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Abstract— We consider algorithms for prediction, com-
pression and entropy estimation in a universal setup. In each
case, we estimate some function of an unknown distribution
p over the set of natural numbers, using only n observations
generated i.i.d. from p. While p is unknown, it belongs to a
known collection P of possible models.

When the supports of distributions in P are uniformly
bounded, consistent algorithms exist for each of the problems.
Namely, the convergence of the estimate to the true value
can be bounded by a function depending only on the sample
size, n, and not on the underlying distribution p. However,
when the supports of distributions in P are not uniformly
bounded, a more natural approach involves algorithms that
are pointwise consistent, namely, the convergence to the
true value is at a rate that depends on both n and the
underlying (unknown) distribution p. The obvious practical
difficulty with pointwise convergence is that the asymptotic
consistency of the algorithm may indicate nothing about the
performance of the algorithm for any fixed sample size, since
the underlying distribution is unknown.

In this paper, we first note that for many complex model
classes P , we can still circumvent the above practical diffi-
culty with pointwise convergence. Secondly, we take here a
preliminary step towards characterizing a broad framework
establishing the hierarchy of difficulty of problems involving
pointwise convergence. We look for connections among the
following problems which we define for a pointwise con-
vergence scenario: (i) predicting good upper bounds on the
next unseen sample, (ii) weak universal compression, and (iii)
entropy estimation. We construct counter-examples to show
that no two properties above imply the third.

Keywords: entropy estimation, insurance, non-parametric
approaches, prediction, strong and weak universal compres-
sion.

Many applications require statistical inference when the
amount of data available (sample size) is comparable to
or even smaller than the alphabet, the set from which
each symbol of the data comes from. Classical asymptotics
do not apply here, and these regimes are better captured
by considering asymptotics when the alphabet size is
unbounded.

We take a non-parametric approach borrowing on the
established universal compression framework. Specifically,
we have a known class P of admissible models consisting

of distributions over natural numbers N. Put alternatively,
given some problem, we make up a model class P such
that it balances the necessary richness on the one hand with
any property P may need for the problem to be solved
feasibly on the other. We denote by P∞ the class of i.i.d.
measures on infinite length sequences of numbers whose
single letter marginals belong to P . We will abuse notation
and use p to also denote the i.i.d. measure over infinite
sequences whose single letter marginal is p ∈ P ,

Suppose we see a sample X1, . . . ,Xn generated from
an unknown p ∈ P∞. In this paper, as with a lot of
universal compression literature, we focus on the following
problem—what properties must P have if we are to solve
a certain problem?

To bring focus on further development of ideas, we con-
sider the following three problems using only knowledge
of the data X1, . . . ,Xn:

1) (insurability) predicting good upper bounds on
Xn+1 with a specified confidence η,

2) (compression) obtaining a measure q over infinite
length sequences of numbers such that for all p ∈ P ,
1
nD(p(Xn)||q(Xn))→ 0,

3) (entropy estimation) estimating the entropy of p to
a given accuracy ε with a specified confidence η.

In each case, we have a natural notion of uniform consis-
tency. Suppose we have a sample of size n. For insurabil-
ity, is it possible to find n independent of what p is, such
that all our predicted upper bounds on Xn+1, Xn+2 . . .
hold with probability ≥ 1 − η? Similarly, can the con-
vergence of the KL divergence between p and q to 0
be independent of p and depend only on n? For the
third problem, if we are given ε and η, can we find n
independent of p so that our entropy estimates from time
n + 1 onwards are within the accuracy parameter with
confidence ≥ 1− η? For each property above, if n cannot
be independent of p no matter what algorithm is chosen,
we say that only pointwise consistence is possible for the
class P .

