CS 287 Lecture 12 (Fall 2019)
Kalman Filtering

Lecturer: Ignasi Clavera
Slides by Pieter Abbeel

UC Berkeley EECS

Many slides adapted from Thrun, Burgard and Fox, Probabilistic Robotics
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Multivariate Gaussians
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For a matrix A € R™*", |A| denotes the determinant of A.

For a matrix A € R"*" A~! denotes the inverse of A, which satisfies A71A =
I = AA~! with I € R™*" the identity matrix with all diagonal entries equal to
one, and all off-diagonal entries equal to zero.

Hint: often when trying to understand matrix equations, it’s easier to first
consider the special case of the dimensions of the matrices being one-by-one.
Once parsing them that way makes sense, a good second step can be to parse
them assuming all matrices are diagonal matrices. Once parsing them that way
makes sense, usually it is only a small step to understand the general case.




Multivariate Gaussians

Ex[X;] = /Zvip(fv:mz)dfli = L;

Ex[X]

(integral of vector = vector

/LBp(:B; H, Z>dm — K of integrals of each entry)

Exl(Xi = m) (X5 = )] = [ = 1) () = p)p(as p, D)do = £y

ExI(X - m(X =TT = [I(X =X = ) p(ai p, D)do = =

(integral of matrix = matrix
of integrals of each entry)
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Gaussians: Examples
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Multivariate Gaussians: Examples
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Multivariate Gaussians: Examples

u=1[0; 0] u=1[0; 0] u=1[0; 0]
[1 0.5;0.5 1] >=[10.8;0.8 1]
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Multivariate Gaussians: Examples

u=[0; 0] u=1[0; 0]
=[1 0.5;0.5 1]
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Multivariate Gaussians: Examples

u=[0; 0] u=[0; 0] u=[0; 0]
>=[1-05;-0.5 1] >=[1-0.8;-0.8 1] > =[3 0.8;0.8 1]



Partitioned Multivariate Gaussian

m  Consider a multi-variate Gaussian and partition random vector into (X, Y).

N = (o] [ )

py | [ Xyx  Xyy
3] = G (3 (G- [0]) Bx 31 (G)-[2))
y| " (2m)(n/2)|2|1/2 2\ v Py Yyx Xyy Yy Hy
px = Exy)yonws)[X]
ry = Exyyenps)Y]
Yxx = BExy)one) (X —px)(X —px ]
Yyy = Exyyenus) (Y —py)(Y - fy )]
Sxy = Bxy)yns)(X —ux)Y —py)'] =Sy x
Syx = Bayynoes) (Y —py)(X —px)'] =Sky



Partitioned Multivariate Gaussian: Dual Representation

- ~1
= Precision matrix  p_y-1_ [2xx 2xv| _ |Ixx Ixv| (1)
Yyx  Yyy I'yx Tyy

o= e (3 (- 031) T 220 (E1-020)

m Straightforward to verify from (1) that:

¥xx = ([xx-— FXYF;/%/FYX)_I
Syy = (Oyy - FYXF)_(IXFXY)_l
Sxy = -IiTxy Tyy — FYXF)_(IXFXY)_I =Yy x
Yyx = -TyyTyx Txx — FXYF)_/%/FYX)_I =Xxy

s And swapping the roles of Sigma and Gamma:

_ —1
Fxx = (Exx-— YxySyy Sy x)
_ ~1
Iyy = (Syy — SyxEixZxy)
_ _ ~1
Ixy = —SxxZxy (Syvy —SyxZxxExy) =Tyx

_ _ —1
Iyx = —-S5y3vx (Exx — SxyEyySyx) = Ty



Marginalization: p(x) = ?

) = e (<3 (G- L)) T B (G- [))

We integrate out over y to find the marginal:

p(x) = /p([ } i1, X)dy
1
= o /2‘2‘1/2 exp( 3 (@ = px) Txx (@ — px) + (y — iy) Tyy (y — py) +2(y — py) FYX@*#X)))‘ZU
1 _ _ _ _ -
= @) /2‘2‘1/2 ( = (&= px) Txx(z — px) + (U*NV)TFYY(Z/*HY)+Q(Q*HY)TFY)/FY;FVX(I*HX)Jr(1*HX)TnyFyirFyyryizfyx(l*HX)*(J*HX)TnyFyixfnyyi/Fyx(af*Nx)))dy

