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Many slides adapted from Thrun, Burgard and Fox, Probabilistic Robotics
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‘ Thumbtack

= Let § = P(up), 1-0 =P(down)

s How to determine 6 ?

= Empirical estimate: 8 up, 2 down > ¢ =335 =038

Date Time

TP A Thumbtack Experiment

Make a guess: If you drop a thumbtack, is it more likely

o land with the point up or with the point down? __{

The experiment described below will enable you to make an estimate of the
chance that a thumbtack will land point down.

1. Work with a partner. You should have 10 thumbtacks and 1 small cup. Do the
experiment at your desk or a table o you are working over a smooth, hard surface.

Place the 10 thumbtacks inside the cup. Shake the cup a few times, and then
carefully drop the tacks onto the desk surface. Record the number of thumbtacks
that land point up and the number that land point down.

Toss the 10 thumbtacks 9 more times and record the results each time.

Toss | Number Landing Point U.lnwnkvmmm

Total Up = ] | TotalDown = |
—

In making your 10 tosses, you dropped a total of 100 thumbtacks.

What fraction of the thumbtacks landed point down?

4

Write this fraction on a small stick-on note. Also write it as a decimal and as a
percent.

»

For the whole class, the chance that a tack will land point down is

= http://web.me.com/toddéton/Site/Classroom_Blog/Entries/2009/10/7_A_Thumbtack_Experiment.html

Page 2




Maximum Likelihood

= 0 =P(up), 1-60=P(down) é/ e‘ é/ e; é/
s Observe: é/ é/ é/ é/ é/
» Likelihood of the observation sequence Xc1|0quends on 6:
1(6) = 0(1-0)0(1—0)00000000 :
03(1 — 0)? g
= Maximum likelihood finds _ % o5 i

argmaxg [(6) = arg maxgy 6%(1 — 0)?
Z1(0) =807(1-0)2—20%(1—-0) = 07(1—0)(8(1—0)—20) = 67 (1—6)(8—100)
> extremaatf=0,0=1,0=0.8

> Inspection of each extremum vyields 6., = 0.8

Maximum Likelihood

= More generally, consider binary-valued random variable with 6 = P(1), 1-6 =
P(0), assume we observe N, ones, and N, zeros

= Likelihood: 1(0) =0™(1—0)"

= Derivative: %l(e) _ nlenl—l(l _ 0)"0 — neh™ (1 _ a)no—l

= M1 = 0)" (ny(1 — 6) — no)
9”’1_1(1 — 0)"0_1(n1 — (n1 + TL())Q)

= Hence we have for the extrema:

0=0, =1, 6=_"_

no+mni
= nl/(n0+nl) is the maximum

= = empirical counts.
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Log-likelihood

= The function log:R" — R:z — log(x) K‘

= Hence for any (positive-valued) function f: : o

is a monotonically increasing function of x

log x
= N CE= S NS

X

arg maxy f(x) = arg maxy log f(x)

= |In practice often more convenient to optimize the log-
likelihood rather than the likelihood itself

s Example:  logl(d) = log6™ (1—0)"
= nylogf+ nglog(l—0)

0 1 -1 ny — (TL1 +n0)9

—1 o = —_ —

g6 1°81(%) Mgty o(1—0)
_ni+ng

Log-likelihood <-> Likelihood

= Reconsider thumbtacks: 8 up, 2 down

= Likelihood = log-likelihood
SxmQ ,
-10
% ° <
wi 4 E -30
Cﬁ % -40
&2 2 5
0 0y 05 1
0 05 1 5
]
Not Concave Concave

= Definition: A function f is concave if and only

Vai,x9, VAE (07 1),f(/\$1 + (1 — )\)ZL'Q) > )\f(1'1) + (1 — )\)f(l‘g)