When no upper bound is assumed on Xi, uniform
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consistency is often not possible. The performance of
any algorithm may depend on the unknown distribution
p. On the one hand, folk wisdom abhors such pointwise
convergence. Since we do not know the model p and our
algorithm’s performance depends on p, it is possible we
may never know if we are doing well no matter what
the sample size is. Such an algorithm would clearly have
no practical relevance. But at the same time, based on
a host of applications—risk management (see e.g., [1],
[2], [3], [4]), probability estimation (see e.g., [5], [6]),
and entropy estimation (see e.g., [7], [8], [9], [10]) being
some examples—we want to consider richer classes of
models than those where uniform consistency is possible.
We consider two broad questions.

A. Characterizations

Suppose we have a model class P which admits point-
wise convergence of the required properties. Even when
we do not know the true model p, is it possible that we can
tell if our algorithm is doing well or not? Such a situation
would be a desirable pointwise estimation of the said
properties. How do we characterize which model classes
P lend themselves to desirable pointwise estimation?

At this point, we first formalize the above notions for
the insurance and entropy estimation problems here. No
characterization exists for entropy estimation yet, we have
a condition on P that is both necessary and sufficient for it
to be insurable. A notion of pointwise convergence (though
not necessarily desirable in the sense below) for universal
compression has been well developed in [11].

1) Insurability: Here we think of every sample point
in the data as the aggregate loss incurred by the insured
parties. We represent the loss at each time by numbers
in N = {0, 1, . . .}, and denote the sequence of losses
by X1, X2 . . . where Xi ∈ N. A loss distribution is a
distribution over N, and let P be a set of loss distributions.
As before P∞ is the collection of i.i.d. measures over
infinite sequences of symbols from N such that its single
letter marginal belongs to P .

An insurer’s scheme Φ is a mapping from N∗ → R+ ∪
{∞}, and is interpreted in terms of the premium demanded
by the insurer from the insured after a loss sequence in N∗
is observed. Note that Φ is supposed to work for all models
in P and has no information on the underlying distribution
other than through the samples from the distribution.

The insurer can observe the loss for any (finite) amount
of time prior to entering the insurance game. However, we
require the scheme enters the game with probability 1 no
matter what loss model p ∈ P is in force. The insurer has
to keep setting finite premiums from the point it enters. For
convenience, we assume Φ(xn) = ∞ on every sequence
xn of losses on which Φ has not entered. Note that the
point at which the insurer enters the game may depend on
the loss model in general.

Definition 1. A class P∞ of measures is insurable if
∀ η > 0, there exists a premium scheme Φ such that ∀
p ∈ P∞,

p(Φ(Xn) <∞ and Φ(Xn) < Xn+1) < η

and if, in addition, for all p ∈ P∞,

p( lim
n→∞

min
1≤j≤n

Φ(Xj) <∞) = 1. 2

Furthermore, if Φ(Xn) < ∞, then Φ(Xm) < ∞ ∀
sequences Xm that extend Xn (i.e., contain Xn as a
prefix).

2) Entropy estimation: Most approaches for entropy
estimation do not consider pointwise convergence in the
sense we want, with some exceptions (see, e.g., [12]). As
with insurance, we allow for observation of the sequence
for any finite time. At some point, the estimator must
decide that it can give an answer to accuracy ε with
confidence ≥ 1− η no matter what the underlying source
is.

Formally, we enforce this situation by requiring that as
long as the estimator is uncertain (given the confidence
and accuracy parameters), it indicates so by assigning ∞
as the estimate. An estimate is output if it is determined
to be within the confidence and accuracy parameters no
matter what the true distribution is. In what follows, we
will denote the entropy (equivalently entropy rate) of a
source p ∈ P (equivalently p ∈ P∞) by H(p).

