CS 287 Advanced Robotics (Fall 2019)

Lecture 13: Kalman Smoother, Maximum A Posteriori,
Maximum Likelihood, Expectation Maximization

Pieter Abbeel
UC Berkeley EECS
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Overview

= Filtering: ° - 9 0
P(xt|z0, 215 - -, 2¢) e . e e

I O S 00 O 2= O
L 000 - G
= Note: by now it should be clear that the “u” variables don’t really change anything
conceptually, and going to leave them out to have less symbols appear in our equations.






Filtering : ::

P(ZL'2|Z(),21,22) X P(I]?Q,Z(),Zl,ZQ)

Z P(ZQ|ZIJ2)P($2|LE1)P(21|CI?1)P(£B1 |x0)P(z0|x0)P(a:0)

= P(zl|r2) Y  P(za|1)P(21]21) Y Plai]zo) P(z0]wo) P(xo)
*1 o p(xo,ZQ)
P(x1,20)
P(ﬂ?l,ZO,Zl)
P(ananzl)
p(anZOazlaZQ)
= Generally, recursively compute:
P(:):t+1,z(),...,zt) = ZP($t+1|$t)P(IIJt,Zo,...,Zt)

P(xi41,20,- 52t 2041) = P(2eg1|eq1) P(@ig1, 205 -5 2t)



Smoothing L EEd &

P(x2|20, 21, 22, 23, 24)
P(x2, 20, 21, 22, 23, 24)
Z P(za|24) P(x4|w3) P(23|23) P(23]22) P(22|22) P(22|21) P(21|71) P(21|20) P(20|70) P(0)

T0,T1,23,T4

Z P(Z4|.’E4)P($4|£E3)P(Z3|.’E3)P({E3|.’EQ ZQ|.’E2 <ZP .’I,'2|.’IZ1 Zl|.’E1) (ZP(.’L'1|IEO)P(Z()|.T0)P(ZEO)>)

3,4 Zo

(ZP(23|$3)P($3|1'2) (ZP(Z4|IIJ4)P($4|I5)>) 22|.1'2 (ZP .’E2|(E1 Zl|1'1 (ZP $1|$0 Z()lZC()) (.270)))

T4

b(ibg) = P(Z4|5173) P(xla 20, Zl)

b(ll‘g) = P(Z3,Z4|£E2) P($2,Z(),Zl,22)

= Generally, recursively compute:

= Forward: (same as filter) = Backward:
P(@441,205- -5 z) = Y P(ziale) Pz, 20, z)  P(zig1,-- s 2r)zeer) = P(zigi|rer) Pzige, - .o 27|Ti1)
P(xiq1,205- 526, 2t41) =  Plzegr|@es1) P(Teg1s 20,5 2t) P(ztir,..ozrlee) = Z P(zya]ee) P(ze41s - - 20 [Te41)

T4

= Combine: P(beO)"')zT) — P(xtaz())"°7Zt)P(Zt+1""7ZT’wt)



Complete Smoother Algorithm

Forward pass (= filter):

1. Init: a()(a:o) = P(Z()|.1’0)P(.T0)

2. Fort=0,...,T -1

o ar11(ze+1) = Pzeva|zisr) Do,, P(@ita|ae)ai(ze)

Backward pass:

1. Init: bT(.CIZT) =1

2. Fort=T-1,...,0

o bi(wi) =3, , P@eni|) P(ziga|zig1)bir (T41)

Combine:

for

t=0,...,T

P(x¢, 20, ..., 27) = P2y, 20, - - .

