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Learning Objectives
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In this lesson, we will: 
• Recall state space models, and equilibrium and stability concepts
• Learn about the essence of dissipation inequalities through 

Lyapunov functions
• Learn the fundamental notions of dissipativity, storage functions, 

and supply rates
• See how dissipativity can be used together with constraints on 

system uncertainty to establish robust stability and performance



Outline

1. State space models
2. Equilibria and stability
3. Lyapunov functions
4. Special case: linear systems
5. Dissipativity
6. Constructing storage functions
7. Robust stability and performance
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State Space Models
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Differential equation model for a nonlinear dynamical system:

vector of state variables, e.g., position and velocity

function describing the evolution of the states, 
typically derived from physical laws

number of state variables needed to describe the dynamics 
(”system order”)

shorthand for time derivative, 
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Example: Pendulum

State variables: angle and angular velocity

Dynamical model:

from definition of state variables

from: mass x acceleration = force



State Space Models
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Linear systems:  special case where           has no nonlinear terms

Time-varying (nonautonomous) systems:  dynamics change in 
time, e.g., rocket with reducing mass due to fuel consumption
                                               

Time-varying linear systems:              

Systems above are time-invariant, also called autonomous systems.

Going forward, time-invariant models unless otherwise stated.
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Systems with inputs and outputs:

Input, 𝑢:  variables we can manipulate (“control”) or exogeneous 
variables that affect the dynamics (“disturbance”)

Output, 𝑦:  variables of particular interest, e.g., attitude of satellite 
we would like to control

Linear case:
𝐴, 𝐵, 𝐶, 𝐷	appropriately dimensioned matrices



State Space Models
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History’s Mysteries
         Why letter ‘u’ for input?

Possibly from Russian “Upravlenie” for “control.”

Before Sputnik, control theory in the East was driven by 
mechanics and used the state space language. In the 
West it emerged from circuit theory, dominated by input-
output language: transfer functions, frequency domain...



Equilibria and Stability
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“Thermodynamicists get very excited when 
  nothing happens.” 
          Peter Atkins, chemist at Oxford



Equilibria and Stability

10

An equilibrium (or rest point) of a dynamical system                     
is a point      such that

If the state vector starts at        it remains there because the time 
derivative is zero:

Example:  Pendulum

angle
angular velocity

Two equilibrium points: pointing down

pointing up



Equilibria and Stability
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For stability definitions we assume equilibrium at the origin:
<latexit sha1_base64="YmUUj8AnB0wX4AAXJgHurcB4wAg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulNqLUPDisYL9gHYp2TTbxmaTJckKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJbWxube/kdwt7+weHR8Xjk7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLmd+50nqjST4sFMY+pHeCRYyAg2VmqHZffyxh0US27FXQCtEy8jJcjQHBS/+kNJkogKQzjWuue5sfFTrAwjnM4K/UTTGJMJHtGepQJHVPvp4toZurDKEIVS2RIGLdTfEymOtJ5Gge2MsBnrVW8u/uf1EhPW/ZSJODFUkOWiMOHISDR/HQ2ZosTwqSWYKGZvRWSMFSbGBlSwIXirL6+T9lXFq1Wq99VSo57FkYczOIcyeHANDbiDJrSAwCM8wyu8OdJ5cd6dj2VrzslmTuEPnM8f7/iOCQ==</latexit>

f(0) = 0

No loss of generality in this assumption: for nonzero equilibrium        
define shifted state                        so the equilibrium is now            . 

<latexit sha1_base64="B6FTGo6Xe7YdZOGos9dVcBu64L0=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDEQ9iVoDkGvHiMaB6QrGF20psMmZ1dZmbFEPIJXjwo4tUv8ubfOEn2oIkFDUVVN91dQSK4Nq777aysrq1vbOa28ts7u3v7hYPDho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyG11O/+YhK81jem1GCfkT7koecUWOlu6eH826h6JbcGcgy8TJShAy1buGr04tZGqE0TFCt256bGH9MleFM4CTfSTUmlA1pH9uWShqh9sezUyfk1Co9EsbKljRkpv6eGNNI61EU2M6ImoFe9Kbif147NWHFH3OZpAYlmy8KU0FMTKZ/kx5XyIwYWUKZ4vZWwgZUUWZsOnkbgrf48jJpXJS8y1L5tlysVrI4cnAMJ3AGHlxBFW6gBnVg0IdneIU3RzgvzrvzMW9dcbKZI/gD5/MH/2yNlw==</latexit>

x⇤
<latexit sha1_base64="UmjE4es4LYQt/9OCgS6VF9ItVg8=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0UQwZJI0W6EghuXFewD2lgmk5t26GQSZibSGvolblwo4tZPceffOH0stPXAhcM593LvPX7CmdKO822trK6tb2zmtvLbO7t7BXv/oKHiVFKo05jHsuUTBZwJqGumObQSCSTyOTT9wc3Ebz6CVCwW93qUgBeRnmAho0QbqWsXOprxALLh+Hp4Pnw469pFp+RMgZeJOydFNEeta391gpimEQhNOVGq7TqJ9jIiNaMcxvlOqiAhdEB60DZUkAiUl00PH+MTowQ4jKUpofFU/T2RkUipUeSbzojovlr0JuJ/XjvVYcXLmEhSDYLOFoUpxzrGkxRwwCRQzUeGECqZuRXTPpGEapNV3oTgLr68TBoXJfeyVL4rF6uVeRw5dISO0Sly0RWqoltUQ3VEUYqe0St6s56sF+vd+pi1rljzmUP0B9bnD4+ykwA=</latexit>

x̃ = x� x⇤ <latexit sha1_base64="B4lk1Oy0ioCXxXghuvJS0JLNSV4=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lEtBeh4MVjBfsBaSibzaZdutkNuxOxhP4MLx4U8eqv8ea/cdvmoK0PBh7vzTAzL0wFN+C6305pbX1jc6u8XdnZ3ds/qB4edYzKNGVtqoTSvZAYJrhkbeAgWC/VjCShYN1wfDvzu49MG67kA0xSFiRkKHnMKQEr+X3gImL50/TGHVRrbt2dA68SryA1VKA1qH71I0WzhEmgghjje24KQU40cCrYtNLPDEsJHZMh8y2VJGEmyOcnT/GZVSIcK21LAp6rvydykhgzSULbmRAYmWVvJv7n+RnEjSDnMs2ASbpYFGcCg8Kz/3HENaMgJpYQqrm9FdMR0YSCTaliQ/CWX14lnYu6d1W/vL+sNRtFHGV0gk7ROfLQNWqiO9RCbUSRQs/oFb054Lw4787HorXkFDPH6A+czx86b5Ey</latexit>

x̃ = 0

<latexit sha1_base64="teFqu+N3aLDW9v34We4FbNyh9Yo="></latexit>

|x(0)|  � ) |x(t)|  " t � 0

The equilibrium              is called stable if, for every             there 
exists              such that