Definition 2. A class P∞ of i.i.d. measures lends itself
to entropy estimation if ∀ η > 0 and ε > 0, there exists
an estimate Ĥ(Xn) : Xn → R+ ∪ {∞} of entropy such
that ∀ p ∈ P∞

p(Xn : Ĥ(Xn) <∞ and |Ĥ(Xn)−H(p)| > ε) < η

while

p( lim
n→∞

min
1≤j≤n

Xj : Ĥ(Xj) <∞) = 1

Furthermore, if Ĥ(Xn) < ∞, then Ĥ(Xm) < ∞ ∀
sequences Xm that extend Xn. 2

Consider the following example where the number of
samples needed to estimate the entropy depends on the
unknown underlying distribution, yet we can always figure
out by looking at the data if we have sufficient accuracy
and confidence.

Example 1. Consider U , the collection of all uni-
form distributions over finite subsets of naturals N. We
call Xi a repeated symbol if Xi ∈ {X1, . . . ,Xi−1}.
From [12], given any accuracy ε and confidence η, we
can estimate the size of the support (and hence entropy)
to within that accuracy and confidence by sampling till
we obtain r(ε, η) repeated symbols, where r(ε, η) =
O(log(1/poly(εη))/poly(ε)) is a function of ε and η. In a
sense, this inverts the Birthday Paradox [13]. 2
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B. Connections

While this notion of desirable pointwise consistency
open up richer collections of models for use, it also
poses the question of how the various properties are
connected. Indeed, the three properties mentioned thus
far—insurability, weak compression and desirable entropy
estimation have non-trivial connections. We show, per-
haps surprisingly, that no two properties imply the third.
Specifically, we construct model classes where two of the
three properties can be estimated in a desirable pointwise
consistent manner, but not all three. Of significant interest
will be a complete characterization of the hierarchy of
difficulty of these problems, and of general functions of
the unseen samples.

I. INSURABILITY

A. Preliminaries

a) Distance between distributions: Insurability of
P∞ depends on the neighborhoods of the probability
distributions among its single letter marginals P . The
relevant “distance” between distributions in P that decides
the neighborhood is

J (p, q) = D

(
p||p+ q

2

)
+D

(
q||p+ q

2

)
.

b) Cumulative distribution functions: In this section,
we phrase the notion of similarity in span in terms of the
cumulative distribution function. Note that we are dealing
with distributions over a discrete (countable) support, so
a few non-standard definitions related to the cumulative
distribution functions need to be clarified.

For our purposes the cumulative distribution function
of any distribution p is a function from R → [0, 1], and
will be denoted by Fp. We obtain Fp by first defining Fp
on points in the support of p and the point at infinity.
We define Fp for all other points by linearly interpolating
between the values in the support of p.

Let F−1
p (1) be the smallest number y such that Fp(y) =

1, and let F−1
p (x) = 0 for all 0 ≤ x < Fp(0). If p has

infinite support then F−1
p (1) =∞. Note that for 0 ≤ x ≤

1, F−1
p (x) is now uniquely defined.

B. Characterization

Existence of close distributions with very different spans
is what kills insurability. A scheme could be “deceived” by
some process p ∈ P∞ into setting low premiums, while
a close enough distribution lurks with a high loss. The
conditions for insurability of P∞ are phrased in terms of
its single letter marginals P .

Formally, a distribution p in P is deceptive if ∀ neigh-
borhoods εp > 0, ∃ δ > 0 so that no matter what f(δ) ∈ R
is chosen, ∃ a (bad) distribution q ∈ P such that

J (p, q) ≤ εp

and
F−1
q (1− δ) > f(δ).

In the above definition, f(δ) is simply an arbitrary number.
However, it is useful to think of this number as the
evaluation of a function f : (0, 1) → R at δ, particularly
when thinking of the contrapositive of the definition as
below. Equivalently, a distribution p in P is not deceptive
if ∃ neighborhood εp > 0, such that ∀ δ > 0, ∃ f(δ) ∈ R,
such that all distributions q ∈ P with

J (p, q) ≤ εp

satisfy
F−1
q (1− δ) ≤ f(δ).

