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Abstract 

This paper accompanies a talk given at the Workshop on Mathematical Methods in 
Queueing Networks held at the Mathematical Sciences Institute at Cornell University in 
August 1988. In earlier work we had exhibited a threshold phenomenon in the transient 
behaviour of a closed network of . / M / 1  nodes: When there are N customers circulating, and 
the initial state is x, let d~(t )  denote the total variation distance between the distribution at 
time t and the stationary distribution. Let dU(t )= maxxdff(t). We explicitly found a N 
proportional to N such that dU(taN) ---~1 for every t <1, and dr( taN) --~ 0 for every t >1. 
Thus it appears that the network has not yet converged to stationarity upto aN, but has 
converged to stationarity after aN, SO a N can be naturally interpreted as the settling time of 
the network. Here we briefly deal with some other similar models - closed networks of 
. / M / m  nodes, a well studied model for circuit switched networks, and a model of Mitra for 
studying concurrency control in databases. Similar threshold phenomena are established in 
the transient behaviour of these models. 

Keywords: Circuit switching, databases, Jackson networks, Markov chains, queueing, tran- 
sient behaviour. 

1. Introduction. Closed networks of . / M / 1  nodes 

The introduction of national and global communication networks, the 
widespread use of local area networks and cellular radio, the need for large 
databases, the trend towards the development of parallel computers with large 
numbers of moderately powerful processors, and the importance of improved 
manufacturing techniques have all lead to a remarkable resurgence of interest in 
queueing theory. The emphasis in the modern work tends to be on networks, on 
control issues, approximations and numerical methods, and on asymptotics, e.g. 
light and heavy traffic limits. Further the systems of practical interest are often 
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large scale systems, in the sense that the number  of packets, number  of nodes, 
buffer sizes etc. are large according to c o m m o n  usage. This has lead to a 
considerable interest in simulation based performance analysis, and design 
schemes using simulation based sensitivity analysis. 

An impor tant  issue in simulation is the so called initial bias problem, Bratley et 
al., [6], chapter 3. This is the problem of how long one needs to wait before a 
simulation run can be considered sufficiently "wa rmed  up",  i.e. generating 
typical statistics. To unders tand this t ime in any specific system it is necessary to 
unders tand the transient behaviour of the system. It turns out that the systems 
commonly  encountered are such that it is possible to give a very precise estimate 
for this time. This is the content  of some of our  earlier work, [4], [5], and the 
results described in this paper. 

Consider a general irreducible cont inuous t ime Markov chain (X(t ) ,  t >1 O) 
with finite state space X and stationary distribution ~r. We are interested in 
studying the transient behaviour of this chain. It is well known that  whatever 
initial distribution the chain is started in, its distr ibution will eventually converge 
to the stationary distribution in most  senses of interest. Suppose the chain is 
started in state x ~ X. A natural  measure of the distance f rom stationarity at the 
time t is the total variation distance 

d x ( t ) = � 8 9  ~] I P x ( X ( t ) = y ) - ~ r ( y ) l  
. v~  X 

between the distribution of the state at t ime t and the stationary distribution. The 
worst case distance from stationarity over all initial conditions, measured by 

d(t)  = m a x d z ( t  ) 
x ~ X  

then provides a reasonable description of the transient behaviour of the chain. 
One knows that d(t) ~ 0 as t ~ ~ .  In fact, if )`2 denotes the second eigenvalue 
of the time 1 transition matrix of the Markov chain, one also knows that  

d(t)  - C)`' 2 a s t ~ ,  

for some constant  C. Traditionally one thinks of )`2 as describing the speed with 
which the chain approaches stationarity and of - ( l o g  )`2)-1 as a t ime constant  
describing how long one has to wait before the chain has essentially converged. 

The difficulty with considering this description satisfactory is that it is con- 
cerned only with the tail behavior of the convergence, and ignores the finite t ime 
behavior. This was first convincingly demonst ra ted  by David Aldous, Persi 
Diaconis and their co-workers in a number  of examples, [1], [2], [3], [9]. If )`2 has 
large multiplicity, the qualitative behavior of d( t )  is somewhat  like the graph in 
fig. 1. In particular, there appears to be a time ~- such that d(t) is very close to 1 
upto  r, decreases rapidly near r and then stays close to 0, with the tail being 
described in the traditional way by the second eigenvalue )'2. It is natural  to 
think of r as being the time at which the chain has "become  stationary". 
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Fig. 1. 

This paper is concerned with demonstrating the existence of a phenomenon of 
this type in the transient behaviour of several commonly studied models of 
communication networks and databases. 

To give a concrete example right away, we-will now describe the transient 
behaviour of closed networks of . / M / 1  nodes. Consider a closed network 
consisting of J exponential servers with service rates ~1,---,/~s and irreducible 
routing matrix R -- [rij ], and with N customers circulating in the network. Recall 
that this means that a customer in queue at node i waits until all customers ahead 
of him have been served, and then receives service whose duration is an exponen- 
tial random variable of mean ~}-1, all service times being independent.  A 
customer finishing service at node i is routed to node j with probability r~s, all 
routing decisions being independent and independent of the service times. Fur- 
ther, R is a nonnegative irreducible stochastic matrix. See fig. 2. 