2
1 1 _ _ 1 _ - -
= Wex];( 5 (@- px) Txx(@—px) = (@ — px) TxyTyy DyyTyy Ty x (2 —,Lx))) /exp (—5 (W= py) " Tyy(y = py) + 2w — py) Tyy Ty Dy x (@ — px) + (@ — px) Txy Ty Tyy Ty Ty x (o —,Lx))) dy
1 1 _ : 1 - -
W exp (*5 ((I - MX)TFXX(I —px)—(x— Mx)TrxyFy;Fyx(I - MX))) / exp (*5 ((1! —py + I‘Yi,Fyx(Z - MX))TFVY(,U —py + ry%/rYX(I - HX)))) dy
1 1 5 >
= Wexp (—5 ((;r - /1x)TFx)((.'It —px)— (z— /Ax)TF)(yF;lyry)((m - ;A,,\'))) (2ﬁ)"’/2\1";1,|]/2

_ e
Cmyrpz P
o)y /2oL |1/2

- G (-]

@)y
Hence we have:

=5 ((z = px) Txx (@ = px) = (@ = px) Ty Ty} Ty x (2 — “X))>

.\,\—A w\»—-

((@=px)" (Pxx = TxyI53 Tyx) (@ — M‘{)))

X ~N(px,(Txx —TxyIlyyTyx) ™) = Mpx, Xxx)

Note: if we had known beforehand that p(x) would be a Gaussian distribution, then we could have found the result
more quickly. We would have just needed to find ux = E[X]Jand Sxx = E[(X — ux)(X —ux)"] , which we had available
through A/(u, %)



Marginalization Recap

If

(XY) ~ A (1, 2) =7 {ﬂx] | [Exx EXYD

ny ZYX Eyy
Then

X ~ N(ux,Xxx)
Y ~ N(uy,Zyy)



Self-quiz

Test your understanding of the completion of
squares trick! Let A € R™*"™ be a positive def-
inite matrix, b € R"®, and ¢ € R. Prove that

1
/ exp (——:cTA:c — Ty — c) dx
zeR? 2

B (271')”/2
|A|Y/2 exp(c — 36T A~1b)




Conditioning: p(x | Y=Yq) =7

]2 = e (3 (0] [2]) [ B2 (G- 1)

We have Y =w) «
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=]

(= px) Txx(z—px) = (@ = px) Txy (Yo — py) - %(yo —py) Tyy(yo - MY))

R
@D
=
kS

(2 — ) T (@ — rx) - (@ - x) Ty (o — uy))

_ 1 _ _ 1 _ _
(z - px) Txx(z - px) = (= px) "TxxT Ty (o — py) — 5(3/0 — )y x DA T x T Dy (o — py) + 5(@0 =y )Ty x Ty Dxx T Dy (o — #y)>
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(= px + T Txy (o — py) Txx (2 — px + Ty Txy (o — MY)) exp <§(yo — iy )Py xT & D xx D Dy (o — ﬂY)>

R
D
]
o
= N = N = N = N

(= px + T Txy (o — py) Txx (2 — px + Tk Txy (o — uy))

Hence we have:

XY=y ~ Npx—-TxxIxy(yo—py), Lxy
= Nux +Exv Sy (W0 — 1y), 2xx — ExvZyy Syx)

. Conditional mean moved according to correlation and variance on measurement
. Conditional covariance does not depend on y,



Conditioning Recap

If

(X,Y) ~ N (1,%) = N ( [ﬂx] | [Exx zxyD

Hy YXyx Xyvy

Then

XY =yo ~ N(ux+ExyEyy W0 — p#y), Exx — SxySyy Sy x)
YIX =20 ~ Ny +ZyvxE¢% (@0 — p1x), Zyy — Sy xSxx Sxy)
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Kalman Filter

= Kalman Filter = special case of a Bayes’ filter with dynamics and sensory models linear Gaussians:

Q @ ©
Xo ~ N (40, Zo) <o —x,) (x) (%)

Xiy1 = AXi+Buug+er e ~N(0,Q¢)
Zt — CtXt —f—dt +(St 5t NN(O,Rt)



Time update

Assume we have current belief for X;|q.; :

p(xt|z0:¢, u0:t)

Then, after one time step passes: : @

p(x44120:¢, v0:t) =/x P(x441, Tt|20:¢, 0:¢) ATt
t

p($t+1,ﬂ3t Zo:t,uo:t) = p(33t+1|33t,Zo:t,Uo:t)p($t|20:t,uozt)

= p(33t+1|$t,ut)p($t|20:t,Uo:t)



Time Update: Finding the joint P(z¢11, t|20:¢, Uo:t)

P(Te41, |20, wot) = P(Xeg1|xe, ue)p(xe|20:4, ot )
1
— (&
(27T)”/2|2t|0;t |1/2
1

(27r)n/2|Qt|1/2

Ty—1
—%(l’t—#tw:t) E”U:t(iln—ﬂt.]o:t.)

6_%(‘17t+1_(At'l?H-BtUt))TQt_l(l'H-l—(Atllft—f-Bt‘ltt))

= Now we can choose to continue by either of

= (i) mold it into a standard multivariate Gaussian format so we can read of
the joint distribution’s mean and covariance

= (ii) observe this is a quadratic form in x_{t} and x_{t+1} in the exponent; the
exponent is the only place they appear; hence we know this is a
multivariate Gaussian. We directly compute its mean and covariance.
[usually simpler!]



Time Update: Finding the joint p(zt+1, zt|20.¢, vo:t)

= We follow (ii) and find the means and covariance matrices in
(Xt+1, Xe)|20:, wo: ~N ({ Hejo:t ] ) [ Zth:t Zt»t+1l0rt]>

Ht+41)0:t Zzt+1,t|0:t Et+1|0:t

fijo:¢ and Xy o, are available from previous time step

Ht41j0:t = E[Xi41]20:t, uo:] Hi41jo:t = E[Xt+1|0:t]
= E[A;X; + Biug + €¢|20:¢, vo:] = B[4 X0 + Biug + €4j0:4)
=  AE[X¢|20:¢, uo:t] + Brur + El€r|20:¢, wo:t] = AE[Xy0.¢) + Biug + Elegjo.4]
= Aipigjo.e + Bru = Aipie0:t + Brug
Sertjoe = El(Xig1j0 — ter1j0:6) K10t — Het1oie) ]

= E[((A X0 + Biug + €¢) — (Aeparjone + Brue)) ((AeXyjo.0 + Brug + €) — (Aepuaor + Btut))T]

= E[(A(Xyjoit — pejor) + €0) (Ae(Xejoir — tejoe) + €)'

= BlA(Xyjo:e — pejor) Ko = ejo:e) " AT] + Eler(Ae(Xejow = ajo:)) "1+ El(Ae(Xejour = pejo:e) )€l ] + Elerey ]

= AE[(Xyo:w — mago:t) Kot — pjo:e) VA7 + Eled] B[(A( X0 — pjo:e)) ] + E[A(( X0 — pjo:e)|Eler] + Efere ]
= Atzt|0:tA;r +04+0+4+Q:

Seerroe = El(Xejor — te10:0) (Xet1j0:t — Het1j0:) ']
= Syoedl [Exercise: Try to prove each of these without referring to this slide!]



Time Update Recap

= Assume we have
Xt|0:t ~ N(,ut|0:ta2t|0:t)

Xit1 = AXi+ Biug + €,

e ~ N(0,Q¢), and independent of xq.¢, 20.¢, Uo:t, €0:¢—1

= Then we have
[ f1(0: DINPEED .
X040, X ‘ ~ N Ht|0:t ] : [ t]0:t t,t+1|0.t]>
(Xt10:t> Xt41]0:¢) (_,LLt+1|0:t Serion Sirjo

_ N( Ht|0:t } [ 2t]0:¢ Zt|02tA;,r ])
Avpgjo:e + Brue| ' |AZgo:e Aiyo A + Q

= Marginalizing the joint, we immediately get

Xiy110:6 ™~ N(At,ut|0:t+BtutaAtEt|0:tA;r +Qt)



Generality!

= Assume we have

V o~
W o=

6 ~J
= Then we have

(V’ W) ~

N(py,Zvy)
AV 4 b+ e,

N (0

(

I%
N

, @), and independent of V

[ 1y Yvv  Yvw
uw |7 | 2wy Zww

i

0% ],{Zvv SyyAT ])

Ay + 0|7 [ASyy ASyvAT +Q

= Marginalizing the joint, we immediately get

W~ N(Auy +0,ASyvAT +Q)



Observation update

= Assume we have: @

Xt+1|0:t ~ N(Mt+1|0:t,2t+1|0:t)

Ziv1 ~ Cip1Xig1 +dig1 + 0141
(St-i-l ~ N(07 Rt)7 and independent of LO:t4+15 20:t5 WO:t5 €0:t

m Then:

(Xt4100:6) Zig1)0:t) ™~ N(

Ht+1]0:t ] l Zt+1|0:t Et+1|0:tcz:|-_|-1 })
Crr1tsio + 4] 7 [Crp1Zi110¢ Cr1514110:4Cihy + Rega

m  And, by conditioning on Z;11 = 241 (see lecture slides on Gaussians) we readily get:
Xit1|20:641, vo:t = Xt+1|0:t+1

~ N (ps1j0:t + Zt+1|0:tCtT+_1(Ct+12t+1|0:tct__r|.1 + Rev1)H(ze41 — (Crgifes1jo:e + d)),

T T -1
Yig1)0:t — 24104 Crp 1 (Co41241)0:4Cyy 1 + Rey1) Ct—+—12t+1|():t)



Complete Kalman Filtering Algorithm

m Attime 0:  Xo ~ N (oo, Xo0)

m Fort=1,2,...

= Dynamics update:

Petr)0:e = Aetijo:r + Brug
Sir1j00 = ASioaAd] + Q
= Measurement update:
praronsr = Mo + Se10:0Cri1 (Cor1Se4104Cn 4 Regn) ™ (21 — (Cogapiagjone + d)
Yir100:t41 = Dipg1j0it — Et+1|0:tC;I-_|-1(Ct+12t+1|0:tCtT|-1 + Rt+1)_10t+12t+1|0:t

= Often written as:
Kit1 = 4100401 (Coa1Z641)04C3 4 + Regr) ™! (Kalman gain)
fir1jose+1 = Hat1jose T K1 (2er1 — (Coprptegrjoe +d)) “innovation”

2t+1|0:t+1 = (I_Kt+lct+1)zt+l|():t



Kalman Filter Summary

= Highly efficient: Polynomial in measurement dimensionality k
and state dimensionality n:

0(k2-376 + n2)

m Optimal for linear Gaussian systems!
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Nonlinear Dynamical Systems

= Most realistic robotic problems involve nonlinear functions:
X1 = filXyu)+er e ~N(0,Q¢)
Zi = h(Xy) 46 6 ~N(0,Ry)
= Versus linear setting:
Xiy1 = AXi+ Buoug+e0 g ~N(0,Q¢)

Zt - CtXt + dt + (St 5t ~ N(O, Rt)



Linearity Assumption Revisited
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Linearity Assumption Revisited

Y

6 6
y piy)= N(y;an+h,ae?) —y =3 X+h
A tean of ply) = Meanp
5 5
. \ 4
. s O
3 / =3
2 2t
p(y) X
1 : . : 1 -
0 05 1 1.5 0 0.5 1
p(x) !

pEd = N(% g, 69
d= Mean of p(x)




Non-linear Function

6 6
y ply) y — Function g(x)
— Gaussian of p(y) = Meanp
41 X Mean of piy) 4 Q ow
2 2
N %
0 0
_2 _2 L
. ply) | .
0 0.204 06 0.8 0 0.5 1
6 L
“Gaussian of p(y)” has p(X) + Ef[l:?an "
mean and variance of y 24'
under p(y) " 2|
0 + . X



EKF Linearization (1)

6 6
piy) — Function g(x)
— Gaussian of p{y) — Taylor approx.
4 || — EFK Gaussian 41 d= Meanp
O s
2
x
0 0
-2 -2
-4 : . - : -4 .
0 0204 06 0.8 0 0.5 1
61 pE)
= Meanp
- 4
2|
0 2




EKF Linearization (2)

6 6
p(y) — Function gix)
L — Gaussian of p{y) — Taylor approx.
4 | — EFK Gaussian 4t = Meanp
O s
2 2
¢ X <
0 T 0t
-2 2t
4 : : 4 :
0 0.5 1 0 0.5 1
p(x)
4 = Meanp
=

2 L
p(x) has HIGH variance relative to region in 0 /\

which linearization is accurate. A AR 1




EKF Linearization (3)

6 6
piy) — Function g(x)
— Gaussian of p{y) — Taylor approx.
4 H| — EFK Gaussian 4t J= Meanp
O o
2 ? _ 2
<
0 T oof
-2 2t
-4 s : : -4 .
0 05 1 15 0 0.5 1
20 L o Ej?an W
10}
p(x) has LOW variance relative to region in " +

which linearization is accurate. A nE 1



EKF Linearization: First Order Taylor Series Expansion

= Dynamics model: for X, “close to” pu, we have:

fe(ze,ue) =~ felpe, ue) + aftg;tt’ ) (¢ — p1t)

= fi(pe,us) + Fr(zy — pug)

= Measurement model: for X, “close to” p, we have:

hi(pe) + ah(f;g:t) (¢ — pt)

= he(e) + He(x — 1)

ht(ﬂft)

Q




EKF Algorithm

m Attime 0: Xy~ N(1oj, Zop)

m Fort=12,...

= Dynamics update: fe(ze,u) = aor + Fi(we — fuejo:t)
(aps, Fy) = linearize(ft,ut[():t, Et|0:taut)
Ht41]0:t = Qo
N
Y10t = FiXyouly + @y
= Measurement update: hir1(Te41) = coptr + Hipr(Ter1 — fegajo:t)
(cot+1,Hiy1) = linearize(hy1, fhy1)0:¢ Det1]0:t)
T T ~1
Kiyi = Yo Hpy (Hip1 Xiq1)0:6Hyyy + Riyr)
Ps1jo:e+1 = Het1)0:t T Kep1(ze41 — coje41)

Yit1)0:t41 = (I_Kt+1Ht+1)2t+1|0:t



EKF Summary

Highly efficient: Polynomial in measurement
dimensionality k and state dimensionality n:
O(k?376 + n?)

Not optimall

Can diverge if nonlinearities are large!

Works surprisingly well even when all assumptions are
violated!



Outline

Gaussians
Kalman filtering
Extend Kalman Filter (EKF)

Unscented Kalman Filter (UKF) [aka “sigma-point filter”]



Linearization via Unscented Transform

6 6 6
piy) iy — Function g(x)
— Gaussian of p(y) — Gaussian of p(y) += Sigma-points
4 H —— EFK Gaussian 4 )| — UKF Gaussian 4 © yisigma points)
Zkl 2 2
x g =
0 0 YN
o
-2 -2 -2
4 . O —— -4 :
0 020406 08 0 02040608 0 0.5 1
- P
E KF U KF 4 Mean p
_ 4
=
2
0




UKF Sigma-Point Estimate (2)

6 6 6
piy) piy) — Function g(x)
— Gaussian of p(y) — Gaussian of p(y) % Sigma-points
4 § — EFK Gaussian 4 | — UKF Gaussian 4 © a(sigma points)

N
N
]t
N
r
N

Y=

0 0 0
©
-2 -2 -2
-4 ‘ : -4 - - 4 -
0 0.5 1 0 0.5 1 0 0.5 1

P

EKF UKF ! + New




UKF Sigma-Point Estimate (3)

6 6 6
ply) ply) — Function g(x)
— Gaussian of p(y) — Gaussian of py) 4 Sigma-points
4 || — EFK Gaussian 4 | — UKF Gaussian 4 O gisigma points)

2%> 2 - 29&
; v 0
0 0 0
-2 -2 -2
- . -4 : -4
0 05 1 15 0 05 1 15 0 0.5 1
P
EKF UKF 20 d= Meanp

. 10

0 '




UKF Sigma-Point Estimate (4)

/ \a




[Julier and Uhimann, 1997]
UKF intuition why it can perform better

= Assume we know the distribution over X and it has a mean \bar{x}

Y

f(X)
f[x] = f[x + 6x]
1_. .
= f[x] + Vféx + §V2f6x‘2 + %V3f6x3 + %V4f(5x4 + -

1_.
y =f[x] + §V3f P.. + %V’ifE [6x*] +---

Py, =VIP,, (VHT + mvzf (E [‘le] - B [5x3Pyy} —E [Pyy‘sxz] + Piy

1 /
oV fE [ox'] (VH +---.

) (V)T +

s EKF approximates f to first order and ignores higher-order terms

s UKF uses f exactly, but approximates p(x).



Original Unscented Transform

= Picks a minimal set of sample points that match 1st, 2"d and 3@ moments of a Gaussian:

X = X Wo =k/(n+ k)
Xi =X+ (\/(” + H-')P.I:J,') . ”1 — 1/2(” + H-')
Xiin =X-— (\/(n + H.)P.,V.‘,‘.) - Wi =1/2(n+ k)

= \bar{x} = mean, P, = covariance, i 2 i"th column, x in R"

s K:extra degree of freedom to fine-tune the higher order moments of the approximation; when x is
Gaussian, n+k = 3 is a suggested heuristic

s L=\sgrt{P_{xx}} can be chosen to be any matrix satisfying:

= LLT=P,
[Julier and Uhimann, 1997]



Unscented Kalman filter

= Dynamics update:

= Can simply use unscented transform and estimate the mean and
variance at the next time from the sample points

= Observation update:

= Use sigma-points from unscented transform to compute the covariance
matrix between X, and z.. Then can do the standard update.



Algorithm Unscented _Kalman filter(p;—1, X1, u¢, 2¢):

Lo X = (1 pr—1 +7V/Sim1 -1 — 7/ Zi—1)
2. X' =g, Xi1)
3. =Y wh &
4 5= 2 W@ - ) (20— )T + R
5. X, = (ﬁt [t +’Y\/i—t fit —7\/i3_t)
6. Z; = h(X,)
7. 5 =2 whl Zf
8. 5 =2y wl! (2 - 2) (20 2t)T+Qt
0. 51+ = ul) (31— ) (2= 2)
10. K, = %778}
11, gy = jie + Ko (z — %)
12. ¥, =%, — KiSiK
13. return gy, >y

Here L = /3 can be chosen
to be any n X n matrix satisfying:
LLT =%

Technically this is an abuse of
notation for the symbol VEE

[Table 3.4 in Probabilistic Robotics]



UKF Summary

Highly efficient: Same complexity as EKF, with a
constant factor slower in typical practical applications

Better linearization than EKF: Accurate in first two
terms of Taylor expansion (EKF only first term) +
capturing more aspects of the higher order terms

Derivative-free: No Jacobians needed

Still not optimall!



Forthcoming

= How to estimate A, B,, C, Q,, R, from data (2., Uo.7)

= EM algorithm

= Howtocompute  p(z[z0.7, uo.T) (= smoothing) (note the capital “T”)



Things to be aware of (but we won’t cover)

m  Square-root Kalman filter --- keeps track of square root of covariance matrices --- equally
fast, numerically more stable (bit more complicated conceptually)

= Very large systems with sparsity structure

= Sparse Information Filter

= Very large systems with low-rank structure

= Ensemble Kalman Filter
= Kalman filtering over SE(3)

= How to estimate A, B,, C, Q,, R, from data (zy.1, Uo.T)

= EM algorithm

= Howtocompute  p(x|20.7,uo.T) (= smoothing) (note the capital “T”)



Things to be aware of (but we won’t cover)

= IfA,=A,Q,=0Q,C,=C,R =R

= If system is “observable” then covariances and Kalman gain will converge to steady-state values fort->1

= Can take advantage of this: pre-compute them, only track the mean, which is done by multiplying Kalman gain with
“innovation”

= System is observable if and only if the following holds true: if there were zero noise you could determine
the initial state after a finite number of time steps

= Observable if and only if: rank([C; CA; CA2; CA3; ...;CA™'])=n

= Typically if a system is not observable you will want to add a sensor to make it observable

= Kalman filter can also be derived as the (recursively computed) least-squares solutions to a (growing) set of
linear equations



Kalman filter property

= If system is observable (=dual of controllable!) then Kalman filter will converge to the true state.
= System is observable if and only if:
O=[C;CA;CA2; ..;CA™1] isfull column rank (1)

Intuition: if no noise, we observe y,, y;, ... and we have that the unknown initial state x, satisfies:

Yo=CXg
Y1 = CA Xo
Yk = CAK Xo

This system of equations has a unique solution x, iff the matrix [C; CA; ... CAX] has full column rank. B/c any power of
a matrix higher than n can be written in terms of lower powers of the same matrix, condition (1) is sufficient to
check (i.e., the column rank will not grow anymore after having reached K=n-1).