Theorem 1. P∞ is insurable, iff no p ∈ P is deceptive.
Proof See [4]. 2

II. UNIVERSAL COMPRESSION

Recall that a class P∞ of stationary ergodic measures
on N∞ is defined to be weakly compressible if there is a
measure q on N∞ that satisfies for all p ∈ P∞,

lim
n→∞

1
n

Ep log
1

q(Xn)
= lim
n→∞

1
n

Ep log
1

p(Xn)
,

where Xn are sequences of natural numbers from p. The
term on the right is the entropy rate of p. In particular,
it can be shown that the above definition is equivalent
to the more commonly used definition from [11], which
uses a sequence qi : i ≥ 1 of distributions (qi over
length-i sequences) in the left limit. See, e.g., [14], for
the connection.

In other words, the expected codelength of length-n
sequences using the distribution induced by q converges
pointwise to the entropy rate over the class P∞. Kieffer
proved [11] that P∞ is weakly compressible iff there
exists a countable set Q = {q1, q2, . . .} of (single letter)
distributions over N such that for all p ∈ P∞ with finite
entropy rate, there exists some distribution qp ∈ Q such
that

Ep log
1

qp(X1)
<∞,

where as before, X1 is a number chosen from the distribu-
tion p. The following corollary of Kieffer’s condition will
be useful for our proofs.

Corollary 2. If class P∞ of measures over N∞ is
weakly compressible, then there exists a distribution q over
N such that for all p ∈ P∞ with finite entropy rate,

Ep log
1

q(X1)
<∞.

Proof See [15]. 2
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III. CONNECTIONS

A. Weakly compressible, Desirable Entropy estimation but
not insurable

We first consider an example of a model class that is
weakly compressible, lends itself to to desirable entropy
estimation, but is not insurable.

Let

pL,α(Xi) =

{
1− α if Xi = 0
α if Xi = L.

For our first example, we consider the set N∞ is the class
of i.i.d. processes whose single letter marginals are in

N = {pL,α : L ∈ N, α ≥ 0}.

1) Weakly compressible: Let q(n) = 1/2n. Now, q
satisfies for all p ∈ N∞,∑

n≥1

p(n) log
1

q(n)
=
∑
n≥1

np(n) <∞

where the last inequality follows since the summation has
just two non-zero terms.

2) Desirable Entropy estimation: Let p = pL,α be the
unknown distribution. To estimate entropy, given ε and
η, we estimate the unknown α by taking n ≥ 2 log 1

η

(h−1(ε))2

samples, where h(·) is the binary entropy function. Using
the Chernoff bound, our estimate α̂ at this step satisfies

p
(
|α− α̂| > h−1(ε)

)
< η.

Since for 1/2 ≥ x ≥ y ≥ 0, h(x)− h(y) ≤ h(x− y), we
have with probability ≥ 1− η on length-n sequences,

|h(α)− h(α̂)| ≤ h(|α− α̂|) ≤ ε.

Note that the point at which we can estimate the entropy
does not even depend on the unknown distribution for this
case.

3) Not insurable: Note that the loss measure that puts
probability 1 on the all-0 zero sequences exists in N∞.
Since we consider only schemes that enter with probability
1 no matter what p ∈ N∞ is in force, every insurer
must therefore enter after seeing a finite number of zeros.
Consider any scheme, and denote the premiums charged
at time i by Φ(Xi).

To show that N∞ is not insurable, we show that ∃η > 0
such that no matter what the scheme Φ, ∃p ∈ N∞ such
that

p( Φ goes bankrupt ) ≥ η.

Suppose the scheme enters the game after seeing N losses
of size 0. Fix δ = 1− η. Let ε be small enough that

(1− ε)N > 1− δ/2,

and let M be a number large enough that

(1− ε)M < δ/2.

Note that since 1− δ/2 ≥ δ/2, N < M . Let L be greater
than any of premiums charged by Φ for the sequences
0N , 0N+1, . . . 0M .