The network may be described by a Markov process x = (X(t),  t >~ 0) with 
state space 

{ • ) X= n = ( n l , . . . , n s ) :  n i = N  , 
i=1 

where the state n corresponds to there being n i customers in queue at node i. The 

Schematic representation of a 

network of - / M / I  nodes 

Fig. 2. 
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stationary distribution of the network is well known, see e.g. Gordon and Newell, 
[10], Kelly, [14], or Walrand, [22], and is given by 

 l-I 
i = 1  

where c is a normalizing constant and X~, 1 ~ i ~< J, are positive solutions of the 
flow balance equations: 

J 

X i  = E ~kjrji, i = 1  . . . .  , J .  
j = l  

Consider the J numbers I~j/Xj, 1 <~j <~ J. When suitably scaled, I~j/Xj has the 
interpretation of the effective service rate at node j .  Assume that there is a unique 
node with smallest effective service rate. Denote this node by s. Let Otij denote 
the probability that a customer leaving node i will meet node j at least once 
before returning to node i. Let w denote any node such that 

iX waws - I~ sasw = min  (~iais - ~sOtsi ). 
i=/=s 

Note that i~waws- ~sasw > 0. Indeed, to see this it is enough to observe that 
~iais  = Xsasi for all i 4: s. Let 

N 
a N = 

~wOtws -- IZ sasw " 

Let 

d f f ( t ) = � 8 9  ~ ] P x ( X ( t ) = Y ) - T r ( Y ) I ,  
y ~ X  

and let d N ( t ) = m a X x ~ x d f f ( t )  measure the worst case distance from the sta- 
tionary distribution over all possible initial conditions, when there are N customers 
circulating in the network. Then we have the following 

THEOREM 1.1 
For every t < 1 

lim d N ( t a N ) =  1, (1.1) 
N--+ oo 

whereas, for every t > 1 

lim d N ( t a N ) = O .  (1.2) 
N--+ or 

In the sense of theorem 1.1, in the large N limit, the network has not yet 
converged to stationarity upto a N but has converged to stationarity after a N. This 
suggests that a N should be considered the correct notion of settling time for the 
network. 

Full details of the proof of this theorem are available in Anantharam, [5], and a 
more rapid summary of the proof is available in Anantharam, [4]. In section 2 we 
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indicate a general framework along which to build proofs of results such as 
theorem 1.1. The approach is that proposed by Aldous, [1]. In section 3, we will 
state a similar theorem for networks of . /M/m nodes and give a rapid sketch of 
its proof following the lines of our earlier proof of theorem 1.1. This may also 
help to understand theorem 1.1. In sections 4 and 5 resp. we will show that 
similar threshold phenomena occur in a well studied Markovian model for circuit 
switched networks. Brockmeyer et al., [7], Burman et al., [8], Kelly, [12]-[15], 
Lagarias et al., [16], and Ziednis, [23], and in a model for studying database 
concurrency control due to Mitra, [17]. The proofs here are relatively straightfor- 
ward and the basic intuition more transparent. Finally, we will make some 
concluding remarks in section 6. 

Throughout  the paper >s is used to denote stochastic ordering between 
random variables, and =a is used to denote equality in distribution. 

2. Skeleton proof technique 

In this section we outline the skeletal structure of the proofs of the succeeding 
sections. The methodology is that suggested by Aldous, [1]. We use ihe notation 
of theorem 1.1, so the space parameter  is N. In section 4, the notation is 
somewhat different. 

To identify a threshold time, we first prove the lower bound (1.1) and then the 
upper bound (1.2). To prove the lower bound, fix 8 > 0, however small. We find a 
subset Y c X such that ~r(Y) >~ 1 - 8 and an element x ~ X such that the time to 
hit Y starting from x is large. Namely, if T =  in f ( t  > 0: X(t)~ Y}, we prove 
that, for every t < 1 

lim P~(T~tau)=O. (2.1) 
N ~ o o  

Note that P~(T<~ taN) >/Px(X(taN) E Y). Hence, if we can prove (2.1), it follows 
from the definitions that dN(taN) >~ dU(tau) >~ ]Px(X(tau) E Y) - ~'(Y) 1. Hence 

lim dN(taN) >~ 1 - 6. 
N - + o o  

Letting 8 ~ 0 establishes the lower bound. 
To prove the upper bound, for any pair of initial states, x, y ~ X, we couple 

the paths of the network started from x to those of the network started from y. 
This means that on the same sample space we construct two X valued Markov 
processes (XA(t), t >I 0) and (X'(t), t >7 0) such that XA(0) = x and xB(o) =y 
and such that (1) the A (respectively B) process is the same in law as the state 
process of the network started at x (respectively y)  and (2) there is a proper 
random time Txy after which the A and B processes agree, i.e. 

X / ( t ) - - X f ( t )  fora111~<i~<J and t>~T~y. 
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Note that we do not require that Txy  is the first time at which the A and B 
processes agree. We call Txy the coupling time. For  more on coupling, see e.g. 
Griffeath, [11], and Ross, [20]. 