<latexit sha1_base64="7I9WKAaii80NPksUlE+i1mfu/mc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjBdMW2lA222m7dLMJuxuxhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wE18Z1v53C2vrG5lZxu7Szu7d/UD48auo4VQx9FotYtUOqUXCJvuFGYDtRSKNQYCsc38781iMqzWP5YCYJBhEdSj7gjBor+dnT9MbtlStu1Z2DrBIvJxXI0eiVv7r9mKURSsME1brjuYkJMqoMZwKnpW6qMaFsTIfYsVTSCHWQzY+dkjOr9MkgVrakIXP190RGI60nUWg7I2pGetmbif95ndQMakHGZZIalGyxaJAKYmIy+5z0uUJmxMQSyhS3txI2oooyY/Mp2RC85ZdXSfOi6l1VL+8vK/VaHkcRTuAUzsGDa6jDHTTABwYcnuEV3hzpvDjvzseiteDkM8fwB87nD5uNjog=</latexit>

x = 0
<latexit sha1_base64="KC0Ec/0ixUSk1YX5jN07gsN+h9Y=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexK0Jwk4MVjBPOAZAmzk95kyOzsOjMbCCHf4cWDIl79GG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6fNHWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv7rTEqzWP5aCYJ+hEdSB5yRo2V/O6YKkw0F7G8dXvFklt2FyDrxMtICTLUe8Wvbj9maYTSMEG17nhuYvwpVYYzgbNCN9WYUDaiA+xYKmmE2p8ujp6RC6v0SRgrW9KQhfp7YkojrSdRYDsjaoZ61ZuL/3md1IRVf8plkhqUbLkoTAUxMZknQPpcITNiYgllittbCRtSRZmxORVsCN7qy+ukeVX2rsuVh0qpVs3iyMMZnMMleHADNbiHOjSAwRM8wyu8OWPnxXl3PpatOSebOYU/cD5/ALPwkgg=</latexit>

" > 0
<latexit sha1_base64="4VRFBg2NVAOxRDpHb/iXW1ehwvo=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEtCcpePFYwX5AG8pmM2mXbjZxdyKU0j/hxYMiXv073vw3btsctPXBwOO9GWbmBakUBl332ymsrW9sbhW3Szu7e/sH5cOjlkkyzaHJE5noTsAMSKGgiQIldFINLA4ktIPR7cxvP4E2IlEPOE7Bj9lAiUhwhlbq9EKQyG7cfrniVt056CrxclIhORr98lcvTHgWg0IumTFdz03RnzCNgkuYlnqZgZTxERtA11LFYjD+ZH7vlJ5ZJaRRom0ppHP198SExcaM48B2xgyHZtmbif953Qyjmj8RKs0QFF8sijJJMaGz52koNHCUY0sY18LeSvmQacbRRlSyIXjLL6+S1kXVu6pe3l9W6rU8jiI5IafknHjkmtTJHWmQJuFEkmfySt6cR+fFeXc+Fq0FJ585Jn/gfP4AhyePnQ==</latexit>

� > 0

<latexit sha1_base64="jTZ3gJZv1NrlTu+J91koAkos+I8=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGC/YA2lM1m067dbMLuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4Lx7czvPHFtRKIecJJyP6ZDJSLBKFqp3Q+5RDqoVN2aOwdZJV5BqlCgOah89cOEZTFXyCQ1pue5Kfo51SiY5NNyPzM8pWxMh7xnqaIxN34+v3ZKzq0SkijRthSSufp7IqexMZM4sJ0xxZFZ9mbif14vw+jGz4VKM+SKLRZFmSSYkNnrJBSaM5QTSyjTwt5K2IhqytAGVLYheMsvr5L2Zc27qtXv69VGvYijBKdwBhfgwTU04A6a0AIGj/AMr/DmJM6L8+58LFrXnGLmBP7A+fwBkESPFw==</latexit>

�
<latexit sha1_base64="k1AtdIimUWBqygfvFGKKOZEHPFk=">AAAB8nicbVBNS8NAEN34WetX1aOXYBE8lUSKeix48VjBfkAaymY7aZdudsPupFBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXpYIb9LxvZ2Nza3tnt7RX3j84PDqunJy2jco0gxZTQuluRA0ILqGFHAV0Uw00iQR0ovH93O9MQBuu5BNOUwgTOpQ85oyilYLehGpIDRdK9itVr+Yt4K4TvyBVUqDZr3z1BoplCUhkghoT+F6KYU41ciZgVu5lBlLKxnQIgaWSJmDCfHHyzL20ysCNlbYl0V2ovydymhgzTSLbmVAcmVVvLv7nBRnGd2HOZZohSLZcFGfCReXO/3cHXANDMbWEMs3trS4bUU0Z2pTKNgR/9eV10r6u+Te1+mO92qgXcZTIObkgV8Qnt6RBHkiTtAgjijyTV/LmoPPivDsfy9YNp5g5I3/gfP4AuIeRgg==</latexit>"

i.e., if trajectory starts close to the 
equilibrium, it remains close.

Called unstable if not stable. 
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Globally asymptotically stable if convergence guaranteed from 
all initial conditions.

The equilibrium              is called asymptotically stable if it is stable 
and                   from initial conditions close to the origin.

