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Given two positive integers a= b >0 we seek their Greatest Common Divisor ( GCD ), which
isthe biggest integer d that dividesboth a and b leaving no remainder. Ordinary long division
computes a positive integer quotient g := [@blJand leavesaremainder r := a—q-b that satisfies
0<r<b. Clearly every divisor of both a and b divides r too, and conversely every divisor of
both b and r divides a=q-b +r too; therefore GCD(a, b) = GCD(b, r) . But the pair (b, r) is
smaller thanthe pair (a b) inthesensethat b<a and r<b. Thisleadsto an agorithm ...

Euclid's GCD Algorithm
Givenintegers a=b>0, set ry:=a and ry := b and perform successive long divisions getting,
for j=1,2,3,...,n inturnuntil rp,; =0, quotients g; and remainders r; that satisfy
fioa =0Ty + M+ With 0<rj41 <Tj.

(Hereat step j wedivide rj_y by r; toget quotient g; and remainder rj,;, stopping whena
remainder r,.; =0. Atthat point g,>1; canyouseewhy?) The algorithm stops because this
decreasing sequence of n+1 positiveintegers, rp=a=r;=b>r,>...>r, 1 >r,>r1 =0,
cannot have n>b. Then GCD(a, b) =r, because, asexplained in thefirst paragraph,

GCD(a, b) =: GCD(rg, ry) = GCD(rq, ) = ... = GCD(rp_q, ') = GCD(ry, Mh+1) = n -

The quotients ¢; appear to play no important role in the foregoing algorithm, but appearances
can mislead. By translating the algorithm’s recurrence into matrix language we find uses for g :

Set ﬂ ::@ first; thenfor j=1, 2,3, ..., n inturn confirm that P} = h ﬂ {ri-l} , with
M 1 T

O<r,<r and r,;=0,s0 | =0 || O 1 0 1 j0 10 1
1 n+1 Lj {1 —q, 1 -q,_, 1 -q,_, 1 gy |1 - |r,

— 0 1 0o 1 o 1 0 1|0 1 :
Now set row [g a] := [1 L _an X _qn_lH 1 —qn_j”{l _qj L _qj to obtain two

I’j+

integers A and B (not both positive) satisfying GCD(a, b) =, =[1 g m =B A @ =B-a+Ab.
0

We havejust found that GCD(a, b) isalinear combination of a and b with integer coefficients,
thus proving the following ... ( Cf. text p. 137, and p. 201 ex. 58.)

Theorem 1: As A and B runindependently through all integers the expression B-a+A-b runs
through a set of integers among which the smallest positive integer is GCD(a, b) =B-a+Ab.

Hard Exercise: Running A and B through all integersisunnecessary: Theorem 1 remainstrue after restrictions
|A|<a and [B|<b<a areimposed; why? Canyou prove |A|<a/GCD(a, b) and |B| < b/GCD(a, b) ? See below.

There are two waysto compute A and B . The easiest isto evaluate from-left-to-right the matrix
product defining [g a] after al the gj’s have been computed; this givesriseto arecurrence:

$ii=1l; Spi=—Uhg; for j=n-2,n-3,...,2,1 inturn §:=S42— 0§41 -
Finally A:=s; and B :=s,. Another way to compute them is to evaluate from-right-to-left the

matrix product defining row [g a] simultaneously with the computation of the ¢;'s:
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BoA:=[01 5 [ByA]=[1 —q) ; for j=2,3,...,n1intun [ A|:=[1 - Ejj::j .
Finaly [ Al Z:[Bn_lAn_l} . Notethat g, never figuresin the computationof A and B .

Whichever way be chosen to compute A, B and GCD(a, b) =B-a+A-b, theagorithmiscalled
“the Extended Euclidean Algorithm” and has important applications. Here is one of them:

Exercise: Givenintegers a,¢ and b>0, whendoes “ax=c modb” haveinteger solutions x ? Here
“p=qg modb” ispronounced “ p iscongruentto q modb” and meansthat p—q isdivisbleby b. Let

d := GCD(a, b) . Exhibital d noncongruent solutions x if and only if d divides c; otherwise prove no solution
X exigts.

Continued Fractions
If d=GCD(a, b) then (a/d)/(b/d) exhibits a/b “inlowest terms’ but is not the only unique
encoding of rational numbers. By substituting rj_/r; = g + 1/(rj/rj+1) repeatedly for j=1,2, ...,
n inturn we obtain a Terminating Continued Fraction
1

1

a
b~ M7

g, +

+

.t 1

+ =

qn—l qn

Thisis the continued fraction for the rational number a/b. Here gq; =1 because a=b>0; in
factevery g;=1 andthelast g,=2 to ensurethat the encoding of each rational a/b>1 by a
finite sequence (qy, Oy, O3, ---, A1, Or—1) Of positive integers be unique. Euclid’'s agorithm

converts arational number given as aratio of integersinto its continued fraction; how do we get
back? The obviousway evaluatesthe continued fraction “bottom-up” : Ry+1:=0; R,:=1; for

j=nn1,n2 ....,2,1 inturn Rj_l = qj-Rj + Rj+1; finaly ab=RyR; inlowest terms.
Exerciser Confirm that every integer R; =r,/GCD(a, b) .

Trangdlating the bottom-up evaluation of the continued fraction into matrix termsyields first

Rial | 1} Ri | then |To :{ql ! {qzl} ..{qn—l L } {qn 1} H . Thislast expression offers
| Ry | [1 0] Ry R,/ [10] |10 1 0/|10]l0

two interesting opportunities. Oneisaway to evaluate the continued fraction “top-down” :

hﬂ ::P : H = ql} ; for j=2,3,...,n inturn H ::{hi—lhi-zl M ; finally {Rﬂ ::m .
% 19 |g |1 g |9-19_4 |1 Ry |9,

This top-down evaluation turns out to be a good way to evaluate endless continued fractions that
encode non-rational numbers; successiveratios hj/g; can be shown to converge alternatingly.
Exercise: The endless continued fractionin which every ¢; =1 represents p :=(1+ V5)/2 ; canyou see why?
Another opportunity offered by that long matrix product isaclear proof of Lamé's Theorem: To
compute d = GCD(a, b) for a>b>0 Euclid’'s algorithm needs n < 1+In(b/d)/In(y) divisions.
Exercise: Proveit by showing every R; isat leastasbigasif every ¢ =1 except g,=2, s0 Ry 2 fnq, @
Fibonacci number, and frq = (W™ — (/W)™ H/(u+ 1p) = p™t. ( Cf. text p. 206.)
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Exercises:

Supposegivenintegers M >1 and N > 1 have GCD(M, N) =1 =n-M —m:-N for someintegers
m and n whose signs are not yet determined.

1) Show why m and n must have the same nonzero sign.
Henceforth we can assumethat n>0 and m>0; otherwiseswap M and N, etc.
2) Whatis GCD(m, n) ?

3) Show how to replace m and n respectively by m and n satisfying
0O<m<M, 0<n<N and 1=nM-mN = nM-mN .

Henceforth we can assumethat 0<m<M and 0<n<N and nM-mN=1. @)

4) Exhibit instances of pairs (M, N) and (m, n) which satisfy these assumptions (), but for
which M >N inoneinstance, and M <N in another.

5) Given that the pairs (M, N) and (m, n) satisfy (1), show how to obtain apair (m, n) that
satisfies 0<m<M and O0<n<N and mN-nM =1, asif M and N had been swapped.

6) Show why (1) impliesthat M—N and m—n have the same nonzero signsunless m=1=n.
(Hint:  (m+n)-(M-N)-1 = (m-n)-(M+N) +1 .)
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