Now let 

O~ --1 E I P x ( S ( t ) - z ) - P y ( S ( t ) = z ) l  �9 
z E X  

Then it is easy to see that dN(t) <~ sUpxyoN(t). Further,  for a coupling time Txy it 
is easy to see that, for any t >1 O, PUxy(t ) <~ e(Zxy <~ t). Now suppose that we can 
construct couplings for each pair of states x, y ~ X such that, for every t > 1 

lim supP(T~y <~ taN) = O. 
N ~  oo xy  

Then by the above, we have, for every t > 1, 

lim sup pN ( ta N) = O. 
N-~  o~ xy 

Hence, for every t > 1, 

lira dN(tau)  = O. 
N - - > ~  

This establishes the upper bound. 

3. Closed networks of . / M / m  nodes 

In this section we will sketch a proof of the generalization of Thin. 1.1 to a 
closed network o f / M / m  nodes, emphasizing only how to modify the proof of 
Thin. 1.1 which was given in [5]. 

Consider a closed network of J nodes with node j being an mj server node 
with exponential servers having service rate #j. Let the routing matrix be denoted 
R = [rij], and let there be N customers circulating in the network. See fig. 3. The 
network may be described by a Markov process x = (X( t ) ,  t >1 O) with state space 

x ;  n - - ( n l , . . . , n j ) "  E n , - - S  , 
i = 1  

where the state n corresponds to there being n, customers in queue at node i. The 
stationary distribution of the network is well known, see e.g. Gordon and Newell, 
[10], Kelly, [14], or Walrand, [22], and is given by 

where c is a normalizing constant, and )~,, 1 ~< i ~< J, are positive solutions of the 
flow balance equations: 

J 

)~i = ~ ~jrji, i = 1 , . . . ,  Y. 
j=l  
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Schematic representation of a 

network of , / M / m  nodes 

Fig. 3. 

83 

Here 

= - -  

and 

mT~ i f n  i < mi ,  
n i !  

m~'  if n i>~ m i a i ( n i )  = mi  ! 

When suitably scaled, mjp, j/~tj has the interpretation of the effective service 
rate at node j .  Assume that there is a unique node with smallest effective service 
rate and denote this node by s. Let aij denote the probabili ty that a customer 
leaving node i will meet node j at least once before returning to node i. Let w 
denote any node such that 

mwl~waws - ms~sasw = m i n  ( m i P ,  iOtis - msl.tsO~si ). 
i:/: s 

Let 

Let 

O~ N 
N 

mwl.twaws - ms~sasw 

dxN(t) = 1  E I P x ( X ( t ) = y ) - ~ ( y ) ]  
y ~ X  

and let d N ( t ) = m a X x ~ x d f f ( t )  measure the worst case distance from the sta- 
tional~j distribution over all possible initial conditions when there are N customers 
circulating in the network. Then we have the following 
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THEOREM 3.1 

For every t < 1 

lim d N ( t a u )  = 1, 
N - - + ~  

whereas, for every t > 1 

lim d N ( t a u )  = O. 
N---~ ~ 

(3.1) 

(3.2) 

Proof  
It is easy to see from the form of the stationary distribution that for any 8 > 0 

we can find K > 0 independent  of N such that, if Y = { n ~ X: n s > N -  K } then 
~r(Y) > 1 - 3 for all sufficiently large N. From the general reasoning of section 2, 
in order to prove the lower bound, (3.1), it suffices to find an initial condition x 
such that if T denotes the time to hit Y starting from x, then l imu_+~Px(T> tazv ) 
= 1 for every t < 1. As in the proof of Thm. 1.1. in Anantharam, [5], we take x to 
be the initial condition in which N 4/5 of the packets are at node s and the 
remaining N - N 4/5 are at node w. We set the closed network N up on a sample 
space supporting independent  Poisson processes V/= (V/(t), t >~ 0) of rates rn//.t/, 
1 ~ j  ~< J, respectively, (the virtual departure processes), i.i.d, families Cj = (Cj(n), 
n >~ 0), 1 ~<j ~< J, with each Cj(n) being uniformly distributed on {1, . . . ,  m/} and 
also routing prescriptions for each virtual departure at the individual nodes, 
which are independent,  independent of the V/ and ~ ,  1 <~j<~J, and ap- 
propriately distributed. The paths are constructed as follows: when the n th point 
of V/occurs, look at Cj(n) .  Let x / d e n o t e  the number  of packets in node j at this 
time. If C/(n)  <~ x/ ,  release any one of the packets in node j ,  and decide where it 
goes based on what the nth routing prescription at node j says. If Cj(n) > xg do 
nothing. An important  point to note is that the process of queue size at the nodes 
is not affected by which packet moves. This allows us to prove several intuitively 
obvious statements rigorously using elementary couplings. We learnt this idea 
from Van der Wal, [21]. 