<latexit sha1_base64="7I9WKAaii80NPksUlE+i1mfu/mc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjBdMW2lA222m7dLMJuxuxhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wE18Z1v53C2vrG5lZxu7Szu7d/UD48auo4VQx9FotYtUOqUXCJvuFGYDtRSKNQYCsc38781iMqzWP5YCYJBhEdSj7gjBor+dnT9MbtlStu1Z2DrBIvJxXI0eiVv7r9mKURSsME1brjuYkJMqoMZwKnpW6qMaFsTIfYsVTSCHWQzY+dkjOr9MkgVrakIXP190RGI60nUWg7I2pGetmbif95ndQMakHGZZIalGyxaJAKYmIy+5z0uUJmxMQSyhS3txI2oooyY/Mp2RC85ZdXSfOi6l1VL+8vK/VaHkcRTuAUzsGDa6jDHTTABwYcnuEV3hzpvDjvzseiteDkM8fwB87nD5uNjog=</latexit>

x = 0
<latexit sha1_base64="olnEXD71ciHcAlLuXWIBoswT93k=">AAAB+nicbVBNT8JAEN3iF+JX0aOXjcQEL6Q1RDmSePGIiXwk0JDtsoUN222zOxVJ5ad48aAxXv0l3vw3LtCDgi+Z5OW9mczM82PBNTjOt5Xb2Nza3snvFvb2Dw6P7OJxS0eJoqxJIxGpjk80E1yyJnAQrBMrRkJfsLY/vpn77QemNI/kPUxj5oVkKHnAKQEj9e3iYxkueooPR0CUiibY6dslp+IsgNeJm5ESytDo21+9QUSTkEmggmjddZ0YvJQo4FSwWaGXaBYTOiZD1jVUkpBpL12cPsPnRhngIFKmJOCF+nsiJaHW09A3nSGBkV715uJ/XjeBoOalXMYJMEmXi4JEYIjwPAc84IpREFNDCFXc3IrpiChCwaRVMCG4qy+vk9Zlxb2qVO+qpXotiyOPTtEZKiMXXaM6ukUN1EQUTdAzekVv1pP1Yr1bH8vWnJXNnKA/sD5/AI4nk4Y=</latexit>

x(t) ! 0

Example:  Pendulum

Downward equilibrium is stable even without friction: 
small perturbation leads to small amplitude oscillation.

If there is friction, then asymptotically stable, but not
globally: there are initial conditions from which trajectory 
doesn’t converge to origin (e.g., upward equilibrium).

Upward equilibrium: unstable.
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When is the origin (asymptotically) stable for linear system                ?
<latexit sha1_base64="n3TIt9OiOL+mNPe0cxrnAvuKFZ8=">AAAB8XicbVDLSsNAFL2pr1pfVZdugkVwVRIp2o1QceOygn1gG8pkOmmHTiZh5kZaQv/CjQtF3Po37vwbp20W2npg4HDOPcy9x48F1+g431ZubX1jcyu/XdjZ3ds/KB4eNXWUKMoaNBKRavtEM8ElayBHwdqxYiT0BWv5o9uZ33piSvNIPuAkZl5IBpIHnBI00mO3H2E6nl7fjHvFklN25rBXiZuREmSo94pfJkyTkEmkgmjdcZ0YvZQo5FSwaaGbaBYTOiID1jFUkpBpL51vPLXPjNK3g0iZJ9Geq78TKQm1noS+mQwJDvWyNxP/8zoJBlUv5TJOkEm6+ChIhI2RPTvf7nPFKIqJIYQqbna16ZAoQtGUVDAluMsnr5LmRdm9LFfuK6VaNasjDydwCufgwhXU4A7q0AAKEp7hFd4sbb1Y79bHYjRnZZlj+APr8wetNJDm</latexit>

ẋ = Ax

If at least one eigenvalue has positive real part, then unstable.

If no eigenvalue has positive real part, but some have zero real parts:
stable if and only if all eigenvalues with zero real part have Jordan 
blocks of order one (trivially satisfied if no repeated eigenvalues).

Recall:  is an eigenvalue of square matrix       if
<latexit sha1_base64="9cbqtDYa0gvF9JFDa60n71LwwdA=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEVyWRol0WunFZwT6gCWUymbZDJ5MwMxFK7MJfceNCEbf+hjv/xkmbhbYeGDicey73zAkSzpR2nG9rbX1jc2u7tFPe3ds/OLSPjjsqTiWhbRLzWPYCrChngrY105z2EklxFHDaDSbNfN59oFKxWNzraUL9CI8EGzKCtZEG9qnHjTnEyGMCeRHW4yDImrOBXXGqzhxolbgFqUCB1sD+8sKYpBEVmnCsVN91Eu1nWGpGOJ2VvVTRBJMJHtG+oQJHVPnZPP8MXRglRMNYmic0mqu/NzIcKTWNAuPME6rlWS7+N+unelj3MyaSVFNBFoeGKUc6RnkZKGSSEs2nhmAimcmKyBhLTLSprGxKcJe/vEo6V1X3ulq7q1Ua9aKOEpzBOVyCCzfQgFtoQRsIPMIzvMKb9WS9WO/Wx8K6ZhU7J/AH1ucPdv2Vuw==</latexit>

� 2 C
<latexit sha1_base64="jmNV+i7AJLSMq6WyX+k+9vedBI4=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqwpJI0W6EihvdVbAPaEKZTCbt0MmDmRshlPorblwo4tYPceffOG2z0NYDA4dz7uHeOV4iuALL+jZWVtfWNzYLW8Xtnd29ffPgsK3iVFLWorGIZdcjigkesRZwEKybSEZCT7CON7qZ+p1HJhWPowfIEuaGZBDxgFMCWuqbJcdnUHGETvgE351dn15ZfbNsVa0Z8DKxc1JGOZp988vxY5qGLAIqiFI920rAHRMJnAo2KTqpYgmhIzJgPU0jEjLljmfHT/CJVnwcxFK/CPBM/Z0Yk1CpLPT0ZEhgqBa9qfif10shqLtjHiUpsIjOFwWpwBDjaRPY55JREJkmhEqub8V0SCShoPsq6hLsxS8vk/Z51b6o1u5r5UY9r6OAjtAxqiAbXaIGukVN1EIUZegZvaI348l4Md6Nj/noipFnSugPjM8fdo2TUw==</latexit>

det(�I �A) = 0

<latexit sha1_base64="fFCzG3d4KY9DRKEqCK6PPwOvEJ0=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY4YLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS47ZfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRKtWoWRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJLJjMQ=</latexit>

A

Eigenvalue Test:  Asymptotically stable if and only if all eigenvalues 
of      have negative real parts.  For linear systems asymptotic stability 
is always global. 

<latexit sha1_base64="fFCzG3d4KY9DRKEqCK6PPwOvEJ0=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY4YLx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFS47ZfLLlldwGyTryMlCBDvV/86g1ilkYoDRNU667nJsafUmU4Ezgr9FKNCWVjOsSupZJGqP3p4tAZubDKgISxsiUNWai/J6Y00noSBbYzomakV725+J/XTU1Y9adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWldl77pcaVRKtWoWRx7O4BwuwYMbqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AJLJjMQ=</latexit>

A
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Wake-up Problems
 1)  Which of the following eigenvalue configurations for a linear    
system indicates (non-asymptotic) stability?