Zt)P(ZH—la .-

Note 1: for all times t in one
forward+backward pass
Note 2: find P(x; | zg, ..., Z7)
by renormalizing

.y ZT|.’JJt) = at(xt)bt(xt)



Pairwise Posterior

= Find P(x¢, 441,20, .., 27)

s Recall:  ay(zy) = P(xy, 20, .., 2¢)

bi(x¢) = P(zt41,-..,27 | 2¢)

= So we can readily compute

P(xtaxt—f—laz() ----- ZT)
= P(l‘t, 20y« oy Zt)P(xt+1 | Tty 20y ey Zt)P(zt—f—l | Tt+41y Tty R0y« -5 Zt)P(Zt+2 ..... T | Tt415,Lty 205« -+ Zt—l—l) (Law of total probability)
= P(l’t,ZO ----- Zt)P(xt—i—l | xt)P(zt—l—l | $t+1)P(Zt+2 ----- T | l’t-i-l) (Markov assumptions)

= at(21) P(Te41 | 20) P(2041 | De41) b1 (@e41) (definitions a, b)



Exercise

| Find P($t7$t+k720 ..... ZT)



Kalman Smoother

= the smoother algorithm just covered for particular case
when P(x.,; | X;) and P(z, | x,) are linear Gaussians

We already know how to compute the forward pass
(=Kalman filtering)

Backward pass: b (¢) 2/ P(xip1|2e) P(2e41|Teq1)beg1 (Te41)dTi41

Combination: P(x¢, 20, .., 27) = ai(24)be (24)



Kalman Smoother Backward Pass

= Exercise: work out integral for b,



Matlab Code Data Generation Example

. A=[ 0.99 0.0074; -0.0136 0.99];C=[11;-1+1];
= x(:,1)=[3;2];
= Sigma_w = diag([.3 .7]); Sigma_v =[2 .05; .05 1.5];
= w = randn(2,T); w = sgrtm(Sigma_w)*w; v =randn(2,T); v = sqrtm(Sigma_v)*v;
. for t=1:T-1

X(5,t+1) = A * x(5,t) + w(:,t);

Z(:,t) = C*x(:,t) + v(:,t);

end

n % now recover the state from the measurements
. P_0 = diag([100 100]); x0 =[0; 0];
u % run Kalman filter and smoother here

" % + plot



Kalman Filter/Smoother Example

state

— — —Kalman filter

......... Kalman smoother
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Overview

= Filtering: ) A
P(x¢|z0.¢) N
= Smoothing: O 0L.0:025 0
P(x¢|z0.7) - i
= MAP:
max Plorizor) €y . @Q)C) ) - C)



MAP Sequence

Naively solving by enumerating all possible

max P20, 21,22, 25]20, 21, 22, 23) combinations of x_0,...,x_T is exponential in T

T0,T1,L2,T3

X max P($0,$1,$2,.’L’3,ZO,21,22,2:3)
T, T1,T2,T3

= max P(z3|x3)P(x3|ze)P(22|z2) P(x2|z1)P(21|21) P(z1|20) P(20|20) P(x0)

_ Z;;Ezl’::z:slxs) max (p($3|x2)p(2«2|$2) max (P(a:2|$1)P(z1|a:1) max (P($1|xo)P(zo|:co)P(a:o))>))

mo(xo)

mq (:vl)

mo (ZI?Q)

mg(.rg)

s Generally: mz) = max P(zos, z0.)

To:t—1

= max P

J?tlévt—l)P(Zt|$t)P($0:t—1, Zo:t—l)
To:t—1

(
(

- P(zt‘xt)g}?fp(wtut—l)gg?_xz P(zo:t—1,20:—1)
)

= P(z|xy max P(x¢|zi—1)mi—1(xi—1)
t—1



MAP --- Complete Algorithm

1. Init: mg(z¢) = P(20|z0)P(x0)
2. Forallt=1,2,..., T —1

o For all xy: my(xy) = P(z¢|xy) maxy, |, P(x¢|zi—1)mi—1(zi—1)

e For all z4: Store argmax in pointer, ,, |(x;)
3. maximum = max,, mrp(zr)
4. x% = arg max,., mr(zr)
5. Forallt=T,T—1,...,1

® I, | = pOintert—n‘,—l(xz:)

= O(T Y



Kalman Filter (aka Linear Gaussian) Setting

= Summations =2 integrals
m But: can’t enumerate over all instantiations

= However, we can still find solution efficiently:
= the joint conditional P(Xy.1 | Zy.1) is @ multivariate Gaussian
= for a multivariate Gaussian the most likely instantiation equals the mean

—> we just need to find the mean of P(Xy.1 | Zo.7)

= the marginal conditionals P(X, | Z,1) are Gaussians with mean equal to the mean of X, under the
joint conditional, so it suffices to find all marginal conditionals

= We already know how to do so: marginal conditionals can be computed by running the Kalman
smoother.