For example, let N w denote the portion of the original network other than node 
w thought of as an open network and fed by the virtual departure process of node 
w. Start Nw with N 4/5 customers at node s and the other nodes empty. We may 
set N w up on the same sample space that we used for N in the preceding 
paragraph. Let T denote the first time at which the total number  of customers in 
N w becomes N -  K. Then we claim T 1 < T. The idea is the following-suppose Vw 
has its nth point, let x,, denote the number  of customers at node w in N at this 
time, and suppose C ~ ( n ) >  x w. Then of course there is no movement  in N, 
however there is an arrival to N w. We color this arrival red. We can arrange 
internal movements so that the process of uncolored packet sizes at the nodes 
evolves like the queue sizes process in N, while the process of total number  of 
uncolored and colored packets at the nodes evolves like the queue sizes process in 
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N w. Clearly, this would prove T 1 < T. To arrange the desired situation, at the n th 
point  of Vj, j va w, we look at Cj(n). Let xj denote  the number  of uncolored 
packets and x 7 the number  of colored and uncolored packets in node  j at this 
time. If Cj(n)  ~ xj and Cj(n) ~< xT, we move an uncolored packet  out of j .  (Since 
Cj(n) <~ xj implies xj > 1, there must  be at least one such packet.) If Cj(n)  > xj 
but  Cj(n) ~< x~, we move a red packet  out of node  j .  (Since x 7 > Cj(n) > xj, 
there must  be at least one such packet.) If C j ( n ) >  xj and C j ( n ) >  x~, we do 
nothing. This gives the desired. A formal proof  is by induct ion on the virtual 
service times. 

A comparison of the above with the corresponding part  of [5] shows that  we 
have basically had to be just  a little bit more  careful in the coupling. 

Let Nsw denote  the port ion of the network other than the nodes s and w, 
started initially empty  and fed by the virtual departure processes of these nodes. 
F r o m  lemma 5.1 of [5] it follows easily that  Nsw is a critical open network, i.e. 
that  the  input  rate to any of nodes j 4= s, w is at most  mfl~j. One can then prove, 
exactly like lemma A.3 of [5], that  on a t ime scale of order N 4/3 the total number  
of customers in Nsw does not exceed N 3/4 with probabili ty tending to 1. Namely,  
if (Xj( t ) ,  t >~ 0) denotes the queue size process at node  j r s, w in N,w, then 

P ( ~ X j ( t )  <~ N 3/4 for all t ~< N 4/3) = 1 .  (3.3 % ) 
\ j ~ s , w  ] 

N ow let us realize N w on a sample space support ing Vj and Cj, 1 ~<j ~< J and 
two families of i.i.d, routing prescr ip t ions-for  each virtual departure f rom node  
w, its entire pa th  through N w till it first visits s or leaves the network is decided, 
and similarly for each departure f rom node  s. This sample space can suppor t  
precisely those initial condit ions for N w where all the initial customers are at node  
s. Let ()( j( t) ,  t > 0 )  denote  the queue size process at node  j r  when N w is 
started with N 4/5 customers at node  s and with FCFS departures at the 
individual  nodes. Let 

j4=w 

F r o m  the proof  of T > T 1 above, it follows easily that T >~ T 2. Let Vww = 
(Vww(t), t >~ 0) denote  the por t ion of V w destined to leave N w before visiting s. 
Vww is a Poisson process of rate m wl~waww. Similarly define Vw~ , V~s and V~w. 
F r o m  (3.3), it follows that  

lim P(Vww( t )+  V ~ w ( t ) - N  3/4 
N--+ ~ 

<~ 3~( t )  <~ V~w(t) + V ~ ( t )  for all t <~ U 4/3) = 1, 
^ 

where (As(t) ,  t > 0) denotes the process count ing arrivals into node  s in N w. 
Thus,  one gets the picture that  the total customer size in N w is building up 
essentially because node s, which started with N 4/5 customers,  is fed by a process 
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which is within N 3/4 of a Poisson process of rate rnwt~waws + mAGa~s. Observe 
that )(s essentially experiences an upward drift of rnwl~waw~ - rnsl~a~. From the 
basic example of [5] (which proves Thm 1.1 for a network consisting of two 
nodes), it follows immediately that l imN+ooP(T2>taN)=l  for every t < l ,  
which proves the lower bound in Thm. 3.1. 

To prove the upper bound, (3.2), we need to find for each pair of initial 
conditions for the original network, x -- (n I . . . .  , n j)  and y = (rn 1 . . . .  , m j), hav- 
ing total customer size N, a coupling in time Txy such that 

lim supP(Txy> t a N ) = 0  for every t >  1. (3.4) 
N--~ oo x y  

The proof of this is parallel to that in [5] with the same sort of modifications in 
the form of the coupling as those above. For example, the first step is to show 
that (3.4) is implied by showing 

lim supP(T~ > taN) = 0 for every t > 1, (3.5) 
N---~ ~ 1 7 6  z 

where z runs over initial conditions for the open network Ns, with total customer 
size at most N, and T~ has the distribution of the time it takes N~ to empty from 
z. Here N~ denotes the stable open network consisting of the nodes other than 
node s, and fed by the virtual departure process V~, of node s. We now indicate 
how to prove this by modifying the corresponding part  of [5]. 

Given x and y, let 2 and ) denote the corresponding initial conditions for Ns, 
i.e. just ignore x s and y~ respectively. We realize Ns on the sample space of the 
first paragraph, on which we realized N. We couple the two closed network 
processes and the two open network processes in the naive way, i.e. we identify 
the Vs., and Cj, 1 ~<j ~< J, and the routing decisions. We observe that at a time 
when the open network processes are empty, the closed network processes are 
also coupled, being in the state where all N customers are at node s. This can be 
seen by comparing the x process to the 2 process (and the y process to the )3 
process) by a coloring idea identical to the one that was outlined above to show 
T I < T .  

