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Continuous-time optimization

» Unconstrained smooth minimization, min,cg f(x), with V£ Lipschitz.

» Optimization algorithms can be obtained by discretizing an ODE.
Nesterov’'s ODE: Su, Boyd, Candes, (2014)

Gradient descent ODE

X = —VFf(X(t))
X(O) — X0

d X —x? /.
| X”:<xx—f>

dt 2
— (VF(X), X~ x'
~(F(X) ~ )

Al

Accelerated Mirror descent

X + 21X = —VF(X)
X(0) = x5, X(0) =0

Energy function

E(F(X) — ) + 51X + X — x*|3

» Constrained smooth minimization, min,cy f(x), with V£ Lipschitz, X closed convex.

» ldea: Start with energy function, design ODE to make it a Lyapunov function.

» Mirror map: Vy*: E* — X

Mirror descent: Nemirovski, Yudin (1983)

Z = —Vf(X)
X = Vyr(Z)
VW(Z(O)) — X0

» Energy function on the dual space:
Bregman divergence
D (Z,2%) = v*(2) — (") — (Vu(27), Z — 27)
ID,(2.2) = (2.96/(2) - V()
—(VF(X), X — x5)
—(F(X) = 17)

Al

-igure: Mirror descent:
Dual: unconstrained gradient dynamics
Primal: mirror of dual.

Accelerated Mirror descent

» Energy function V(X, Z,t) = 5(f(X) — ) + Dy(Z, z¥)

r

%V(X(t),Z(t), t)

- %(f(X) — )+ f—i <Vf(X), X> + <Z', Vyi(Z) =
= Z(F(X) — F) =L (VF(X). X — )

< trr_22(f(X) — ")

» Averaging interpretation:
_ Sy )V (Z(r)dr
X(t) B fot w(T)dT

b b

r—1

, w(T) =1

-igure: Accelerated Mirror descent:
Dual: unconstrained gradient dynamics with increasing weights.

Primal: average of mirrored dual.

W, * conjugate pair of closed convex proper functions.

It ¢ is strictly convex, dom ¥ = X" and epi ¢ has trivial recession cone,

then 9* is finite and differentiable on E*, and V¢y* : E* — &

» Note: 1) not necessarily differentiable.

» Examples on X' = A the n-simplex: //,,A
: X
» Entropy: P 1
Y(x) = > xilnx; + 0a(x) L2

*(z) =Inp_; €% and V*(z); = Ze.:ezf
» Smoothed entropy:

U(x) =D (xi+€)In(x; + €) + oa(x)
V1*(z) can be computed in O(nlog n).

Y(x) =3, zilnw; + 5a(2)
epiy

Solutions and convergence rate

If Vf and V* are Lipschitz, then ODE (1) has a

unique solution, and the solution remains in X

It r > 2, then V izs a Lyapunov function, and
f(X(t)) _ f* S 4 Dw*(Z(O)J*)_

+2
» Consider smoothed ODE X = ——r-o(V4*(Z) — X). o
Has unique solution (Xjs, Z5) by Cauchy-Lipschitz. F(X(t) — " < pV(X(t)a Z(t),t)
» Extract a converging subsequence of (X5, Zs,);: r2 s .
Limit is solution to (1) = EV(X(O)’ 2(0),0) = EDW(Z(O)’ z’)

Discretization

Algorithm 1 Accelerated mirror descent in discrete time B
1 Initialize 9 = V*(209) = xo.
. for k € N do

2
3. z(k) = Z(k=1) (k_sl)er(x(k)).
4

{9 = argmins (VF(xK), %) + R(%, x(K) W/ (@)
ReX
b: X(k+1) — )\kvw*(z(k)) + (]_ _ )\k))"('(k)
6. end for
- M=

» R: (r strongly convex and 1-smooth regularizer.

» S: step size.
» Consistent with ODE as s — 0.

Figure: AMD in discrete time.

lR

then f(X%)) — f* < C/k? where C = Di2z) f(xp) — f™.

S

Proof: V(%) 2K k) is a Lyapunov function.

Restarting

Restarting heuristics

"Reset time to 0" when
> (VF(xW), xkT1) — x(k)y > 0 (trajectory points in a bad direction)
— xR < |Ixt) — xtk=1]| (trajectory decelerates).

Numerical experiments
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(a) lllustration of acceleration and restarting (b) Effect of parameter r: Larger r is slower for small t and faster for

large t; affects period of oscillations.
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(C) Optimum on the boundary: Restarting may not always improve
convergence rate.

Extensions, open questions

» Generalized averaging: » Prove convergence of trajectory X(t).

(1) fot w(T)VyY*(Z(71))dT » Prove faster rate for the restarted ODE.
(t) = fot w(T)dT » Adaptive choice of r?
» Primal representation: » Accelerated ODE for composite optimization.
. 1 . L.
X - rt X = V2" 0 V(X + -X)VF(X)

Constrained non-linear oscillator, vanishing damping.
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