Note that if p = pL,ε ∈ N is in force, the insurer is
bankrupted on all sequences that contain loss L in between
the N ′th and M ′th step. The sequences in question have
probabilities (under p)

(1− ε)N ε, (1− ε)N+1ε, . . . , (1− ε)N+M−1

and they also form a prefix free set. Therefore, summing
up the geometric series and using the assumptions on ε
above,

p( Φ is bankrupted ) ≥ 1− δ/2− δ/2 = η. 2

B. Insurable, Desirable Entropy estimation but not Weakly
Compressible

In order to find i.i.d. measures that are insurable but not
weakly compressible, we construct a class I of distribu-
tions over N. As with other classes, I∞ is the set of i.i.d.
measures formed whose single letter marginals are I.

To do so, first partition the set of natural numbers into
the sets Tk, where T1 = [2] = {1, 2} and

Tk = [2k+1 − 2]− ∪k−1
j=1Tj for k ≥ 2.

Note that |Tk| = 2k. Now, I is the collection of all
possible distributions that can be formed as follows. For
all i ≥ 1, we pick exactly one element of Ti and assign it
probability 6/(π2i2). Note that I is not countable. Part of
the rationale behind this construction is that for all p ∈ I,∑

n≥2k−2

p(n) =
6
π2

∑
i≥k

1
i2
,

namely, all tails are uniformly bounded over the class I
to ensure insurability.

1) Insurable: Put another way, for all δ > 0 and all
distributions p ∈ I,

F−1
p (1− δ) ≤ 2k(δ) − 2

where k(δ) is the smallest number such that

δ >
6
π2

∞∑
k(δ)

1
i2
.

The set I∞ of measures is insurable.
2) Desirable Entropy estimation: The set I∞ of mea-

sures lends itself to desirable entropy estimation since
every distribution in I has the same entropy.

3) Not weakly compressible: On the other hand, I∞ is
not weakly compressible.

Suppose q is any distribution over N. We will show that
∃p ∈ I such that ∑

n≥1

p(n) log
1

q(n)
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is not finite. Using the contrapositive of Corollary 2, we
conclude that I∞ is not weakly compressible.

Consider any distribution q over N. Observe that for all
i, |Ti| = 2i. It follows that for all i there is xi ∈ Ti such
that

q(xi) ≤
1
2i
.

But by construction, I contains a distribution p that assigns
to each xi above the probability

p(xi) =
6

π2i2
.

Note that the KL divergence from p to q is not finite.

C. Insurable, Weakly Compressible, no Desirable Entropy
Estimation

Let p1 assign probability 1 to 0, and for n ≥ 2, let pn
be a distribution over N that assigns probabilities

pn(i) =

{
1− 1

n if i = 0
1

n2n2 if 1 ≤ i ≤ 2n
2
.

Let J = {pn : n ≥ 1}, and let J∞ be the collection of
i.i.d. measures on N∞ whose single letter marginals are
in J .

1) Insurable: Like with the set I above, the 1 − δ
percentile of any distribution in J can be bounded easily.
Note that if X ∼ pn and 2n

2 ≥ 21/δ2 , then

pn(X > 21/δ2) < pn(X > 0) =
1
n
≤ δ

If X ∼ pn and 2n
2 ≤ 21/δ2 , then pn(X > 21/δ2) = 0.

Thus, no matter what q ∈ J we consider,

F−1
q (1− δ) ≤ 21/δ2 .

Using Theorem 1, we conclude J∞ is insurable.
2) Weakly compressible: This is automatic from [11]

since the class J itself is countable.
3) No desirable entropy estimation: Fix any ε and η,

and consider any estimator Ĥ(Xn). Since p1 is a measure
that assigns probability 1 to the all zero sequence, clearly
|Ĥ(xn)| must be ≤ ε for some sequence of zeros with
length N(p1).

It is easy to see that H(pm) ≥ m. Since we can find
m ≥ 2 so large that

pm(0N(p1)) ≥ 1− η,

we have

pm

(
|H(pm)− Ĥ(Xn)| > ε

)
≥ η.
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