2)  Given scalar system                   where 𝑓	is as shown below, which 
equilibrium is asymptotically stable?

╳

╳

╳

╳

╳

╳

╳

╳

╳
Real Real Real

Imaginary Imaginary Imaginary

A       B                 C    
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Solutions of general nonlinear systems not known explicitly. How to 
establish stability of equilibria? 

Alexandr Mikhailovich 
Lyapunov (1857-1918)

A. M. Lyapunov, The General Problem of the
Stability of Motion, 1892:

If we can find a function:
• zero at equilibrium, positive elsewhere
• whose value decreases along the 

trajectories of the system,
then the equilibrium is stable.

We can show the function is decreasing 
along the trajectory without knowing the 
trajectory with a dissipation inequality.
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positive definite if strictly positive except at zero:

A scalar-valued function                          that is zero at zero is called 
positive semidefinite if nonnegative everywhere:

<latexit sha1_base64="eGBG61eqrBakQSuwt7dkItPDwEE=">AAACD3icbVC7TsMwFHV4lvIKMLJYVCCmKkEVVEyVWBgLog+pCZXjOq1Vx45sB1RF/QMWfoWFAYRYWdn4G5w2Q2k50pWOzrlX994TxIwq7Tg/1tLyyuraemGjuLm1vbNr7+03lUgkJg0smJDtACnCKCcNTTUj7VgSFAWMtILhVea3HohUVPA7PYqJH6E+pyHFSBupa580L6EXIT0IgvR2fM+hJ2l/oJGU4nHG6Nolp+xMABeJm5MSyFHv2t9eT+AkIlxjhpTquE6s/RRJTTEj46KXKBIjPER90jGUo4goP538M4bHRunBUEhTXMOJOjuRokipURSYzuxCNe9l4n9eJ9Fh1U8pjxNNOJ4uChMGtYBZOLBHJcGajQxBWFJzK8QDJBHWJsKiCcGdf3mRNM/K7nm5clMp1ap5HAVwCI7AKXDBBaiBa1AHDYDBE3gBb+DderZerQ/rc9q6ZOUzB+APrK9fEYucrw==</latexit>

V : Rn ! R

<latexit sha1_base64="LVjiXshAleV0pDjp0pAgftlPRic=">AAACEnicbVC7TgJBFJ31ifhCLW0mEhNoyK4hSkliY4lGHgmLZHb2AhNmZ9eZWQPZ8A02/oqNhcbYWtn5Nw6whYInmeTknHMz9x4v4kxp2/62VlbX1jc2M1vZ7Z3dvf3cwWFDhbGkUKchD2XLIwo4E1DXTHNoRRJI4HFoesPLqd98AKlYKG71OIJOQPqC9Rgl2kjdXLFRGBXdPmAbu/cx8bHbCyXhHI9cJrAbED3wvORmcmeyebtkz4CXiZOSPEpR6+a+XD+kcQBCU06Uajt2pDsJkZpRDpOsGyuICB2SPrQNFSQA1UlmJ03wqVF8bHYxT2g8U39PJCRQahx4JjndUS16U/E/rx3rXqWTMBHFGgSdf9SLOdYhnvaDfSaBaj42hFDJzK6YDogkVJsWs6YEZ/HkZdI4KznnpfJ1OV+tpHVk0DE6QQXkoAtURVeohuqIokf0jF7Rm/VkvVjv1sc8umKlM0foD6zPH4f0nMk=</latexit>

V (x) � 0 8x 2 Rn

<latexit sha1_base64="az2d9QEvStGxjVbQP9khVqdTLDc=">AAACBnicbVDLSgNBEJz1GeNr1aMIg0GIl7ArQXOSgBePEcwDskvonUySIbOzm5lZSVhy8uKvePGgiFe/wZt/4+Rx0MSChqKqm+6uIOZMacf5tlZW19Y3NjNb2e2d3b19++CwpqJEElolEY9kIwBFORO0qpnmtBFLCmHAaT3o30z8+gOVikXiXo9i6ofQFazDCGgjteyTWn54fo0d7A0SaGOvE0ngHA89QQfYadk5p+BMgZeJOyc5NEelZX957YgkIRWacFCq6Tqx9lOQmhFOx1kvUTQG0ocubRoqIKTKT6dvjPGZUdrYXGBKaDxVf0+kECo1CgPTGYLuqUVvIv7nNRPdKfkpE3GiqSCzRZ2EYx3hSSa4zSQlmo8MASKZuRWTHkgg2iSXNSG4iy8vk9pFwb0sFO+KuXJpHkcGHaNTlEcuukJldIsqqIoIekTP6BW9WU/Wi/VufcxaV6z5zBH6A+vzB1xXlyQ=</latexit>

V (x) > 0 8x 6= 0

and negative (semi)definite if           is positive (semi)definite.
<latexit sha1_base64="qj79wZEMRc11ibOsXjEGZnvo2CM=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4sSRStMeCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O2vrG5tb24Wd4u7e/sFh6ei4peNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx7cxvP6HSPJaPZpKgH9Gh5CFn1Fjp4bLVL5XdijsHWSVeTsqQo9EvffUGMUsjlIYJqnXXcxPjZ1QZzgROi71UY0LZmA6xa6mkEWo/m186JedWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSENT/jMkkNSrZYFKaCmJjM3iYDrpAZMbGEMsXtrYSNqKLM2HCKNgRv+eVV0rqqeNeV6n21XK/lcRTgFM7gAjy4gTrcQQOawCCEZ3iFN2fsvDjvzseidc3JZ07gD5zPHxvxjRA=</latexit>