To study the time when both open network processes are simultaneously empty 
we use a different coloring idea. In each j 4= s, start with min(x/ ,  y/) packets 
colored magenta, x j - m i n ( x / ,  y/) packets colored red, and y j - m i n ( x / ,  yj) 
packets colored blue. Observe that initially no node has both red and blue 
packets. Let the virtual departures from node s (which are arrivals to N~) be 
colored white. The sum of the white, red and magenta packets is to represent the 
2 process, the sum of the white, blue and magenta packets is to represent the )3 
process, and the white packets are to represent a version of N~ started empty. We 
will also arrange things so that no node has both red and blue packets at the same 
time. Let ~, 37, and ~ respectively denote the open network process started from 
~, started from )3, and started empty. The rules for movement  are that if a virtual 
departure takes place at a node j v~ s, and Cj says that this is a real departure for 
~, ) ,  and t~l, then one moves a white packet. (It is easily seen that there must be at 
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least one white packet  at node  j in this situation). If Cj says that  the depar ture  is 
real for ~ and 33, but  not  for tJ, then one moves a magenta  packet. Again, it is 
easily seen that there must  be at least one magenta  packet  in this situation. If Cj 
says the departure  is real for ~, but  not for .13 and s (resp. real for .13, but  not  for :~ 
and tJ), one moves a red (resp. blue) packet. Once again it is true that whenever  
this situation occurs a red (resp. blue) packet  will be available to be moved.  We 
ensure that  there are never both  red and blue packets at a node by the rule that  if 
a red (resp. blue) packet  moves into a node which has blue (resp. red) packets, we 
pick a blue (resp. red) packet  at the node, the red packet  is deleted, and the blue 
packet  is colored magenta.  

Let "rxy denote  first t ime at which N~ has only white packets. Let ~-x denote  the 
first t ime that  N s has only blue and white packets. Note  that  after this t ime N s 
cannot  have any red packets. Also "r x is stochastically dominated  by the t ime N, 
takes to empty  from the initial condit ion )3. Clearly ~xy = max(~-x, "ry). Hence, for 
any t > 1, 

P('rxy<~ tau) = P('rx ~ ta N and "ry <~ taN) 

= 1 - P(rx > taN or Ty > taN) 

>~ 1 - (P.(~- x > taN)+ P('ry > taw) ) 

>~ 1 - 2 m a x P ( T  z > taN). 
Z 

which completes the first step. 
The  second step is to show that (3.5) is implied by 

lim supP(Tj. N > t a N ) = 0  for every t >  1, (3.6) 
N--*or j4:s 

where Tj N has the distribution of the time it takes Ns to empty  when started with 
N customers at node j and the other nodes empty.  To do this, one proves an 
analog of lemma A.4 of [5], and then follows the proof  of lemma 5.2 of [5]. Again 
the only difference from the proof  in [5] is that  Cj has to be consulted to 
determine the color of the packet  to be moved when a virtual departure takes 
place at node  j.  

Finally one proves (3.6) by defining the set of unstable nodes Uj associated to a 
node  j 4: s. Let Njs denote  the open network consisting of the nodes other than j 
and s, fed by the virtual departure processes of these nodes. Then we define Uj 
by saying i ~ Uj iff the input  rate to i in Njs exceeds mils i. Exactly as in [5], for 
k ~ U one has U k G U j -  (k} .  It is now easy to prove (3.6) by induct ion on the 
cardinality of Us. exactly as in [5]. Intuitively, Tfv consists of two parts. First, 
there is the time it takes for node  j to empty, at which t ime the overwhelming 
por t ion of the customers left in the network will be in the nodes of Uj. Then one 
uses inductive hypothesis to estimate the t ime it takes these customers to leave. 
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4. A circuit switched network 

In this section we consider the transient behaviour of a well studied model  for 
circuit switched networks. This model  is originally due to Erlang, see [7], and 
different aspects of it have been studied by Burman et al., [8], Kelly, [12]-[15], 
and Ziednis, [23]. A special case of this model  has also arisen in the study of 
multiaccess collision resolution protocols. Lagarias et al., [16]. 

The network consists of K links. Each link k has C k circuits. An  arriving call 
must  be routed along a fixed route, which is a subset of the set of links. Let the 
number  of possible routes be denoted R. Calls requiring routing along route r 
arrive according to a Poisson process of rates ~'r. An  arriving call along route r 
demands  Ark circuits from each link k along its route, we set Ark = 0 if link k is 
not  on route r. If any link along the route of a call does not have enough circuits 
available to accept the call when it arrives, the call is blocked, i.e. rejected f rom 
the system. Each accepted call along route r has a holding time which is 
exponentially distr ibuted with rate /~r at the end of which it releases all the 
circuits it formerly occupied. The arrival processes and the holding times are all 
mutual ly independent .  See fig. 4. 

Network 

0 

0 

Route | 

0 

O 

0 Route 2 

C= ( 2 , 3 , 4 , 1 , 2 )  

[;o,oo] oo 

5 link circuit switched network 
with 2 routes 

Fig. 4. 
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Let A denote the R X K matrix with entries Ar~. Let C = ( C  1 . . . . .  C K ) .  Let X 
denote the set of vectors n = ( n l , . . . ,  nR) such that nit <~ C. The network can be 
described by a Markov chain x = (X(t), t >/0) with state space X, the network 
being in state n when there are n r calls active along route r. Let Or denote ~,J/x r. 
Then it is easy to see that x admits the stationary distribution ~ given by 

R n r 

= e F l  o; 
r = l  Hr! 

where c is a normalizing constant. To see this, observe that x is the restriction to 
X of the Markov chain x ~ on Z+ R describing the evolution of the above circuit 
switched network with an infinite number  of circuits at each link. It is clear the 
coordinates of x ~ evolve as independent  M / M / ~  queues with arrival rate p~ 
and service rate ~r respectively. Since x is the restriction of the reversible Markov 
process x ~ to a subset X of its state space, its stationary distribution is 
proportional to the restriction of the stationary distribution of x ~ to X, see e.g. 
Kelly, [15], corollary 1.10. 

In this section we exhibit a threshold phenomenon in the transient behaviour 
of this model similar to those described in the earlier sections, as the number  of 
circuits in each link becomes large. The proofs are relatively straightforward and 
the intuition more superficial. Suppose the network starts in state m, and let 

dmC(t)=�89 y" I P m ( X ( t ) = n ) - v r ( n ) l  
n ~ X  

measure the total variation distance between the distribution of the state at time t 
and the stationary distribution. Let 

dC(t) = max dC(t) 
m ~ X  

measure the worst case distance from the stationary distribution over all possible 
initial conditions. Let 

ac= 1 m a x  [l~ man A~r ) 1 ] ' < ~ r < R  k ~ r  

Then we have the following 

THEOREM 4.1 
For every t < 1 

lim dC(tac)= 1, (4.1) 
C---~ ~ 

whereas, for every t > 1 

lira dC(tac)=O. (4.2) 

In theorem 4.1, by C ~  m we mean min l<~<KC k --* oc. According to Thin. 
4.1, it is natural to consider a c as the settling time of the circuit switched 
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network. A natural interpretation of this time is that if the network is left in an 
atypical state, e.g. after a period when some links are down, or after an atypical 
burst  of calls, then one is guaranteed that the network will settle down within 
time a c in the precise sense of Thm. 4.1. 

As in the preceding sections, the proof  consists of two parts�9 We first prove the 
lower bound, (4.1), and then the upper bound, (4.2). To prove the lower bound  we 
notice from the form of the stationary distribution that for each 8 > 0 it is 
possible to choose N independent of C such that if Y denotes (n  ~ X: n r <~ N ,  

1 ~< r ~< R} then rr(Y) > 1 - •  for all sufficiently large C (i.e. if minl<k<KC k is 
sufficiently large). Fix C sufficiently large, and let 

l <~r<~R k~r  Akr  " 

Let m ~ Z+ R be given by  

Ck 
mp = min , m r = 0, r ~ p .  

kEp Akr  

Then m ~ X. Let T denote the hitting time of Y when the network is started in 
m. From the generalities in section 2, in order to establish the lower bound it 
suffices to prove that 

lim P ( T > t a c ) = l  for e a c h t < l .  

Consider starting the network in the state m, but  with no arrivals. Let T 1 be 
the corresponding hitting time of Y. An elementary coupling argument shows 
that T >  s T 1. Let (Sk, 1 <<.k<~m_) be independent  exponentially distributed 
random variables with mean ~r  ~ Let S m <~ S m a <~ <~ S 1 denote the �9 ( p )  . ( p - )  . . .  ( )  
order statistics of (S~, 1 <~ k <~ mp). Clearly T 1 =~S(N+I ). Thus we have, 

P ( T >  t a c )  >~ P ( T  1 > t a c ) =  P (S (N + I  ) > t a c )  

mp 

= E m, m; ,m( l_  me J 
m = N + l  m 

where B ( n ,  p )  as usual denotes the sum of n coin tosses with success probabil i ty 
p. A straightforward use of Chebyshev's inequality shows that the right hand side 
goes to 1 for any t < 1, as C (and hence me) , grows without bound. 

To prove the upper bound, let m and n be arbitrary initial conditions for the 
network. Define v by  u r = m a X ( m r ,  nr). Let w r denote minkErCk/Akr, and note 
that v r <~ wr, 1 <. r <~ R .  We construct versions of x started at m and at n, and a 
version of x ~ started at v on the same sample space in the naive way. That is, 
our sample space supports R arrival processes, which are Poisson processes of 
rates Pr respectively, and arrivals are identified for the three versions. Each arrival 
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brings with it its own service time, which is an exponential random variable of the 
appropriate mean. To complete the prescription, the sample space supports 
service times for each of the v r initial calls of each route r. For each r, m r, resp. 
n r of these are identified with the service times of the initial calls in the respective 
version of x being constructed. 

Clearly the versions of x starting from m and n are coupled at the time that 
the version of x ~ started at v empties. But the components of this version of x ~ 
evolve as independent  M / M / o ~  queues with arrival rates v~, service ra tes /G and 
starting at v r respectively. Let To(v, ~) denote the time to empty for an M / M / ~  
queue with arrival rate v and service rate/~ and started at v. It remains to study 
the distribution of this time. 

LEMMA 4.2 

Let v ~ w. Then T~(v, ~) <s Tw(v, I~) �9 

Proof 
Obvious by naive coupling. 

LEMMA 4.3 
Let V be a Poisson process of rate v. Let s = (S,,  n >/0) be an i.i.d, exp(v) 

distributed sequence independent  of V. We think of S n as the service time 
brought in by the n th  point of V. Let (X( t ) ,  t < 0) denote the queue size process 
in the corresponding M / M / ~  queue, with X(0) = 0. 

Let Mo(/~ ) be independent  of V and s, having the distribution of the 
maximum of v independent  exp(/~) distributed random variables. Let 

T =  inf{t  > Mo(/z): X( t )  = 0}. 

Then T O ( v, ~) =d T. 

Proof 
We can couple an M / M / o e  queue started with v customers to an M / M / o e  

queue started empty by pretending that arrivals are always assigned to servers 
different from the ones occupied by the initial v customers. The claim is now 
obvious. [] 

LEMMA 4.4 
Let V, s, and Mo(/~ ) be as above with the same interpretation. Let T~(v, ~) 

have the distribution of the time to empty in an M / M / m  queue started with the 
stationary distribution, and be independent  of Mo(~). Then 

<s + 
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P r o o f  
We couple the M / M / ~  process started empty to the M / M / ~  process 

started with the stationary distribution in the naive way, i.e. identifying arrival 
times and the service times they bring in with them. We also realize a version of 
Mv(~) on the same sample space which is independent  of the M / M / ~  processes. 
From this it follows that 

in f ( t  > Mv(/~): X( t )  = 0} ~< in f ( t  > Mv(/~): X~(t)  = 0) ,  (4.3) 

where (X=(t), t >/0) denotes the stationary queue size process. But the right hand 
side of (4.3) has the distribution of M~(/~) + T=(u, /z), by stationarity. The claim 
follows. [] 

Let t = 1 + c > 1. Let m and n range over admissible initial conditions for 
fixed C. From our coupling and lemmas 4.2-4.4, we have 

R 

supP(T, . ,  > t a c t  <~ ~_, P(Zw,(Pr, ~r) > t a c )  
mR r = ] 

R 
~r~]P(mwr(~ '~r )~( l ' J I -2 )ac ) 'q -P(T~r (Pr ,  ~'Lr) 

But it is easy to see that 

Further, we have 

log W r 
a c > - -  , l <~ r <~ R 

(4.4) 

and each w r ---> m as C ~  m. Since in addition, T~(u, /~) is clearly of finite mean, 
we have that each of the terms on the right hand side of (4.4) goes to zero as 
C---> ~ .  

The upper bound now follows easily from the general reasoning in section 2. 
[] 

5. A database model with exclusive and non-exclusive locks 

In this section we consider the transient behaviour of a model introduced by 
Mitra, [17], in order to study concurrency control in databases, and in particular 
to quantify the worth of non-exclusive locks. This model generalizes an earlier 
database model of Mitra and Weinberger, [18], which can be interpreted as a 
special case of the model considered in the previous section. 
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Exclusively Non-exclusively 
Tronsoction Locked Locked 

Items Items 
A ( i ,4 )  (I,5) (i,i)(2,1)(3,1) 

B (4,4) (5,4) (3,1)(4,2)(5,i) 

A database with 2,5 items, shown 

an admissible state with 2 active 

transactions 

Fig. 5. 

The database consists of N items. Transactions require access to subsets of 
these items. There are p classes of transactions. Each transaction of class a, 
1 ~< o ~< p requires access to jo + ko items, requiring exclusive locks on jo of these 
and non-exclusive locks on the other ko. See fig. 5. The rationale is that if a 
transaction needs to read an item, then one can allow the corresponding lock to 
be nonexclusive. To maintain consistency however, it is often necessary to 
exclusively lock the items that are being written on. For  more  on database 
concurrency control, see e.g. Papadimitriou, [19]. 

We assume that transaction requests of class o arrive according to a Poisson 
process of rate ~'o. Further,  for each class o, we assume that all possible 
transactions of this class ar equally likely. Thus the arrival rate of any individual 
transaction request of class o is 

X~  
% 

Let 14~ denote the set of exclusively locked items and R a the set of non-exclu- 
sively locked items when a transaction request arrives. Let W a (resp. Ra) denote 
the set of items for which the arrival requests exclusive (resp. non-exclusive) 
locks. The request is accepted iff Wa r (WaU Rd) =l~ and R a A Wa=ft.  Other- 
wise the request is blocked, and is considered as being rejected once and for all 
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(although in practice the request will return to try again later). Once accepted, a 
transaction of class o completes after an exponentially distributed time with 
m e a n / z j  1. The arrival processes and completion times are all mutually indepen- 
dent. Let Po denote )~J/zo. 

The system can be modelled as a Markov chain x = (X(t), t ~< 0), whose state 
space X consists of admissible lists of transactions. Let {Taa . . . .  , T,c(l~,..., 
Tpl,.. . ,  Tpc(p)) be a list of transactions. The list is called admissible iff the 
exclusively locked items of each transaction in the list are pairwise disjoint, and 
the union of these is disjoint from the union of the non-exclusively locked items. 
The stationary distribution of the process is given by 

P 

=c FI 
o = 1  

where x is an admissible list of transactions, c (o)  the number of transactions of 
class o in x, and c is a normalizing constant. One can see this by verifying 
detailed balance. The vector (c(1) . . . .  , c(p)) is called the concurrency of x. 

