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A lightning tour of physics simulation

= Newton’s Laws — Rigid Body Motion
= Lagrangian Formulation
= Continuous Time = Discrete Time

= Contact / Collisions



Want to learn more?

Featherstone book: Rigid Body Dynamics Algorithms

Mujoco

s book: http://www.mujoco.org/book/computation.html

= mujoco paper: https://homes.cs.washington.edu/~todorov/papers/TodorovIROS12.pdf

Bullet

n simulation: https://docs.google.com/presentation/d/1-UgEzGEHdskq8blwNWqgdgnmUDwZDPjlZUvg437z7XCM/edit#slide=id.ga4b37291a 0 0

u Constraint solving: https://docs.google.com/presentation/d/1wGUJ4neOhw5i4pQRFSGtZPE3CIM7MfmafTp5alKuFYM/edittslide=id.ga4b37291a 0 0

constraints / collisions: https://www.toptal.com/game/video-game-physics-part-iii-constrained-rigid-body-simulation



http://www.mujoco.org/book/computation.html
https://homes.cs.washington.edu/~todorov/papers/TodorovIROS12.pdf
https://docs.google.com/presentation/d/1-UqEzGEHdskq8blwNWqdgnmUDwZDPjlZUvg437z7XCM/edit
https://docs.google.com/presentation/d/1wGUJ4neOhw5i4pQRfSGtZPE3CIm7MfmqfTp5aJKuFYM/edit
https://www.toptal.com/game/video-game-physics-part-iii-constrained-rigid-body-simulation

m Point mass: F =ma

= Rigid body:
F =ma

T=Iw+w x ({w)



Lagrangian Dynamics -- Motivation

= Newton

= Generally applicable

= But can become a bit cumbersome in multi-body systems with
constraints/internal forces

= Lagrangian dynamics method eliminates the internal forces
from the outset and expresses dynamics w.r.t. the degrees of
freedom of the system



Lagrangian Dynamics

= r;: generalized coordinates
= T:total kinetic energy

= U: total potential energy

= Q : generalized forces Q, = Z,- F, ff'
, ., 0
s LagrangianL=T-U
—> Lagrangian dynamic equations: i 8{/ _ oL = Q,
dt 8q7; 8q7;

[Nice reference: Goldstein, Poole and Satko, “Classical Mechanics”]



Lagrangian Dynamics: Point Mass Example

Consider a point mass m with coordinates (z,y, z) close to earth and with
external forces F, F,, F..

1
T = §m(:i:2 + 92 4+ 3%)

U =mgz

Lagrangian dynamic equations:

po_ doL oL
T dtor oz
g doL oL
v T atay oy Y
d OL OL .
F, = ————=mZ—mg



Lagrangian Dynamics: Simple Double Pendulum

1 = 01,92 = 02,5, =sinb;,c; = cosb;, s142 = sin(0; + 62)

= l1s1  xp = x4 la8142
—lcy —lac142

= l11Q1C1] ke = %g + llz((h + Q2)01+2]

ligis1 la(g1 + q2)s142
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FIGURE A.1 Simple Double Pendulum
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[From: Tedrake Appendix A]



Car

T = u,cosf

Yy = u,sinf
,: U
= f tan Uy,

m Standard (kinematic) car models: (Lavalle, Planning Algorithms, 2006, Chapter 13)
= Tricycle: usg € [—1, 1],U¢ S [—71'/2777/2]
= Simple Car: us € [—1,1],up € [—Pmax;, Pmax)s Pmax < T/2
= Reeds-Shepp Car: us € {—1,0,1},up € [—Pmax; Pmax)s Pmax < 7/2
= Dubins Car: us € {0,1},up € [~Pmax;, Pmax)s Pmax < 7/2



Cart-pole

H(q)i+ C(q,q) + G(q) = B(q)u

me +m, mpylcost
mpl cos 6 mz[)l2

X ( J\l)e - Cla,q9) = ;8 5mpl9'sin9}
Lmﬂ G(q) = | ?n,,gz ey }
B = | (1) ]

[See also Section 3.3 in Tedrake notes.]



Acrobot

H(q)i+ C(q,q) + G(q) = B(q)u

Is +moLileocs

H( ) . [ I + 1o +mgl%+2m2l1l0202
v = | Iz + malileace Iy
o | —2malileasage —malileasade
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[See also Section 3.2 in Tedrake notes.]




Friction & Drag

m Friction:

m Static friction coefficient mu

> Dynamic friction coefficient mu

s Drag: pV2



Robot Specification?

= Denavit Hartenberg Parameterization

Joint i+1
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= Inimplementation: URDF Files



A lightning tour of physics simulation

Newton’s Laws — Rigid Body Motion
Lagrangian Formulation
Continuous Time = Discrete Time

Contact / Collisions



Forward Euler (Explicit)

y:f(tay)

Yn+1 = Yn T hf(tna yn)



Backward Euler (Implicit)

y:f(tay)

Yn+1 = Yn T hf(tn+1a yn+1>



Symplectic Euler (aka Semi-Implicit Euler) .

Un+l = Up T g(tna xn) At
— =g(t,z). Tp+l = Tp T f(tna 'vn—l—l) At

https://en.wikipedia.org/wiki/Semi-implicit Euler method



https://en.wikipedia.org/wiki/Semi-implicit_Euler_method

Runge-Kutta

Now pick a step-size h > 0 and define

Uni1 = Yn + 7 (k1 + 2k + 2ks + k),
tn—l—l — tn + h
forn=0,1,2, 3, ..., using/?

ki = h’f(tnayn)a
h k
k2:hf(tn+_,yn+_1)a

2 2
h ks
k3_hf(tn+§7yn+7),

ks =h f(t, +h,y, + k3).

Yo+ hk3

y0+hk2/2
yo+hky/2

Yo

to

t0+h/2

to+h

Y



A lightning tour of physics simulation

= Newton’s Laws — Rigid Body Motion
= Lagrangian Formulation
= Continuous Time = Discrete Time

s Contact / Collisions



Collision Checking

= Broad phase

= Narrow phase




Broad Phase Collision Checking

= Quadtrees/spatial

= Conservative checks

1
1
1
1
1
L Might be colliding

https://www.toptal.com/game/video-game-physics-part-ii-collision-detection-for-solid-objects



https://www.toptal.com/game/video-game-physics-part-ii-collision-detection-for-solid-objects

Broad Phase Collision Checking

= Quadtrees/spatial

= Conservative checks




Broad Phase Collision Checking

= Quadtrees/spatial

= Conservative checks




Broad Phase Collision Checking

= Quadtrees/spatial

= Conservative checks

e




Narrow Phase Collision Checking

= Convex-Convex ---- separating axis theorem

jected o L .~




Narrow Phase Collision Checking

= Gilbert-Johnson-Keerthi (GJK) Algorithm

= Expanding Polytopes Algorithm (EPA)



Contact

= Impulse formulation

/F(t)dt = mAv

t



Mujoco

MuJoCo physics

Roboti LLC

WWW.mujoco.org




Bullet