= Concave functions are generally easier to maximize then
non-concave functions
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Concavity and Convexity

fis concave if and only f is convex if and only
Vi, 20, VAE (0,1)7 Vi, 20, VAE (0,1),
FOZ1+ (1= Nzo) > Mf(z1) + (1= AN f(z2)  fQzr+ (1= N)aa) < Mf(a1) + (1 - A) f(22)
S
15
0 FOz1+ (1= N 10
(@) + (1= X)f ()
-5 5
(@) + (1 - N f(z2)
-10 ; 0 |
: ; ;f(/\zl +(:1 )
T, 08 0 05y X, 05 a5 g
A X+(1-A)X, A Xo+(1-M)X,
“Easy” to maximize “Easy” to minimize

ML for Multinomial

|
p(x =k;0) =0

= Consider having received samples  {z"),2®),... 2(™}

m
ogl(0) = logHg]l(J:(ﬂ:l)gé{z(”:Q} »-~0;({f(1‘):K7”(1 O =y — .. — 01(,1)‘("’(‘):'(}
=1
= Y 1{2D =1}logh + 1{z) = 2}loghy + -+ 1{zD = K — 1} log 1 + 1{z) = K}log(1 — 01 — b — -+ — i1
’7—1
= nglog O +nglog(l —0; — 0y — -+ —O0g_1)
k=1
0 ng 1
—logl(f) = — — ngk
00y 0 1—60;,—0;—---—0k_1
ML __ Nk
=0y = ZK A
=11
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ML for Fully Observed HMM

= Given Samples {z0,20,%1,21,%2,22,..., 27,21}, vt € {1,2,..., I}, z € {1,2,..., K}
= Dynamics model: P(z.y1 =ilz; = j) = 0,

= Observation model: P(z = k|z = 1) = vy,

T
logl(0,v) = lOgP(.T())HP(Itlwt—l;e)P(zt‘xﬁ’Y)
=1

T T

t=1
I

t=1

i=1 j=1

- Independent ML problems for each 6,; and each 7l

0 N(i,5)

= o VL =

D=1 Uit )

IOg P(I()) Z IOg 0zt|zt,1 + z lOg Vzi|xe

! K K
log P(z0) Z z log 0;:;;4) + Z Z log ,ylzrlbl(k,:)

k=11=1

K
Zk'=1 Mk 1)

n(; j) : number of occurences of zy =i, x¢41 = j
Mk, : number of occurences of z; = k, z; = I.

UACR))

ML for Exponential Distribution

Ae ™M x>0

) =
p(@;A) 0, 2 <0

= Consider having received samples

= 3.1,82, 1.7

AL, = arg m)z\ixlogl()\)
= arg I]’l){\iX (/\67)\3'1)\67)\8'2/\67/\1'7)
= argm§x3log/\ +(=3.1-82—-17)A
0 1
2 Jog = 3--1
B ogl(N) 3)\ 3
3
=AML = —

13

1 Source: wikipedia

14 A=0.5

1.2 — =1
_ 1.0 A=15
Zos

0.6

0.4

0.2

005 1 2 3 4 5

X

-5

-0

15

" I

-25
= a0

-35

-40

-45

=0 A 1 2 3 4

ML
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‘ ML for Exponential Distribution

1.

Source: wikipedia

|
)\6_/\'7: €T > 0 1.4 A=0.5
p(a; \) = T —
0, x <0 10 -
Zos8
0.6
0.4
= Consider having received samples 02 \\
o1 =2 3 4
s {20 2@ a0 '
logl(y) = logﬁp(w“);/\) s Lo
=1 9 - e )
- ‘ B\ logl()) m)\ Zx
= > logp(a™;N) =1
i=1
= ilog()\e’”m) 1
i=1 — AML = T =m ()
m . — Z_l 1’(7’)
= log A — Az(® m i=
iz:; (6} x
= mlogA—)\Zz“’)
i=1
I = —
ez € la,b] '
p(z;a,b) = 5
Oa z ¢ [aa b]
?

= Consider having received samples

n {zM, 2@ )y

logl(a,b) = Zlog <1{33(i) € [a,b]}ﬁ)

— app, = min x(’), by, = max ™
k2 2
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ML for Gaussian y RN I/\I

306
| i REVANA
( ) 1 _@-w?
P\T; [, 0) = e 202 :
2m0 LN S
. ; 1 2
= Consider having received samples
- {x(l) @, ... (m)}
*M)Z
logl = Y1 -
ogl(p,0) Z og< 50¢ >
@ _ )2
= C+2 logo (z M)
0 1 ; 0 21 (2@ — p)?
9 . @ _ 9 I e it D
gploslne) = = Z(w 1) 55 log (. 0) ;U g
- — (@) 1,
= ML = mzm = ol = EZ(I“)_#MLF
= =1

ML for Conditional Gaussian

y=ap+az+e e~N(0,07) ; .

