥ = g g] for any
such D. This is called a “D-scale” in the u/SSV literature.

........................................................................................... - Z:[?-UD]
Vv —
VD v w wp '
—-—>D—1—> A F—» D I——r
v w




Partial Dictionary of 1QCs [1]

Uncertainty/Nonlinearity Qc/IQC
1. Sector-bounded [a, B] —2af a+p
a+p =2
: 0 1
2. Passive system [ i 0]
2
3. L, gain-bounded by [501 _OI]
8% 0 D 0
4. Stable, LTI with ||A]le < B o —1"Y=lo b

D is LTI with D, D~! stable.

There are many more IQCs in the literature for delays,
slope-restricted nonlinearities, etc.

Reference
[1] Megretski & Rantzer, System analysis via IQCs, TAC, 1997. [IQCs derived based on much prior literature]



Integral Quadratic Constraints

Wake-up Problems

Consider a stable, SISO, system w = A(v). We defined the system to
be passive if:

/Tw(t)v(t) dt >0 VT > 0

a) If v,w € L, then their FTs exist. Use Parseval’s theorem to express
the passivity constraint as a frequency domain constraint on U, w

b) Suppose A is LTl in addition to being stable, SISO and passive. Use
part a) to specify a constraint on the system transfer function A(w).




Constructing storage functions using 1QCs

The analysis procedure consists of the following steps:

1. Express the uncertain system as an LFT F; (M, A)
with the uncertainty/nonlinearity in A.

(% w

A

e M d

2. Specify an IQC (J, W) for A. This bounds the ) )
Input/output characteristics of A.




Constructing storage functions using 1QCs

The analysis procedure consists of the following steps: N

1. Express the uncertain system as an LFT Fy;(M,A) w
with the uncertainty/nonlinearity in A. e u I ,
2. Specify an IQC (J, W) for A. This bounds the D N

Input/output characteristics of A.

3. Append the IQC dynamics to the system. The - 2

appended system has the dynamics of M and .

fe (t) .A Bl 82 Te (t)
40 Ci Dir Diz| |w(t) v |
B(t) Co Doy Doo d(t) . M .

4. Write a dissipation inequality on the

appended system exploiting the 1QC. (See next slide.)

Note: Multiple uncertainties/nonlinearities can be combined into

A=diag(A4, ..., A;,;) and each block can have multiple 1QCs.



Constructing storage functions using 1QCs

The appended system has the form: [z.(¢) A By By | |ze(t)
Z(t) = Cl Dll Dlg ’I,U(t)
B(t) CQ D21 D22 d(t)

Suppose there is a storage function V(x,) = x4 P x, with P > 0 such
that the dissipation inequality (DI) holds along trajectories:

Ly (ot + [e(”r o e o]+ 0T <o

dt d(t)| [0 —~2I| |d(t)




Constructing storage functions using 1QCs

The appended system has the form: [z.(¢) A By By | |ze(t)
Z(t) = Cl Dll Dlg ’I,U(t)
B(t) CQ Dgl D22 d(t)

Suppose there is a storage function V(x,) = x4 P x, with P > 0 such
that the dissipation inequality (DI) holds along trajectories:

triwio ] ;2] ] orso<

Integrating fromt = 0tot =T yields:

T T T
V(xe(T))—V(ace(O))—l—/ e(t) " e(t)dt +/ z(t)TJz(t)dt§’y2/ d(t) " d(t)dt

>0
If x,(0) =0,d € L, then we can let T — oo to obtain ||e||, < y||d]|]-.

The DI + IQC verifies the uncertain system F,; (M, A) has L, gain < y.
With a few additional technical details, we can prove x,(t) — 0.



Constructing storage functions using 1QCs

The appended system has the form: [z.(¢) A By By | |ze(t)
Z(t) = Cl Dll Dlg ’I,U(t)
B(t) CQ Dgl D22 d(t)

Suppose there is a storage function V(x,) = x4 P x, with P > 0 such
that the dissipation inequality (DI) holds along trajectories:

triwio ] ;2] ] orso<

This DI can be expressed as an LMI:

A'P+PA PB;, PBy

BIP 0 0 |+()7 lé _021] [%2 Dz szz]
B P 0 0 7

+()'J[Ci Din Di2] X0

We'll revisit the numerical aspects of this LMI in a later lesson.



Summary

In this lesson:

 We used the linear fractional transformation (LFT) to model
systems with uncertainties and nonlinearities.

 We introduced static quadratic constraints (QCs) defined by a
symmetric matrix J:

O] 0] =0 vz

These are pointwise-in-time constraints on the I/0 behavior of A.

 We defined integral quadratic constraints (IQCs). These bound the
|/O behavior of of A when integrated over any finite time horizon.

* We combined dissipation inequalities with QCs/IQCs to assess the
stability and performance of uncertain systems.

Next lesson: Applications to networks and differential algebraic
equations (DAEs).



Further Reading

Uncertainty Modeling:
Zhou, Doyle, Glover, Robust and Optimal Control, 1995.
Skogestad, Postlethwaite, Multivariable Feedback Control, 2005.
Dullerud, Paganini, A Course in Robust Control Theory, 2010.

Integral Quadratic Constraints (IQCs):
Yakubovich, S-procedure in nonlinear control theory, VLU, 1971.
Megretski, Rantzer, System analysis via IQCs, TAC, 1997.

Seiler, Stability Analysis with Dissipation Inequalities and Integral Quadratic
Constraints, TAC, 2015.

Veenman, Scherer, Koroglu. Robust stability and performance analysis
based on IQCs, EJC, 2016.

Hu, Lacerda, Seiler, Robustness Analysis of Uncertain Discrete-Time System
with ... IQCs, IJRNC, 2016.

Scherer, Dissipativity and Integral Quadratic Constraints: Tailored
Computational Robustness Tests for Complex Interconnections, CSM, 2022.



Self-Study Problems

1) Express the SISO feedback diagram below as an LFT F; (M, A).

v w

» A — | A |—

i C(s) i_. G(s) J v w
_ “—

y M r

2) Consider the following state-space system:

z(t) = Ax(t) + Bu(t)

y(t) = Cx(t) + D u(t)
Show that the transfer function G(s) = C(sI — A)™'B + D can be
expressed as an LFT FU(M% I) where:

[A B
M_[CD

Y




Self-Study Problems

3) A stable, SISO, LTI system A satisfies the IQC defined by J =
diag(1,—1),and ¥ = diag(W, 1) where W (s) = =2~ What is
the uncertainty bound at w = 0? What is the uncertainty bound
as w — ©0o?

4) True or False? A SISO system A satisfies the IQC defined by | =
diag(1,—1),and ¥ =I. The system —A satisfies the IQC defined
by ] = diag(—1,1),and ¥ =I.

5) True or False? A system A satisfies the IQCs defined by (J1, ¥;)
and (J,, ¥,). For any non-negative 14, 1,, A satisfies the IQC with:

/= [M AZOJJ and ¥ = Fﬁﬂ
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