�V

positive definite positive semidefinite sign indefinite
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Consider the nonlinear system:

and assume the origin is an equilibrium:
<latexit sha1_base64="YmUUj8AnB0wX4AAXJgHurcB4wAg=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsqulNqLUPDisYL9gHYp2TTbxmaTJckKZel/8OJBEa/+H2/+G9N2D9r6YODx3gwz84KYM21c99vJbWxube/kdwt7+weHR8Xjk7aWiSK0RSSXqhtgTTkTtGWY4bQbK4qjgNNOMLmd+50nqjST4sFMY+pHeCRYyAg2VmqHZffyxh0US27FXQCtEy8jJcjQHBS/+kNJkogKQzjWuue5sfFTrAwjnM4K/UTTGJMJHtGepQJHVPvp4toZurDKEIVS2RIGLdTfEymOtJ5Gge2MsBnrVW8u/uf1EhPW/ZSJODFUkOWiMOHISDR/HQ2ZosTwqSWYKGZvRWSMFSbGBlSwIXirL6+T9lXFq1Wq99VSo57FkYczOIcyeHANDbiDJrSAwCM8wyu8OdJ5cd6dj2VrzslmTuEPnM8f7/iOCQ==</latexit>

f(0) = 0

<latexit sha1_base64="rYcgHEaz/RWsOnG2l8DeUHtJf5I=">AAACCnicbVDLSsNAFJ3UV62vqks3o0WoICWRot0IBTcuq9gHNLFMppN26GQSZibSErJ246+4caGIW7/AnX/jpM1CWw8MHM499869xw0Zlco0v43c0vLK6lp+vbCxubW9U9zda8kgEpg0ccAC0XGRJIxy0lRUMdIJBUG+y0jbHV2l9fYDEZIG/E5NQuL4aMCpRzFSWuoVD+1+oOJxcumVxyen0IZjm3Jo+0gNXTe+Te61p2RWzCngIrEyUgIZGr3il56JI59whRmSsmuZoXJiJBTFjCQFO5IkRHiEBqSrKUc+kU48PSWBx1rpQy8Q+nEFp+rvjhj5Uk58VzvTHeV8LRX/q3Uj5dWcmPIwUoTj2UdexKAKYJoL7FNBsGITTRAWVO8K8RAJhJVOr6BDsOZPXiSts4p1XqneVEv1WhZHHhyAI1AGFrgAdXANGqAJMHgEz+AVvBlPxovxbnzMrDkj69kHf2B8/gAiuZnm</latexit>

ẋ = f(x), x 2 Rn

Theorem (Lyapunov):  If there exists positive definite function
<latexit sha1_base64="eGBG61eqrBakQSuwt7dkItPDwEE=">AAACD3icbVC7TsMwFHV4lvIKMLJYVCCmKkEVVEyVWBgLog+pCZXjOq1Vx45sB1RF/QMWfoWFAYRYWdn4G5w2Q2k50pWOzrlX994TxIwq7Tg/1tLyyuraemGjuLm1vbNr7+03lUgkJg0smJDtACnCKCcNTTUj7VgSFAWMtILhVea3HohUVPA7PYqJH6E+pyHFSBupa580L6EXIT0IgvR2fM+hJ2l/oJGU4nHG6Nolp+xMABeJm5MSyFHv2t9eT+AkIlxjhpTquE6s/RRJTTEj46KXKBIjPER90jGUo4goP538M4bHRunBUEhTXMOJOjuRokipURSYzuxCNe9l4n9eJ9Fh1U8pjxNNOJ4uChMGtYBZOLBHJcGajQxBWFJzK8QDJBHWJsKiCcGdf3mRNM/K7nm5clMp1ap5HAVwCI7AKXDBBaiBa1AHDYDBE3gBb+DderZerQ/rc9q6ZOUzB+APrK9fEYucrw==</latexit>

V : Rn ! R s.t.             is negative semidefinite, then the origin is 

stable.  If            is negative definite, then asymptotically stable.                

If, further,                       as                    , then globally asymp. stable.                

Given                           and                            define notation:
<latexit sha1_base64="eGBG61eqrBakQSuwt7dkItPDwEE=">AAACD3icbVC7TsMwFHV4lvIKMLJYVCCmKkEVVEyVWBgLog+pCZXjOq1Vx45sB1RF/QMWfoWFAYRYWdn4G5w2Q2k50pWOzrlX994TxIwq7Tg/1tLyyuraemGjuLm1vbNr7+03lUgkJg0smJDtACnCKCcNTTUj7VgSFAWMtILhVea3HohUVPA7PYqJH6E+pyHFSBupa580L6EXIT0IgvR2fM+hJ2l/oJGU4nHG6Nolp+xMABeJm5MSyFHv2t9eT+AkIlxjhpTquE6s/RRJTTEj46KXKBIjPER90jGUo4goP538M4bHRunBUEhTXMOJOjuRokipURSYzuxCNe9l4n9eJ9Fh1U8pjxNNOJ4uChMGtYBZOLBHJcGajQxBWFJzK8QDJBHWJsKiCcGdf3mRNM/K7nm5clMp1ap5HAVwCI7AKXDBBaiBa1AHDYDBE3gBb+DderZerQ/rc9q6ZOUzB+APrK9fEYucrw==</latexit>

V : Rn ! R
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Proof idea: By the chain rule, negativity of 𝐿!𝑉 
implies 𝑉 is decreasing along trajectories: 

cst.Because of the decreasing 
property above, sublevel
sets of 𝑉 trap trajectories:

If                                            then
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<latexit sha1_base64="teFqu+N3aLDW9v34We4FbNyh9Yo="></latexit>

|x(0)|  � ) |x(t)|  " t � 0

The equilibrium              is stable if, for 
every             there exists              s.t.

<latexit sha1_base64="7I9WKAaii80NPksUlE+i1mfu/mc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtBeh4MVjBdMW2lA222m7dLMJuxuxhP4GLx4U8eoP8ua/cdvmoK0PBh7vzTAzL0wE18Z1v53C2vrG5lZxu7Szu7d/UD48auo4VQx9FotYtUOqUXCJvuFGYDtRSKNQYCsc38781iMqzWP5YCYJBhEdSj7gjBor+dnT9MbtlStu1Z2DrBIvJxXI0eiVv7r9mKURSsME1brjuYkJMqoMZwKnpW6qMaFsTIfYsVTSCHWQzY+dkjOr9MkgVrakIXP190RGI60nUWg7I2pGetmbif95ndQMakHGZZIalGyxaJAKYmIy+5z0uUJmxMQSyhS3txI2oooyY/Mp2RC85ZdXSfOi6l1VL+8vK/VaHkcRTuAUzsGDa6jDHTTABwYcnuEV3hzpvDjvzseiteDkM8fwB87nD5uNjog=</latexit>

x = 0
<latexit sha1_base64="KC0Ec/0ixUSk1YX5jN07gsN+h9Y=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKexK0Jwk4MVjBPOAZAmzk95kyOzsOjMbCCHf4cWDIl79GG/+jZNkD5pY0FBUddPdFSSCa+O6305uY3Nreye/W9jbPzg8Kh6fNHWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv7rTEqzWP5aCYJ+hEdSB5yRo2V/O6YKkw0F7G8dXvFklt2FyDrxMtICTLUe8Wvbj9maYTSMEG17nhuYvwpVYYzgbNCN9WYUDaiA+xYKmmE2p8ujp6RC6v0SRgrW9KQhfp7YkojrSdRYDsjaoZ61ZuL/3md1IRVf8plkhqUbLkoTAUxMZknQPpcITNiYgllittbCRtSRZmxORVsCN7qy+ukeVX2rsuVh0qpVs3iyMMZnMMleHADNbiHOjSAwRM8wyu8OWPnxXl3PpatOSebOYU/cD5/ALPwkgg=</latexit>