=  Alternatively: solve convex optimization problem
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Thumbtack

s Let®=P(up), 1-6 = P(down)

s How to determine 6 ?

cdede
cecee

= Empirical estimate: 8 up, 2down 2> 0 = 525 =0.8



Date Time

LESSON

26
Make a guess: If you drop a thumbtack, is it more likel A’ N '
to land with the point up or with the point down? é O () X vV
The experiment described below will enable you to make an estimate of the
chance that a thumbtack will land point down.

1. Work with a partner. You should have 10 thumbtacks and 1 small cup. Do the
experiment at your desk or a table so you are working over a smooth, hard surface.

Place the 10 thumbtacks inside the cup. Shake the cup a few times, and then
carefully drop the tacks onto the desk surface. Record the number of thumbtacks
that land point up and the number that land point down.

Toss the 10 thumbtacks 9 more times and record the results each time.

1 Uy D!

2 to X

3 2

4 o \f

s GE

g —

7 CD ) —

8 A1) U

° \D Q

10 O 3 )
TotalUp= J-| | TotalDown= _| - |

2. In making your 10 tosses, you dropped a total of 100 thumbtacks.
What fraction of the thumbtacks landed point down? o

3. Write this fraction on a small stick-on note. Also write it as a decimal and as a 5
percent. ¥ /

A

e ¥ \
4. For the whole class, the chance that a tack will land point down is }'—

http://web.me.com/todd6ton/Site/Classroom_Blog/Entries/2009/10/7_A_Thumbtack_Experiment.html






Maximum Likelihood

= O0=P(up), 1-6 = P(down)

m Observe: ﬁ 4, ﬁ 6; ﬁ
X X X ¥ 3
= Likelihood of the observation sequence depends on 6:

1) = 6(1—6)0(1 —6)00060660
= 0%(1—0)?

s Maximum likelihood finds

arg maxg [(0) = argmaxy 6%(1 — 0)?

21(0) =807(1—0)2—20%(1—0) = 07(1—6)(8(1—0)—260) = 07(1—6)(8—100)

> extremaat6=0,06=1,06=0.8

> Inspection of each extremum yields Oy, =0.8

1(8) = 8%(1-8)%

o N BN (=] w

x10°

0.5




Maximum Likelihood

More generally, consider binary-valued random variable with 8 = P(1), 1-6 = P(0), assume we
observe n, ones, and N, zeros

= Likelihood: [(8) =0"(1—@0)"°

(] Derivative: %l(g) — n10n1—1<1 . 0)n0 o n09n1 (1 . 9)n0—1

6"1_1(1 — 9)”0_1 (77,1(1 — 0) — n09)
911,1—1(1 . 0)”0_1(711 . (nl + no)g)

= Hence we have for the extrema:

9:0, 0:1, QZL

no+ni

= n1/(n0+n1l)is the maximum

= empirical counts.



Log-likelihood

is @ monotonically increasing function of x

The function log : R = R : 2 — log(z)

log x
> A N o N s

Hence for any (positive-valued) function f:

arg maxy f(6) = arg maxy log f(6)

Often more convenient to optimize log-likelihood rather than likelihood

Examp|e: logli(0) = logf™ (1—@)"
= nylogf + nolog(l—0)
0 1 -1 ny — (’fll + 72())0
—1 o — — —
59108 '0) Mgty (1 —0)
S —

ni1 + No



Log-likelihood €< -2 Likelihood

m  Reconsider thumbtacks: 8 up, 2 down

= Likelihood = Log-likelihood
E=>(1DO .

U0 05 1 o0 D,;S 1
Not Concave Concave

m Definition: A function f is concave if and only
Vo, o, YA E(0,1), f(Az1 + (1 — N)a2) > Af(z1) + (1 — A) f(x2)

m  Concave functions are generally easier to maximize then non-concave
functions



Concavity and Convexity

f is concave if and only f is convex if and only
Va1, 20, VA€ (0,1), Va1, 22, VA€ (0,1),
FQz1 4+ (1= XN)az) > Af(z1) + (1 —A) fz2) fQzy + (1= XNag) < Af(z1) + (1= N)f(z2)
S
15

0 fOz1+ (1= Ao 10}
/ M(@1) + (1= A f(s)
-5k i s |
Iy
M) + (1= N () >/

10 AN ot
: FOz1+ (1= MNaa)

15 . . . 5 i

-1 05 0 . 1 ' : 5
X, 0.5 x, 1 x, 05 0 05 x, |

Mo+(1-N)X, A X+ (1-N)x,

“Easy” to maximize “Easy” to minimize




ML for Multinomial

p(x =k;0) =0

= Consider having received samples {z,z® ... z(™}

logl(@) _ lOgHgill{a:(i)zl}eé{g;(l)ZQ} ) “0}({?11):1(71}(1 — 0, —0y— ... — QK_1)1{1»(1'):K}
i=1

= > 1z =1}logby + 1{z® = 2}logfy + -+ + 1{z) = K — 1}log b1 + 1{z? = K}log(1 — 01 — 0y — -+ — O _1)
i=1
K-1

= Z nglog b +nilog(l—0; — 0y — -+ — 0k _1)
k=1

0 1 l(e) ni 1
——logl(0) = — —ngk
00y, 0 1—0, —03—---—0xg_1
ny
— O =



ML for Fully Observed HMM

| Given Samples {anZOawl)ZlaxZ)ZQa'"axTazT}a xt€{1>27"'7l}7zt6{1727"'7K}
= Dynamics model: P(zt41 = ilze = j) = 0y,
m  Observation model: P(z: = klz: =1) = s
T
logl(6,7) = log P(xo) [ [ P(wi|wi—1;0)P(ze]ai;y)

t=1 n(;,;) : number of occurences of x; =i, z441 = J.

T T myx,1) - number of occurences of x; =k, z; = .

t=1 t=1
K K
_ M (i,5) M (k,1)
~ g Pl Y Y lon 0 + 30 loso
=1 j=1 k=1 1=1

- Independent ML problems for each 6., and each 71

0,; = ) Vel = D
ili = I K
2_ir=1 Ui j) k=1 Uk D)




ML for Exponential Distribution

Source: wikipedia

1.6 -
1.4} A=0.5

Ae™ x>0 Laf —
p(a:, /\) = ’ o 10 A=LS
0, x <0 Z 0.8 1
0.6/
0.4
021 \

0.0

Consider having received samples

= 3.1,8.2,1.7
v = argm}‘(\lxlogl()\)
= arg mfx ()\6_)\3'1/\6_/\8'2/\6_)\1‘7)

= argm)e‘xx3log/\ +(=3.1-82—-1.7)A

0 1
3
— AML = —

—_
u]



ML for Exponential Distribution

e ™ >0 —
x.A — ? — A1:o A=15
p(w; ) {o, 2 <0 B\

= Consider having received samples {z® @ . .00

logl(A) = log 1 p(z@; \) 9 _ 1 S (2)
MH ﬁlogl(/\) = mx—i_zlx
= Zlogp(x(i);)\)
=1
= 3 log(A —a(® 1
; o) — AML =

L m 7
il A — az® m i1 2
= og\ — \x

i=1

= mlog\— /\Zx(i)

i=1



Uniform

e,z € a,b

= {0 Tl

Consider having received samples 0 @ 0m)

log!(a, b) ilog (1{3: a b]}—)

— ap, = min D by, = max 7
2 (2



ML for Gaussian

1

p(x;p,0) =
2o

_(m—w)?
202

(&

)

C+ —logo —

: 202
=1

(=@ — p

_(av—u)2

(& 20

)2

—~ 06

I\ =]
AN
= RSNl
(m)}
B m 1 ($(7) —/L)Q
8—logl(u o) = P p



ML for Conditional Gaussian

y=ao+az+e e~N(0,07)

1 _ (y—(ag+ay=z)?

Equivalently: p(y|z; a0, a1,0%) = e 252

2o

More generally: y=a'z+e €~N(0,0?%)

1 _ (y—a z)2
[ 202

p(ylz;a,0?) =
2o

10

S




ML for Conditional Gaussian

Given samples {(z(),yM), (@, y@), ... (2™ y(m))},
7 1 () _aT ()2

logl(a,0?) = 1 —

iy - el

1 <. . .
= C—mlogo — 53 Z(y(t) —a"z®)2
i=1

m

Valogl(a,a?) = ) Z @ —aT2®)z % logl(a,0?) = —m; — ; Z ) _ T z®)2

= Zy(i)“’(i)_ (Zx(i)x(m>a L
i=1 =1 -

=1

— (XTX)_IXTy
ol o
T 2)T 2




ML for Conditional Multivariate Gaussian

y=Cx+e €e~N(02X)

1 1 Ty-1
. _ —1(y-Cx) T} (y—C)
p(ylz; C, %) = (27r)"/2|2|—1/2e (Y y

m

logl(C,Y) = —mg log(27) + ) log |27 — 5 Z(y(’) — Cz)Te=1(y® — C2™)
=1
Vy-ilogl(C, %) = —%2 - % > WD = CTaD)(yD — cTa)T
=1
1 &, G NG : 1
— Twr = — ;(y(” - CTz)(y —CTa)T = E(YT —CxHYy'-cxh’
Veologl(C,x) = —% D n710aWeOT 4 20gOTCTE=t — g0y(TH=1 — 571y 5(OT

i=1

_ 1 (2 1CXTX +XTXCT - XTys~l - x-ly T X)

[N

— C=Y"X(X"Xx)!



Aside: Key ldentities for Derivation on Previous Slide

Trace(A) = i: A (1)
i=1
Trace(ABC') = Trace(BCA) = Trace(C AB) (2)
VaTrace(AB) = B (3)
Valog|A| = A~! (4)

Special case of (2), for x € R™:

¢ Tx = Trace(xz ' T'z) = Trace(Tza ") (5)



ML Estimation in Fully Observed Linear Gaussian Bayes Filter Setting

m Consider the Linear Gaussian setting:

Xt+1 = AXf + But + Wt W ~ N(O,Q)
Zt_|_1 = CXt +d+'Ut Ut NN(O, R)

m  Fully observed, i.e., given o, uo,20,21,u1,21,..., 27, ur, 2

= —> Two separate ML estimation problems for conditional multivariate

Gaussian:
[AvpBui] =Y TX(XTX)™!
X — zIUI y = JQT . S
Tr_qUp_ 27 | Qur = T ;(xtﬂ — (Azy + Buy)) (2441 — (Azy + Buy) "
= 2: zq Al [Cyvpdup] =Y T X(XTX)™!
T T
X =" y = 21 .,
e .. 1
o Ry = 72 32— (O + )z~ (Car + )T
t=0
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Priors --- Thumbtack

Let 8 = P(up), 1-6 = P(down) ﬁ a ﬁ/ a ‘

How to determine 6 ?
ML estimate: 5 up, 0 down > L =535 =1

Laplace estimate: add a fake count of 1 for each outcome

_ 541 _ 6
eLaplace — 541 + 0+1 7



Priors --- Thumbtack

Alternatively, consider 6 to be random variable
Prior P(6) = C 6(1-6)

Measurements: P(x | ©) ﬂ ﬁ ﬂ ﬂ ﬁ

Posterior: P(9|x(1) ..... z®)) < P0,2Y,. .., (%))
PO)P(zMp)...P(z)|0)
0(1 — ) 00600

6%(1 — )

Maximum A Posterior (MAP) estimation

= = find O that maximizes the posterior

-> Orviap = 2



Priors --- Beta Distribution

1 1 % = a-l+m
P(0;a,8) = 071 (1 - 0)"~ AR T 1+ +8—1+no

PDF

Figure source: Wikipedia



Priors --- Dirichlet Distribution

K
P(0;ay,..., aK) = HQ?’“_l

k=1

k

K
> j=1(nj +a; —1)

m Generalizes Beta distribution

= MAP estimate corresponds to adding fake
counts Ny, ..., Nk



MAP for Mean of Univariate Gaussian

= Assume variance known. (Can be extended to also find MAP for variance.)

m Prior: P(u;uo,08) = N(uo,03)

R =T m 1 (2() 2
log P(y; po, 0g) + logll = lo e *9 + lo ( e‘T)
g P(1; o, o) + log I(p) g( = ) ; g\ 7=
_ (1 —p0)? <= (@@ — p)?
= C 203 Z 202
=1
1 m
5, 108 P (k3 Ho, 00) +1logl(n)) = 2(uo—u)+;2(x<ﬁ>—u)




MAP for Univariate Conditional Linear Gaussian

= Assume variance known. (Can be extended to also find MAP for variance.)

m  Prior: P(a;po,X0) = N (1o, Xo)

1 1 Ty -1 m 1 (aT (1) _y(i))2
. — —3(a—po) By (a—po) T
log P(a; po, Xo) +logl(a) = log ((2@”/2@0'1/2@ 3 0 ) + ;:1 log ((27r)1/2ae > )
1 — IS i i
= C—5(a—p)"Sg (a—po) = 55 D (aal =y
i=1
1 m
— T,.(i N (i
V() = =%5'(a— po) - 2 » (a2 —yD)z®

=1

_ 1 _ 1
= —(Z'+ ;XTX)G'*‘EOINO‘F ;XT?J

nT
T

2
2

_ 1 _ _ 1
—>aML=(201+?XTX) 1(201M0+§XT:U) X =

:L.('m)T
[Interpret!]

:
y=|"
y(m)



MAP for Univariate Conditional Linear Gaussian: Example

0 1 0
Ho = [0]720— [O 1]’0_1

for run=1:4 3 0
2
a = randn; .
b = randn; ~ 04 1
X = (rand(5,1) - 0.5); 1 -— 06 A
y = a*x + b + randn(5,1); " LT
X = [ones(s 1) x]; 0 . . e
ba ML = (X'*X)"(-1)*X'*y; / 4 P
ba_MAP = (eye(2) + X' *X)“(=1)*(X'*y); 4 i
figure; plot(x, y, '.'); //
hold on; F1N '
plot(x, ba ML(1l) + ba ML(2)*x, r—'); 16
plot(x, ba MAP(1l) + ba L MAP(2)*x, 'k-'); 5
plot(x’ b + ar*x, g__ ): 04 03 02 01 [] 01 0.2 03 »1_305’ & o
Iem:l
2 2
s " 15 ’ 4
I _ 1 B
r / . 05 i
I / - ’ //’ ]
Samples . : ]

ML --- =] "7/

-1 4
25k
- .
s . " . , " . . " 3
-04 -03 -0.2 <01 0 01 02 03 04 0s 0




Cross Validation

m  Choice of prior will heavily influence quality of result

= Fine-tune choice of prior through cross-validation:
= 1. Split data into “training” set and “validation” set

= 2. For arange of priors,
= Train: compute Ouap ON training set

= Cross-validate: evaluate performance on validation set by evaluating the likelihood of the
validation data under Ouap just found

= 3. Choose prior with highest validation score

= For this prior, compute Buap on (training+validation) set

u Typical training / validation splits:
= 1-fold: 70/30, random split

= 10-fold: partition into 10 sets, average performance for each set being the validation set and the other 9 being the training set
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Mixture of Gaussians

. Generally: X ~ Multinomial(6)
ZIX =k ~ N(u, k)

= Example: p(X:1)=%,P(X=2)=% e
Z1X =1~ N(-1,1) -
Z|IX =2~ N(2,1)

NN %N(—l, 1)+ %N(z, 1)

= ML Objective: given data z(!), ..., z(™

m

E E —L(z—pr) "= (2 k)
L. 2
gn:mxz llog G (27 d/2|2k| k

= Setting derivatives w.r.t. 0, y, 2 equal to zero does not enable to solve for their ML estimates in closed form

We can evaluate function = we can in principle perform local optimization. In this lecture: “EM” algorithm, which is typically used to efficiently optimize
the objective (locally)



Expectation Maximization (EM)

= Example:

= Model: P(X=1)=%,P(X=2)=%
Z|X:1NN(M1,1)
Z|X =2~ N(p2,1)

= Goal:

= Givendataz(), ..., z™ (but no x{) observed)
= Find maximum likelihood estimates of u,, W,

= EM basic idea: if x() were known = two easy-to-solve separate ML problems

= EM iterates over

« E-step: Fori=1l,...,m fill in missing data x() according to what is most likely given the
current model '

= M-step: run ML for completed data, which gives new model '






EM Derivation

m  EM solves a Maximum Likelihood problem of the form:

max log / p(x,z;0)dx

l: parameters of the probabilistic model we try to find
X: unobserved variables

z: observed variables
T
mgxlog/wp(:v,z;ﬁ)dx = mgxlog/m%p(x,z;ﬁ)dx
(z,2;0)
q()
p(X, 2;0)
a(X) ]

’ _ p(X, z;0)
Jensen’s Inequality @meax Exnqlog [ q(X) ]

= mgx/wq(x) logp(z, z; 0)dx—/q(x) log q(z)dx

xr

dx

= mgxlog/q(:t)p

= max log Ex~yq l




Jensen’s inequality

Suppose f is concave, then for all probability measures P we have that:

f(Ex~p) = Ex~p[f(X)]

with equality holding only if f is an affine function.

lllustration: Of FOa1+ (1= Nz
P(X=x7) = 1-A
P(Xx) = 10 e
(X—Xz) = A _
Af(21) + (1 = X) f(x2)
-10 ¢
-15 L L L H
-1 -0.5 0 (1) 1

X]_ X2

E[X] = A +(1-A)x,




EM Derivation (ctd)

mgxxlog/p(a:,z;ﬁ)da:@ mgmx/q(a:) logp(x,z;ﬁ)dm—/q(x) log q(z)dx

(z,2;0)

Jensen’s Inequality: equality holds when  f(x) = log P (@) is a constant.

This is achieved for q(x) = p(z|z;0) x p(z, z;0)

EM Algorithm: Iterate

1. E-step: Compute ¢(z) = p(x|2:0)

2. M-Step: Compute 0 = arg 1n6a}(/ q(x)logp(x, z;0)dx

M-step optimization can be done efficiently in most cases
E-step is usually the more expensive step
It does not fill in the missing data x with hard values, but finds a distribution q(x)



EM Derivation (ctd)

=  M-step objective is
upper-bounded by
true objective

log-likelihood

=  M-step objective is
equal to true objective

at current parameter
estimate

= > Improvement in true objective is at least as large as
improvement in M-step objective



EM 1-D Example --- 2 iterations

m Estimate 1-d mixture of two Gaussians with unit variance:

1 1 1 2 1 1 1 2
= oz —— e~ 2(@—p1) + = e~ 2(@—p2)
p(asp) = 5 or Wor
-400 | - \
-600 | / \ '\\
o 8001 / / \ |
g / / \ \
E -1000 F / Ay 4
g / \ \
2 200 / \ 1
f \
1400 [ / / \ i
-1600 L /“I l,lfl' \ _
1800 | .'"l' / l'.\
JIII fll 1 ! \'. ! \
20 15 10 S 0 S 10 15 20

m oOnheparameter y;, W, =u-7.5 W =u+7.5



EM for Mixture of Gaussians

= X~ Multinomial Distribution, P(X=k ; 8) =0,
m " N(l"lkl zk)

s Observed: z(), z®?), ..., z(™

1
(27r)71,/2|2k|1/2

e—%(z—ﬂk)TE;l(z—ﬂk)

p(x - ka Z,G,M,E) = gk

K
E 1 —Lz—pr) " = N (2=
k=



EM for Mixture of Gaussians

m

E-step: q(x) =p(a|2;0,1.%) = [[ p(=? 250, 1, %)

1=1

=gz =k) = pa® =kD;0,u,Y)
x pa® =k,z:0,4,%)

OLN (275 g, i)




ML Objective HMM

leen Samples {2:0,2’1,22,...,ZT}7 $t€{172 ----- I}azt€{172 ----- K}

Dynamics model: P(zy11 =iz = j) = 6,

Observation model: £z = klzt = 1) = vy

ML objective:
T
logl(6,y) = log< Z H (zt|ze-150)P Zt|$t§“/)>
LQ L] yeees T ;
= log< Z H T|ze— 1H7Z1T1>

No simple decomposition into independent ML problems for each ?1; and each -

No closed form solution found by setting derivatives equal to zero



EM for HMM --- M-step

max Z q(zo.7) log p(zo.7, 20.1; 6,7)

max >  q(zo7)

ZTo:T

ro:T
T—1

Z Z (@, T141) log p(

t=0 x¢, 41

t=0

T—1
(Z log p(ziy1|ze; 0

> 0 andycomputed from “soft” counts

0

ilj =

T (i,5)

2.

I . .
i'=1 T’ ,j)

Vel =

M (k1)

K
D k=1 MUk 1)

t=0 Tt

T
) + Zlogp(ztlwtsv))

t=0

N (i)

(k1)

T
Tt41 |33t; 9) + Z Z (I(ib't) logp(ztla:t; ’7)

v

Q(Ti41 =1, 20 =)

(]~ 11

q(ze = k,zy =1)

o
I
o



EM for HMM --- E-step

= No need to find conditional full joint
q(wo.7) = p(zo.7|20:750,7)

= Run smoother to find:

p(xy, Tey1|z0.730,7)
p<«77tlz():T§ 0, ’7)

q(wt, T41)
Q(l't)



ML Objective for Linear Gaussians

Linear Gaussian setting:
Xt_+_1 = AXf =+ But —+ Wt W ~ N(O, Q)

Zt+1 = CXt+d+Ut V¢ NN(O,R)
Given U, 20, ULy R1y -+ ur, =t
ML objective:
max log/ p(fbo;T,ZozT;Q, R,A,B,C, d)
To:T

Q'/R?A:B,C,(l

EM-derivation: same as HMM



EM for Linear Gaussians --- E-Step

s Forward: Ht4+1|0:t = Atﬂt]O:t + Biuy
Sir1j00 = AZionA] +Qu
Kiv1 = 245100401 (Cra1504110:4C 1 + Regr) ™
Pig1jo:t+1 = Het1)0:t + Kip1(ze41 — (Crprpbeg1)0: + d))
Zt+1|0:t—+—1 - (I - Kt—{—lCt—{—l)Zt-}—HO:t

m Backward: Hto.r pejo:t + Le(fer10:7 — Heg1]0:¢)

Sior = Sgjost + Le(Beqrj0r — Zt+1|0:t)L;r
Ly = Etl():t“ltTEt_jh|0:1t



EM for Linear Gaussians --- M-step

T-1
1
= 7 Z(Ut+1|O:T — Ay — Bowe) (pes1j0.r — Aetirjor — Brug) '
t=0
+ASh0.rA; + Serrj0r — Sev1jorLy A — AcLiSiqaj0.r
T
1
= T+1 Z(zt — Cipujo.r — di)(z — Cipgjo.r — dt)T + Ct2t|O:TCtT

t=0



EM for Linear Gaussians --- The Log-likelihood

= When running EM, it can be good to keep track of the log-
likelihood score --- it is supposed to increase every iteration

P(Zt|20:t—1)>

=

t

T
log [ p(z0.r) = log (P(Zo)

logp(zt|2():t—1)

EE

= logp(z0) +
1

~
Il

Zi|zo:—1 ~ N (fi, if)

pe = Cigjo:e—1 + di
5 = Ct2t|0:t—ICt,T+Rt



EM for Extended Kalman Filter Setting

= As the linearization is only an approximation, when performing
the updates, we might end up with parameters that result in a
lower (rather than higher) log-likelihood score

= —2 Solution: instead of updating the parameters to the newly
estimated ones, interpolate between the previous parameters
and the newly estimated ones. Perform a “line-search” to find
the setting that achieves the highest log-likelihood score



Summary

Kalman smoothing

Maximum a posteriori sequence
Maximum likelihood

Maximum a posteriori parameters

Expectation maximization