Consider this model as the number of items becomes large, with the number  of 
classes of transaction requests and the overall arrival rate of each class remaining 
fixed. Suppose the database starts in state x and let 

d U ( t ) = � 8 9  E I P x ( X ( t ) = Y ) - ~ r ( Y ) l  
y ~ X  

measure the total variation distance between the distribution of the state at time t 
and the stationary distribution. Let 

dU(t) = max d~(t) 
x ~ X  

measure the worst case distance from the stationary distribution over all possible 
initial conditions. Let 

log N 

aN-- rain /zo" 
1 ~ a ~ p  

Then we have the following 

THEOREM 5.1 
For every t < 1 

lim dU(tau)= 1, (5.1) 
N - ' *  oo 

whereas, for every t > 1 

lim dU(tau)=O. (5.2) 
N--* oo 

According to theorem 5.1, it is natural to consider a N as the settling time of 
the database. The interpretation is that if the database is found in an atypical 
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state, perhaps after failures or after a period of atypically large load, one is 
guaranteed that it will settle to typicality within time a N . 

Proof 
We first determine the stationary probability that the state has concurrency 

c = ( q , . . . ,  Cp). Clearly this is 

P 

= cF(c) H p;~ 
a = l  

where F(c )  denotes the cardinality of the set of admissible states with concur- 
rency c. It is elementary to see that 

F ( e )  
(N  - Xo=,c.Jo).(Ho=aP " ' P i'o.)(1-[o=,(G.)/~ ", o=~= ko 

Further  it is reasonably straightforward to see that 1(%)co 
lim ~ r ( e )=  I-I e-('~176 

N' -~r162  o = 1  Ca! ~ IAo 

From this it follows easily that for any 5 > 0 it is possible to choose K 
independent  of N such that if Y denotes ( x  ~ X:  co(x ) <~ K, 1 <~ a <~p}, then 
rr(Y) > 1 - 8 for all sufficiently large N. Le t /G  = mina~<o~<p/Zo �9 Let x denote an 
initial condition where there are 

I N - k ,  

J, 

active transactions of type s and these have precisely the same set of non-exclu- 
sive locks. Clearly there is an admissible initial condition of this type. Let T have 
the distribution of the time to hit Y starting from x. From the generalities in 
section 2, it suffices to prove that l i m N _ . ~ P ( T >  taN) = 1 for each t < 1 in order 
to establish the lower bound, (5.1). 

Consider starting the database in x but with no arriving requests. Let T 1 be 
the corresponding hitting time of Y. An elementary coupling argument shows 
that T >  s T 1 and so it suffices to prove that l i m u _ ~ P ( T  a > taN)-----1 for each 
t < 1. But T a has the distribution of the K + 1 st largest of a family of 

independent  exponentially distributed random variables with mean t~-l, so this is 
immediate, as in the preceding section. 

To prove the upper bound, (5.2), let x and y be arbitrary admissible initial 
Conditions, with respective concurrencies c (x )  and e (y ) .  For 1 ~ o < ~ p ,  let 
vo = max(co(x ), co(y)) .  On the same sample space, we construct versions of x 
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started at x and y respectively and a family of p independent M / M / o e  queues 
with arrival rates % and service rates ~o respectively and started at v = ( v l , . . . ,  Vp). 
Our sample space supports p Poisson processes of rates % respectively, these 
represent the overall arrivals of transaction requests in the first two versions, and 
arrivals to the respective M / M / o ~  queues. It also supports p families of i.i.d. 
transaction identifying random variables, for the n th transaction request of class 
o to arrive, the n th random variable from the o family tells precisely for which 
items exclusive and non-exclusive locks are being requested. Each arrival brings 
with it its own service time, which is an exponential random variable of the 
appropriate mean. To complete the prescription, the sample space supports 
service times for each of the v o initial customers in each M / M / o e  queue, co(x),  
resp. co(y ) of these are identified with the service times of the initially active 
transactions in the respective version of x being constructed. 

Clearly the versions of x starting from x and y are coupled at the first time, 
Txy, that all the M / M / o e  queues are simultaneously empty. But we have 

From lemmas 4.2-4.4 we have, fQr every t > 1, 

p( 
sup P (Txy > taN) <~ 0~=1P T 

x y  

Also, 

log N 
aN> " . - -  

(To' ]-6o) > taN (5.3) 

for each 1 ~< o ~< p. It follows easily that the right hand side of (5.3) goes to 0 as 
N ~ o e .  

The proof of the upper bound can now be completed by following the general 
reasoning in section 2. [] 

6. Concluding remarks 

We have examined the transient behaviour of some commonly studied models 
of communication networks and databases, using techniques similar to those we 
used in Anantharam, [4], [5], to study the transient behaviour of closed networks 
of . / M / 1  nodes. As such, the proofs in sections 4 and 5 are rather simpler than 
those in [5], and the threshold phenomenon is less surprising. However, results of 
this type are valuable in providing insight into the dynamics of real world 
systems, and one hopes they will have an impact on simulation practice. 
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