" > 0
<latexit sha1_base64="4VRFBg2NVAOxRDpHb/iXW1ehwvo=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lEtCcpePFYwX5AG8pmM2mXbjZxdyKU0j/hxYMiXv073vw3btsctPXBwOO9GWbmBakUBl332ymsrW9sbhW3Szu7e/sH5cOjlkkyzaHJE5noTsAMSKGgiQIldFINLA4ktIPR7cxvP4E2IlEPOE7Bj9lAiUhwhlbq9EKQyG7cfrniVt056CrxclIhORr98lcvTHgWg0IumTFdz03RnzCNgkuYlnqZgZTxERtA11LFYjD+ZH7vlJ5ZJaRRom0ppHP198SExcaM48B2xgyHZtmbif953Qyjmj8RKs0QFF8sijJJMaGz52koNHCUY0sY18LeSvmQacbRRlSyIXjLL6+S1kXVu6pe3l9W6rU8jiI5IafknHjkmtTJHWmQJuFEkmfySt6cR+fFeXc+Fq0FJ585Jn/gfP4AhyePnQ==</latexit>

� > 0

Recall the stability definition:

<latexit sha1_base64="jTZ3gJZv1NrlTu+J91koAkos+I8=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw4rGC/YA2lM1m067dbMLuRCih/8GLB0W8+n+8+W/ctjlo64OBx3szzMwLUikMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3A2q4FIq3UKDk3VRzGgeSd4Lx7czvPHFtRKIecJJyP6ZDJSLBKFqp3Q+5RDqoVN2aOwdZJV5BqlCgOah89cOEZTFXyCQ1pue5Kfo51SiY5NNyPzM8pWxMh7xnqaIxN34+v3ZKzq0SkijRthSSufp7IqexMZM4sJ0xxZFZ9mbif14vw+jGz4VKM+SKLRZFmSSYkNnrJBSaM5QTSyjTwt5K2IhqytAGVLYheMsvr5L2Zc27qtXv69VGvYijBKdwBhfgwTU04A6a0AIGj/AMr/DmJM6L8+58LFrXnGLmBP7A+fwBkESPFw==</latexit>

�
<latexit sha1_base64="k1AtdIimUWBqygfvFGKKOZEHPFk=">AAAB8nicbVBNS8NAEN34WetX1aOXYBE8lUSKeix48VjBfkAaymY7aZdudsPupFBCf4YXD4p49dd489+4bXPQ1gcDj/dmmJkXpYIb9LxvZ2Nza3tnt7RX3j84PDqunJy2jco0gxZTQuluRA0ILqGFHAV0Uw00iQR0ovH93O9MQBuu5BNOUwgTOpQ85oyilYLehGpIDRdK9itVr+Yt4K4TvyBVUqDZr3z1BoplCUhkghoT+F6KYU41ciZgVu5lBlLKxnQIgaWSJmDCfHHyzL20ysCNlbYl0V2ovydymhgzTSLbmVAcmVVvLv7nBRnGd2HOZZohSLZcFGfCReXO/3cHXANDMbWEMs3trS4bUU0Z2pTKNgR/9eV10r6u+Te1+mO92qgXcZTIObkgV8Qnt6RBHkiTtAgjijyTV/LmoPPivDsfy9YNp5g5I3/gfP4AuIeRgg==</latexit>"

inner 
ball

sub-
level
set

• We can find             such that the sublevel
set                               fits into the outer ball in 
the stability definition above.
• Trajectories starting in this sublevel set 
are trapped there.
• Into this sublevel set we can fit an inner 
ball, thus satisfying the stability definition.

19

How does a Lyapunov function ensure this?
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Key takeaways:

• Existence of a positive definite function 𝑉	decreasing along 
trajectories guarantees stability of the origin.

• We don’t need to know the trajectories to check the 
decreasing property. Instead, verify the dissipation inequality:

     which involves points in the state space, not trajectories.
• In the rest of the course, we will discuss other dissipation 

inequalities to certify properties besides stability.
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Wake-up Problems
 1)  Which one is Lyapunov?

21



Lyapunov Functions

Wake-up Problems
 2) Which one is a suitable Lyapunov function for the system below? 

 A)

 B)

 C)

 D)

22
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When                        the following statements are equivalent:
1. The origin is (globally) asymptotically stable
2. All eigenvalues of      have negative real parts
3. We can find a quadratic positive definite Lyapunov function

such that           is negative definite.

Note: we write quadratic functions like              with the convention
that      is symmetric:                 .  No loss of generality:  if
                               where                                    is symmetric.

Thus, quadratic Lyapunov functions are enough for linear systems. 
In addition, when      is quadratic, so is          :
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Easy to determine sign definiteness of a quadratic function 

Compute eigenvalues of      , which are real since      is symmetric.
<latexit sha1_base64="HzXgqtP41hg6GuVKlV0V1XqS6hs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RyUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasKan3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9m+p187pSr+VxFOEMzuESPLiFOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHqwmM1A==</latexit>

Q
<latexit sha1_base64="HzXgqtP41hg6GuVKlV0V1XqS6hs=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEtMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2RyUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasKan3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1W9m+p187pSr+VxFOEMzuESPLiFOtxDA1rAAOEZXuHNeXRenHfnY9lacPKZU/gD5/MHqwmM1A==</latexit>

Q

If all eigenvalues are positive, then               is positive definite
nonnegative                     positive semidefinite
negative                            negative definite
nonpositive                      negative semidefinite
of mixed signs                  sign indefinite.