Equivalently:

—(a alx 2
( A 2\ 1 _ =( Q+21 ) i
p y|x,a0,a1,o' ) = 5 € 20 -2 3 0 7 2
xes

More generally:

y=a'z+e e~N(0,0%

1 _(w—aTa)?
p(y|z; a,0?) = T
2o
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ML for Conditional Gaussian

|
Given samples {(z(D,y(M), (2@, y@), ..., (x(™), 4™}

) m @@ —aTa())2
logl(a,0%) = Zlog( 202 )
m
= C—mloga——z @) _ ¢ T2®)
m a m
Valogl(a,0?) = ) —aTa®)z® < Lt L (@) _ T
72 Z % logl(a,0”) me -3 ;(y a’2®)?
— @) _
= x T m
Zy (Z ) 2 _ 1 ) @y2
— oML = _Z(y —ay2'")

m -1 m
= an (Z ImZ(m) (Z y(i)za))

i=1

— (XTX) IXT
S /o
2
x
x=1" 1 wv=|"
l.(m)T y(m)

ML for Conditional Multivariate Gaussian

y=Cx+e €e~N(0,X)

1 1 Ty—1
. — —3(y—Czx) X7 (y—Cux)
pylz; C, %) = (27T)n/2|2|—1/26 :

n m 1 & . . . )
logl(C, Z) — _m§ lOg(??T) + E log |E_1| o 5 Z(y(l) _ Cﬂf(l))TE_l(y(l) _ CI(’L)

i=1

1 . ) ) )

Vo1 logl(C, D) = —%2 -5 ;(y@ — T2y — ¢TzM)T

1 m ) ) ) ) 1

— (i) _ ~T,.(3) (i) _ T(Z)T:_ T _ T T _ T\T

- SMmL m;l(y C'aM)(y CTa®) m(Y cxNiyT—cx’)
@&T

__22 lcx(z ()T +CE(1) (z)TcTE 1_2: z)TE 1 E—ly(z)x

i=1
y(l)T
_ @7
i

Ve logl(C, %)
1
= -3 (ETCXTX +XTXCTe ! - XTys™ ! - 571V TX)

YTX(XTX)!
2T
Yo =T
Jrases

— C
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Aside: Key Identities for Derivation on
| Previous Slide

n

Trace(A) = Ay (1)
THmdABC):ThdeC;)=ThwdCAB) (2)
V sTrace(AB) = BT (3)
Valog|A]=A~" (4)

Special case of (2), for z € R™:

x' Tz = Trace(z ' T'z) = Trace(Tzz ") (5)

Linear Gaussian Bayes Filter Setting

m Consider the Linear Gaussian setting:

j ML Estimation in Fully Observed

Xt+1 = AXt + But + wy we ~ N(O, Q)

Zt+1 = CXt—f—d—f-Ut Ut NN(O,R)
m Fully observed, i.e., given ¢, uo, 20,21, u1,21,..., 27, ur, %
= > Two separate ML estimation problems for conditional

multivariate Gaussian:

ToT M7
o Uy x)
L] I. X = 1 U y= @3 T

1 —1
Qur = Z(ZH—I — (Azy + Buwy)) (w41 — (Azy + Buy) T
t=0

E2Y T

[AMLBML] = YTX(XTX)_l

2T T
Tr—1Ur—1

z
41 1 T
e Ry = T Z(Zf, —(Czy +d))(z — (Cae +d)7

t=0

n 2 g (29 ] [Cyvrdur] = YTX(XTX)7!
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‘ Priors --- Thumbtack

|
= Let § = P(up), 1-0 =P(down)

s How to determine 6?

oo e

= ML estimate: 5 up, 0 down > v =575 =1

= Laplace estimate: add a fake count of | for each outcome

— 5+1 _ 6
Oaplace = 5314 071 = 7

Priors --- Thumbtack

I
= Alternatively, consider $0$ to be random variable

Prior P(0) o 6(1-6)

= Measurements: P(x | 6) é é/ é/ é/ é

Posterior:

P@OlzM, .. 2®)) « P@O,zM, ... 2®)
= PO)PM)9)...P(z®]9)
= 60(1—0) 00600
= 0°1-9)

Maximum A Posterior (MAP) estimation

= = find 6 that maximizes the posterior

S Orniap = 2
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Priors --- Beta Distribution

a—14+n

P(6;0,5) = 0°7} (1 9)7 bvar = T ¥ A= 1+

Figure source: Wikipedia

Priors --- Dirichlet Distribution

m Generalizes Beta distribution

= MAP estimate corresponds to adding fake counts n, ..., N
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MAP for Mean of Univariate Gaussian

= Assume variance known. (Can be extended to also find MAP for variance.)

= Prior:  P(u; p0,08) = N(po,03)

1 _(';Wﬁ m 1 1( )_# 2
log P(u1; 1o, 03) +logl(n) = log e % +Zlog< e E )
2mo = 2o
_ (h—p0)* <~ (@W —p)?
= ¢ 202 Z 202
i=1
1 m
=~ (log P(p; po, 00) +1logl(p)) = —5(wo—p) +— Z(a:(‘) — 1)

mo ()
Ho + Zi:l
ol o2

— MML = T m

MAP for Univariate Conditional Linear
IGaussian

= Assume variance known. (Can be extended to also find MAP
for variance.)

= Prior:  P(a; o, %0) = N (1o, o)

1 1 To-1 n 1 (T2l —y ()2
H = _—  o—3(a—po) 5 (a—po) A
log P(a; o, o) +logl(a) = log (QW)”,/Q'ZOP/# ) + Zlog ((2@1/2(,6
1 m
= C- —(G—H())Tzo (@ — po) ~ 57 Z T — y(0))2
1 m
Va() = =Ngla—po) = —5 > (aTal -y
i=1
1 1
= _(Zal + ;XTX)a-i-ZallLo + ;XTy
1 1 W7 y
—anL = (55" + X TS o + 5 X Ty) W07
[Interpret!] 2(m)T ()
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MAP for Univariate Conditional Linear
Gaussian: Example

0 1 0
Mo = |:0:|92[)_ |:0 1:|70-_1

for run=1:4

a = randn;
b = randn; “r o
x = (rand(5,1) - 0.5); 1 - - 5t _

y = a*x + b + randn(5,1); _ e

X = [ones(5,1) x]; o " B
ba ML = (X'*X)"(-1)*X'*y;

ba MAP = (eye(2) + X'*X)"(-1)*(X'*y);
figure; plot(x, y, '.');

hold on;

plot(x, ba ML(1l) + ba _ML(2)*x, 'r-');
plot(x, ba MAP(l) + ba MAP(2)*x, 'k-');

plot(x, b + a*x, 'g-');
end

Samples . T——— | -
MAP - | | -

‘ Cross Validation

= Choice of prior will heavily influence quality of result

= Fine-tune choice of prior through cross-validation:
= |. Split data into “training” set and “validation” set

= 2. For a range of priors,
= Train: compute Oyp ON training set

= Cross-validate: evaluate performance on validation set by evaluating
the likelihood of the validation data under 6y,p just found

= 3. Choose prior with highest validation score
= For this prior, compute 6y, on (training+validation) set
= Typical training / validation splits:
= |-fold: 70/30, random split

= |0-fold: partition into 10 sets, average performance for each of the sets being the
validation set and the other 9 being the training set
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Outline

Maximum likelihood (ML)

Priors, and maximum a posteriori (MAP)

Cross-validation

Expectation Maximization (EM)

Mixture of Gaussians

= Generally: X ~ Multinomial(6)
ZIX =k~ N Zk)

1 1
s Example: P(X=1)=5.P(X=2)= o

ZIX =1~N(-1,1)
71X =2~ N(2,1)

1 1
= Z~ GN(=1,1) + ZN(2,1) e

= ML Objective' given data z), ..., z(™

m

1 Ty —1
) 0 ~ 3G T2 )
gnj“gz; ng M emarT, d/2|2k| *
(2

Setting derivatives w.r.t. , u, X' equal to zero does not enable to solve
for their ML estimates in closed form

We can evaluate function = we can in principle perform local optimization, see future lectures. In this

lecture: “EM” algorithm, which is typically used to efficiently optimize the obijective (locall
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Expectation Maximization (EM)

= Example:
1 1
= Model: PX=1)=35PX=2 =3
Z|IX =1~ N(u,1)
21X =2~ N(p2,1)
= Goal:
= Given data z(), ..., z™ (but no x) observed)

= Find maximum likelihood estimates of y,, p,

= EM basic idea: if x® were known = two easy-to-solve separate ML
problems

= EM iterates over
= E-step: For i=1,...,m fill in missing data x() according to what is most
likely given the current model p
= M-step: run ML for completed data, which gives new model 1

‘ EM Derivation

= EM solves a Maximum Likelihood problem of the form:
mgmxlog/p(x,z;G)dx

0: parameters of the probabilistic model we try to find
x: unobserved variables
z: observed variables

. _ [a=)
m;axlog/lp(x,z,ﬁ)dx = mgxlog/lq(x)p(x,zﬂ)dx

- o a0 L
0 q(X)

X .
Jensen’s Inequality @ maxx Bx~qlog {%}

= mglx/mq(z) log p(z, z; H)da:—/q(x) log ¢(x)dz

x

|

= maxlog Exn~q [
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Jensen’s inequality

Suppose f is concave, then for all probability measures P we have that:

f(Ex~p) = Ex~p[f(X)]

with equality holding only if f is an affine function.

Illustration: 0 O+ (1= Nz
P(X=x,) = 1-), .
P(X=X,) = A

-10

I L

E[X] = A x,+(1-M)x,

‘ EM Derivation (ctd)

|
m;lxlog/p(x,z;@)dac@ meax/q(ac) logp(z, z; Q)da:—/q(x)logq(ac)dx

;0
Jensen’s Inequality: equality holds when  f(z) = log IL:'Ji;) is an affine

q(
function. This is achieved for q(z) = p(z|z;0) x p(x, z;0)

EM Algorithm: Iterate

|. E-step: Compute q(z) = p(x|z;0)

2. M-step: Compute 0 = arg ngx/ q(z)log p(x, 2; 0)du

M-step optimization can be done efficiently in most cases
E-step is usually the more expensive step

I fill find )
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EM Derivation (ctd)

= M-step objective is upper-
bounded by true objective

= M-step objective is equal
to true objective at
current parameter
estimate

logHlikelihood

= > Improvement in true objective is at least as large as
improvement in M-step objective

EM 1-D Example --- 2 iterations

I
= Estimate |-d mixture of two Gaussians with unit variance:
e gl = Ll edemt L L ey

_5\/271 2\2m

-200 ¢

-400

-600 1

-800 ¢

-1000

log-likelihood

-1200 ¢

-1400 L

-1600 L

-1800 L

-20

= one parameter [ ; [, = [ 7.5, Wy = put+7.5
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EM for Mixture of Gaussians

|
= X ~ Multinomial Distribution, P(X=k ; 6) = Y,

= Z~N(u, 5)

s Observed: z(, @, ..., z(M

1

e—%(z—ltk)TEZI(Z—ltk)
(2m) /2|5, |12

p(l‘ = ka;guu'vE) = Ok

K
=3 (z—p) TS, (2= k)
p(z 0, p, % Z 271-)n/2|2k|1/26 ? k

EM for Mixture of Gaussians

I m
s E-step: q(z) =p(z]20, 1, %) = [[ p(@@]29;0, 1, %)

i=1

— q(x(i) =k) = p(x(i) = k|z(i); 0, 1,3)
o pla® =k,29;0,u,5)
= ON(ED; )

= M-step: max
s i=1 k=1
S0 = — Zm:q(m“) =k) k= @ a@"? = k)=
’ m Zi=1 q(z) = k)

— (1) — (1) _ () _ T
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ML Objective HMM

= Given samples {20,21,22,- . 20}, 2 € {1,2,... . I}, z € {1,2,..., K}

= Dynamics model: P(xiy1 =iz = j) = 055
m Observation model: P(ze = K|zt = 1) = 1

= ML objective:

I

log1(0,7)

log( Z P(xo)
= log( Z P(Io)

($t|xt—1§9)P(zt|$tW))

r,|r, 1 I I’Yz,&,)

> No simple decomposition into independent ML problems for
each 6.; and each 7

u’:]e u’:]~3

> No closed form solution found by setting derivatives equal to zero

EM for HMM --- M-step

u max > a(xo.r) log p(zo.r, 20:75 6, 7)

Zo:T

= max Z (I(JCO T
0,y

Zo:T

maxz N

T-1
(ZlOgP Tiy1lae; 0 +Zlogp ztlae; ))

t=0 t=0

q(z4, z141) log p(zg1|Te; 0 +ZZ q(x¢) log p(2t|xe;7)

t=0 x¢,Tip1 =0 x¢
> 6 and v computed from “soft” counts
T-1
NG = Z (w1 = 0,2 = )
t=0
T
mey = Y a(z=ka =1
t=0
(i) Mk, 1)
0i; = -~ Ry -
2ir=11(5) k=1 kD)
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EM for HMM --- E-step

= No need to find conditional full joint 4(zo.7) = p(zo.7|20:7: 0, 7)

s Run smoother to find:

q(xi, xe41) = p(ze, Tig1|20m36,7)
q(ze) = plazor;0,7)

ML Objective for Linear Gaussians

= Linear Gaussian setting:

Xiv1 = AXy+Bui+w, w ~N(0,Q)
Zt+1 = CXt—Fd—f-Ut Ut NN(O,R)
u Given UQy 205 ULy 1y -+ UT, 2t

= ML objective:

Q,R{I}?‘g,c,d 10g /EO:T p(JUO:T7 20:T Qa R, A7 B, C7 d)

s EM-derivation: same as HMM
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EM for Linear Gaussians --- E-Step

m Forward:
Bigrjo:e = Atptejoe + Brug
Yiv1)00 = At2t|0:tAtT + Q4
Ky = 2t+1|0:tcg_1(Ct+12t+1|0:t0;1 + Rpg1) ™!
pertjoit+1 = Het1jo:e + Kip1(zer1 — (Cogpiplegrjon + d))
Sirtjo+r = (I = Kip1Cop1)Xiq1)0:

m Backward:

peor = tejo:t + Le(fegr)0m — Het1)0:t)
Shor = Zyox + Li(Eeq1j0m — Zt—+—1|0:t)Lg—
Ly = ZtIO:tA;rEt_-:uo:t

EM for Linear Gaussians --- M-step

T-1
1
QR = T Z(,ut+1|0:T — Aypigjo.r — Bews) (o107 — Aepejor — Brug) T
t=0
+A S0 Al + Sertjor — SerrjorLi A — A0
T
1
R = 11 Z(Zt — Cypgjor — di) (2t — Copjorr — di) T + CiS40.7Cf
=0

[Updates for A, B, C, d. TODO: Fill in once found/derived.]
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EM for Linear Gaussians --- The
| Log-likelihood

= When running EM, it can be good to keep track of the log-
likelihood score --- it is supposed to increase every iteration

T T
logHP(Z():T) = 108,< p(z0 H (2t]20:4— 1>
=1 =1

T
logp Zo Z ogp Zt|Z()t 1

Zt|Z0:t—1 ~ N(ﬁia 21)

e = Cipigjo—1 +dy
S = CiZ4104Cy + Ry

EM for Extended Kalman Filter Setting

|
= As the linearization is only an approximation, when
performing the updates, we might end up with parameters
that result in a lower (rather than higher) log-likelihood
score

= > Solution: instead of updating the parameters to the newly
estimated ones, interpolate between the previous parameters
and the newly estimated ones. Perform a “line-search” to
find the setting that achieves the highest log-likelihood score
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