We say that a symmetric matrix is positive/negative (semi)definite
if the corresponding quadratic function is such.
Notation: 
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evalues:
<latexit sha1_base64="h3xsodbqs+91B1mI4JFJEO0V7kA="></latexit>

x2
1 + 2x1x2 + x2

2 =
⇥
x1 x2

⇤ 1 1
1 1

� 
x1

x2

�

x2
1 + 4x1x2 + x2

2 =
⇥
x1 x2

⇤ 1 2
2 1

� 
x1

x2

�

x2
1 + 2x2

2 =
⇥
x1 x2

⇤ 1 0
0 2

� 
x1

x2

�

<latexit sha1_base64="mrS/nt6QTrqQrdO3JxSQln+UMd8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoj0WvHisYNpCG8pmu2mXbnbD7kYoob/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb2djc2t7Z7e0V94/ODw6rpycdrRMFaE+kVyqXog15UxQ3zDDaS9RFMchp91wepf73SeqNJPi0cwSGsR4LFjECDZW8t1rVC8PK1W35i6A1olXkCoUaA8rX4ORJGlMhSEca9333MQEGVaGEU7n5UGqaYLJFI9p31KBY6qDbHHsHF1aZYQiqWwJgxbq74kMx1rP4tB2xthM9KqXi/95/dREzSBjIkkNFWS5KEo5MhLln6MRU5QYPrMEE8XsrYhMsMLE2HzyELzVl9dJp17zbmqNh0a11SziKME5XMAVeHALLbiHNvhAgMEzvMKbI5wX5935WLZuOMXMGfyB8/kD3IaNYw==</latexit>

0, 2

<latexit sha1_base64="dcdrM6I25cyp3mdLlewipHj2rBA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBg5ZdLdpjwYvHCvYD2qVk02wbm02WJCuUpf/BiwdFvPp/vPlvzLZ70OqDgcd7M8zMC2LOtHHdL6ewsrq2vlHcLG1t7+zulfcP2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5CbzO49UaSbFvZnG1I/wSLCQEWys1D73ztBlaVCuuFV3DvSXeDmpQI7moPzZH0qSRFQYwrHWPc+NjZ9iZRjhdFbqJ5rGmEzwiPYsFTii2k/n187QiVWGKJTKljBorv6cSHGk9TQKbGeEzVgve5n4n9dLTFj3UybixFBBFovChCMjUfY6GjJFieFTSzBRzN6KyBgrTIwNKAvBW375L2lfVL2rau2uVmnU8ziKcATHcAoeXEMDbqEJLSDwAE/wAq+OdJ6dN+d90Vpw8plD+AXn4xtJo42c</latexit>�1, 3

<latexit sha1_base64="U5pI3Trio+U/GbQ39RBncVmMPs8=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoj0WvHisYNpCG8pmu2mXbnbD7kYoob/BiwdFvPqDvPlv3LQ5aOuDgcd7M8zMCxPOtHHdb2djc2t7Z7e0V94/ODw6rpycdrRMFaE+kVyqXog15UxQ3zDDaS9RFMchp91wepf73SeqNJPi0cwSGsR4LFjECDZW8r1rVC8PK1W35i6A1olXkCoUaA8rX4ORJGlMhSEca9333MQEGVaGEU7n5UGqaYLJFI9p31KBY6qDbHHsHF1aZYQiqWwJgxbq74kMx1rP4tB2xthM9KqXi/95/dREzSBjIkkNFWS5KEo5MhLln6MRU5QYPrMEE8XsrYhMsMLE2HzyELzVl9dJp17zbmqNh0a11SziKME5XMAVeHALLbiHNvhAgMEzvMKbI5wX5935WLZuOMXMGfyB8/kD3g6NZA==</latexit>

1, 2

→   pos. semidef.

→   sign indefinite

→   positive def.

Examples:

Back to Lyapunov functions:

(Lyapunov Equation)

Suppose all eigenvalues of 𝐴	have negative real parts. Then, for any
                          there exists                           such that 

MATLAB command 𝑙𝑦𝑎𝑝(𝐴’, 𝑄)	returns 𝑃.

Thus, we can choose      and find      that gives 
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Example:

A simple choice for Lyapunov function:

(negative semidef.)

Let’s look for another Lyapunov function that makes           strictly 
negative definite. We know we can find one because eigenvalues of

are roots of characteristic polynomial
which have negative real parts when
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Pick                                            so 
(negative definite)

Substituting                                 we get 

Look for                                satisfying 

Matching this to          we get three equations for three unknowns:
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Instead of specifying       and solving the Lyapunov equation 

(or                                                          to ensure                                ).  

can use semidefinite programming (SDP) solvers to find              s.t.

(★)

(★) is a Linear Matrix Inequality (LMI) in 𝑃. 

General form of a LMI:

(★) is feasibility problem (nothing to maximize) and     consists of      
                      independent entries of  
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Wake-up Problem
 Match the quadratic Lyapunov functions below to the sublevel sets    
shown at the bottom.
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Jan Willems (1939-2013) was instrumental in
bridging the gap between input-output and
state space languages. His dissipativity theory 
generalized Lyapunov functions to establish 
state-space characterization of input-output 
properties, such as 𝐿" gain and passivity.

Archive for Rational Mechanics and 
Analysis, pp. 321-392, 1972
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From “closed” to “open” systems with inputs and outputs:

The system above is said to be dissipative with supply rate
if there exists pos. semidef. ``storage function’’                            s.t. 
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V : Rn ! R

Implication for trajectories:

Thus, for any 𝑇 > 	0 in the interval of existence of solutions,

uy
ẋ = f(x, u)
y = h(x, u)



These are quadratic supply rates:

• Input-to-state stability:  
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For zero initial conditions:

Common supply rates:

• Passivity:  

Output strict passivity:  

• 𝐿" gain:  
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Example  1:

Take

Therefore, passive (in fact “lossless” because of equality).

Example 2:

potential energy of the spring

Passivity established with energy function 
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Does dissipativity imply stability when 𝒖 = 𝟎?
Suppose the supply rate is such that                             , e.g., 

If, in addition, the storage function is positive definite, then we can 
use it as a Lyapunov function and conclude stability of the origin.

Other observations: 
• If a dynamical system is dissipative with supply rate 𝑠# and                                                                                
                                               then it is also dissipative with rate 𝑠"
• If a dynamical system is dissipative with supply rate 𝑠 then
it is also dissipative with supply rate
• Output strict passivity implies finite 𝐿" gain                , because 
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Wake-up Problems
 True of false?  
1) If a dynamical system is dissipative with supply rates 𝑠# and 𝑠" 

then is also dissipative with supply rate

2) A passive dynamical system must satisfy:  
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Quadratic storage function:

Supply rate:

Case  1:  Linear systems

(1)

(2)

means:

(LMI)
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For passivity substitute:

Then LMI becomes:

Note: when 𝐷 = 0 (no “feedthrough”) this equivalent to:

Example  1:

because:

Positive Real         
(PR) Lemma
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Example 2:

implies

Consistent with                                             found earlier. 
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Simplify:

Note: when 𝐷 = 0 this is equivalent to

For 𝑳𝟐 gain substitute                                   in:

invertible,

(LMI)

Bounded Real              
(BR) Lemma

by the Schur Complement Lemma:  Given symmetric                      with
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Case  2:  Input-affine nonlinear systems with no feedthrough

To establish passivity, we need a storage function 𝑉 such that:

Rewrite as:

which is equivalent to 

Compare this to the PR Lemma…
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Example 2
revisited:

must match

Then,

with the choice Thus,
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Example 3:  Show passivity of the scalar affine system

where

The constraint                                     dictates the choice of 𝑉:

Positive definite because             has the same sign as  

In addition,

because           has the opposite sign of  
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Wake-up Problem
True of false? The system below is passive:
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ẋ = f(x, u)
y = h(x, u) uy

: uncertain, hard-to-model, or nonlinear elements, described 
broadly by input-output relations, rather than by a detailed model

→ Here be dragons
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ẋ = f(x, u)
y = h(x, u) uy

: uncertain, hard-to-model, or nonlinear elements, described 
broadly by input-output relations, rather than by a detailed model

Robust stability:  Suppose the system                                             is                       ẋ = f(x, u) y = h(x, u)

dissipative with supply rate               and pos.def. storage function 𝑉.  
If      satisfies the complementary constraint 

for all            such that                   , then the origin is stable because
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Example:  Passive single-input single-output system in feedback 
with a nonlinearity whose graph lies in the 2nd and 4th quadrants:

When               is quadratic as in the passivity and 𝐿" gain supply 
rates, we refer to                       as a quadratic constraint satisfied by
Δ. Later we will also use integral versions of quadratic constraints:

Asymptotic stability can be guaranteed by strengthening the 
dissipativity property or the constraint on Δ.



Robust Stability and Performance

47

“Performance” objective: dissipativity with a supply rate             , e.g.
                               for 𝐿" gain from disturbance 𝑑 to output 𝑒.
Robust performance: If there exists storage function                     s.t.

and      restricts             such that 

then the interconnection is dissipative with supply rate 
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Wake-up Problem
Suppose a single-input single-output system                                           
is dissipative with supply rate             ; that is, it has 𝐿" 
gain ≤ 𝛾,	 and Δ below represents a nonlinearity. Describe the region 
where the graph of Δ must lie for                   to satisfy                      .

ẋ = f(x, u)
y = h(x, u) uy

ẋ = f(x, u) y = h(x, u)

𝐿" gain ≤ 𝛾

?



Summary

In this lesson: 
• We reviewed state space models, equilibrium/stability concepts.
• We had a first glimpse of dissipation inequalities in Lyapunov 

analysis:  if the dissipation inequality

     holds for each point in the state space, we conclude                 is   
nonincreasing over trajectories, without knowledge of the 
trajectories.  This nonincreasing property guarantees stability.

• We introduced the notion of dissipativity, closely related to 
Lyapunov analysis: a storage function satisfying a dissipation 
inequality allows us to establish input/output relations.

• Married dissipation inequalities to complementary constraints on 
uncertain block Δ for robust stability and performance criteria.

49
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Given                                                                                                  where
              and              controllable, the following
statements are equivalent:
1)  

2) There exists           such that

If all eigenvalues of 𝐴	have negative real parts and upper left corner
of Γ	is positive semidefinite, then             .  
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[1] Rantzer, On the Kalman-Yakubovich-Popov lemma, Syst. Control Lett., 1996
[2] Kalman, Canonical structure of linear dynamical systems, 1962
[3] Yakubovich, The solution of certain matrix inequalities in automatic control 
theory, 1962
[4] Popov, The solution of a new stability problem for controlled systems, 1963

A streamlined version of [2,3,4] from [1]:



Kalman-Yakubovich-Popov (KYP) Lemma

51

From KYP, this is equivalent to: 

Recall the LMI for dissipativity of linear system 𝐴, 𝐵, 𝐶, 𝐷 	with 
supply rate defined by matrix 𝑋:
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Example:  For passivity, i.e.,                            , (1) becomes:
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For SISO systems, this means nonnegative real part (“positive real”). 
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Absolute stability studies in the 1960s derived frequency domain 
criteria for a linear system in feedback with a nonlinearity lying in a 
conic sector (special case of quadratic constraints in this workshop). 
Prominent results include the Circle- and Popov-Criteria, and others 
by Zames, Falb, Sandberg, Brockett, Willems, Narendra, Tsypkin…
Example:  SISO linear system in feedback with a nonlinearity whose 
graph lies in the 2nd and 4th quadrants:

For this sector, the Circle Criterion restricts              to be positive real. 
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Today’s approach – presented in this workshop – is to leverage 
time-domain dissipativity properties with numerical tools, such as 
semidefinite programming and sum-of-square programming. 

Page 624: “The basic importance of the LMI 
seems to be largely unappreciated. It would 
be interesting to see whether or not it can 
be exploited in computational algorithms, 
for example.”
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1) If a dynamical system is dissipative with respect to supply rates 
𝑠# and 𝑠",	then it is dissipative with respect to  rate 𝑠# − 𝑠". 

2) For a dynamical system 𝐺, let −𝐺 denote the same system with 
the sign of the output reversed. 𝐺	is dissipative with respect to s 
if and only if −𝐺 is dissipative with respect to –s.

3) Define the sum of two dynamical systems 𝐺# and 𝐺" as a 
dynamical system whose response to 𝑢 is 𝑦	 = 𝐺# 𝑢 + 𝐺"(𝑢).  
If 𝐺# is dissipative with supply rate 𝑠# and 𝐺" with supply rate 𝑠", 
then 𝐺# + 𝐺" is dissipative with supply rate 𝑠# + 𝑠".

4) If 𝐺% is dissipative with supply rate            𝑖 = 1,2, then 𝐺# + 𝐺" is 
dissipative with supply rate 

5) If                                                is dissipative, then so is the system
                                                       with the same supply rate for any 
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6) Consider N independent systems 𝐺%, 𝑖 = 1,… ,𝑁, each with input 
output pair 𝑢%, 𝑦% ,	and let 𝑢 and 𝑦 denote the concatenations 
of 𝑢% and 𝑦% as shown below:  

       

If 𝐺% is dissipative with supply rate 𝑠% 𝑢%, 𝑦% , 𝑖 = 1,… ,𝑁, then 
for any set of nonnegative weights 𝑝% ≥ 0, 𝑖 = 1,… ,𝑁, the 
composite system is dissipative with supply rate:


