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Abstract

We propose a multi-agent reinforcement learning dynamics, and analyze its conver-
gence properties in infinite-horizon discounted Markov potential games. We focus on
the independent and decentralized setting, where players can only observe the realized
state and their own reward in every stage. Players do not have knowledge of the game
model, and cannot coordinate with each other. In each stage of our learning dynam-
ics, players update their estimate of a perturbed Q-function that evaluates their total
contingent payoff based on the realized one-stage reward in an asynchronous manner.
Then, players independently update their policies by incorporating a smoothed optimal
one-stage deviation strategy based on the estimated Q-function. A key feature of the
learning dynamics is that the Q-function estimates are updated at a faster timescale
than the policies. We prove that the policies induced by our learning dynamics con-
verge to a stationary Nash equilibrium in Markov potential games with probability 1.
Our results build on the theory of two timescale asynchronous stochastic approxima-
tion, and new analysis on the monotonicity of potential function along the trajectory
of policy updates in Markov potential games.

1 Introduction

Multi-agent Reinforcement Learning (MARL) focuses on analyzing the strategic interactions
among multiple players in a dynamic environment, where the utilities and state transition are
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jointly determined by players’ actions. Such problems are of practical importance in many
areas including autonomous driving (Shalev-Shwartz et al. (2016)), adaptive traffic control
(Prabuchandran et al. (2014); Bazzan (2009)), e-commerce (Kutschinski et al. (2003)), and
AI training in real-time strategy games (Vinyals et al. (2019); Brown and Sandholm (2018)).

Markov games and the associated solution concept – stationary Nash equilibrium – have
been proposed to analyze the outcomes of multi-agent interactions in dynamic environment
(Shapley (1953); Littman (1994); Hu and Wellman (2003); Fudenberg and Tirole (1991)).
Researchers have extensively studied various equilibrium computation algorithms and equi-
librium learning dynamics in Markov games. The proposed approaches can be roughly
classified into two categories: The first category includes the coordinated approaches that
require a centralized coordinator to enable communication among players, and to jointly
determine the policy updates (Littman et al. (2001); Perolat et al. (2015); Wei et al. (2017);
Bai and Jin (2020); Bai et al. (2020); Leonardos et al. (2021); Sidford et al. (2020)). The sec-
ond category includes the independent or decentralized approaches, where no coordination is
allowed among players. Studies that fall into this category, although relatively sparse, have
attracted more and more attention in recent years (Perolat et al. (2018); Daskalakis et al.
(2020); Sayin et al. (2020, 2021)).

Contributions. In this article, we propose an independent and decentralized multi-agent
reinforcement learning dynamics, and prove its convergence to stationary Nash equilibrium
in infinite-horizon discounted Markov potential games. In our learning dynamics, each player
maintains a q-estimate for every state-action pair in every stage, which evaluates the player’s
total reward contingent on playing that action in the first stage with that state while following
the current policy for the rest of the game (represented as the Q-function defined in Sec. 2).
In each stage, players update their q-estimate based on the state at that stage, their own
action and reward. Then, players update their policies based on the updated q-estimate. In
particular, our learning dynamics has the following features:

1. The dynamics is decentralized, and only requires the minimum information: Players only
observe the state and their realized payoff in every stage. They do not need to know the
existence of other players, and do not need any knowledge of the utility functions or the
state transition matrix.

2. Players independently adjust their policies without communication or coordination with
others.

3. Players are self-interested in that their updated policy incorporates a smoothed optimal
one-stage deviation that maximize the expected contingent payoff derived from the current
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q-estimate. Additionally, the update of the q-estimates adds a small perturbation in every
stage reward. This reward perturbation turns out to be crucial for the convergence of our
dynamics.

4. The dynamics is asynchronous. In every stage, only the q-estimate of the realized state-
action pair is updated, and only the policy corresponding to the realized state is updated.
The remaining elements in q-estimate and policy remain unchanged.1 Furthermore, each
player counts the number of times a state and an action is realized. The stepsize of
updating the element corresponds to each state and action is asynchronously adjusted
according to the counter.

5. The dynamics have two timescale: the q-estimate is updated at a faster timescale com-
pared to the policy update. That is, the speed of players learning their estimated contin-
gent payoff is asymptotically faster than the speed of policy updates.

We prove that our learning dynamics leads to an approximate Nash equilibrium with
probability 1, and this approximate Nash equilibrium becomes a Nash equilibrium when
the payoff perturbation goes to zero. This convergence result indicates that players’ self-
interested policy adjustment can naturally leads to an equilibrium in Markov potential game
under the minimum information environment. No coordination is needed so long as players’
policies are updated slower than their q-estimates.

In the proof of convergence theorem, we apply the theory of asynchronous stochastic
approximation to exploit the time separation between the updates of q-estimate and policy
(Borkar (2009); Tsitsiklis (1994); Perkins and Leslie (2013)). In particular, we show that our
setting satisfies a set of verifiable conditions provided by Perkins and Leslie (2013), which
guarantee that the analysis of the discrete time dynamics can be analyzed by the corre-
sponding continuous time dynamical system. In this dynamical system, the fast dynamics
– update of the q-estimates – can be analyzed while viewing the policy updates (the slow
dynamics) as static. Therefore, the update of q-estimates convergence reduces to the con-
vergence of standard Q-learning in a single-agent reinforcement problem, and we prove that
the q-estimate of each player converges to their perturbed Q-function.

On the other hand, the analysis of the slow dynamics – the policy updates – can take
the q-estimate as convergent. We construct a perturbed potential function to serve as the
Lyapunov function of the continuous time dynamical system associated with the policy

1As a result, if a state or an action is never visited, the corresponding q-estimate and policy remain
unchanged. We ensure that every state-action pair is repeatedly realized for each agent by imposing a
mild irreducibility assumption on the state transition matrix, and adopting the smoothed optimal one-stage
deviation in policy update that as a full support on the action set.
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updates. We prove that the value of the perturbed potential function increases along the
trajectory of policy updates. As a result, the policy updates lead to a global optimum of the
perturbed potential function, which is an approximate Nash equilibrium. The approximate
Nash equilibrium becomes a Nash equilibrium as the payoff perturbation goes to zero.

Literature review (brief).2 Our proposed learning dynamics and convergence result con-
tribute to the growing literature of multi-agent reinforcement learning in Markov potential
games (Leonardos et al. (2021); Zhang et al. (2021); Song et al. (2021)). In a Markov poten-
tial game, there exists a potential function that describes the change of each player’ expected
total payoff under unilateral policy deviation. As a result, a stationary Nash equilibrium
policy can be solved as the global optimum of the potential function, and gradient-based
algorithms have been proposed to compute the stationary Nash equilibrium (Zhang et al.
(2021); Leonardos et al. (2021)) for discounted infinite horizon setting and for finite hori-
zon episodic setting (Mao et al. (2021); Song et al. (2021)). Our focus is different in that
we analyze how stationary Nash equilibrium can naturally arise through repeated policy
adjustment by self-interested players in a decentralized manner.

The paper Perolat et al. (2018) considered a similar actor-critic based decentralized learn-
ing dynamics, and showed its converges to Nash equilibrium in cooperative multistage games
– a special case of Markov games such that each stage is visited only once, and the state
transition has a tree structure with finite depth. There are two key differences between our
learning dynamics and theirs: (a) we consider updates with asynchronous stepsizes that are
adjusted based on counters of each state and each state-action pair; (b) the q-estimate up-
date in our dynamics introduces a reward perturbation in each stage. It turns out that these
two differences are crucial for us to achieve equilibrium convergence in a much more general
setting – Markov potential games with infinite stages and no restrictions on state transition
other than irreducibility. Moreover, since the proof techniques developed in Perolat et al.
(2018) exploits the special structure of multistage games, they cannot be applied in our set-
ting. Instead, we develop a new approach that involves recent development of asynchronous
stochastic approximation theory, a novel construction of perturbed potential function, and
new policy convergence proof in infinite-horizon Markov games.

Additionally, the MARL dynamics proposed by Sayin et al. (2021) for zero-sum dis-
counted Markov games shares similar features with ours – their MARL dynamics is also
decentralized, independent, asynchronous, and has two timescale. Our learning dynamics
and convergence analysis differ from Sayin et al. (2021) in two aspects:

- The dynamics in Sayin et al. (2021) updates q-estimates at a slower timescale, and update
2A complete literature review is provided in the appendix.
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policies faster, while our policy update is slower compared to the q-estimate update. The
analysis in their paper exploits the properties of zero-sum Markov games to demonstrate
the convergence of policy updates while holding q-estimate as constant.

- The dynamics in Sayin et al. (2021) only counts the number of times a state is visited,
but does not count the number of times a state-action pair is visited. The step-size in
their q-estimate update for each state-action pair is adjusted based on the counter of
states, and is normalized by the probability of taking that action given the policy in that
stage. On the other hand, our step-size in q-estimate update is asynchronously adjusted
for every state-action pair based on the associated counter. As a result, their analysis of
asynchronous updates and time separation is different from ours, and requires a different
set of assumptions on stepsizes.

Finally, our results also advances the rich literature of learning in stateless potential game
that includes continuous and discrete time best response dynamics (Monderer and Shapley
(1996b); Swenson et al. (2018)), fictitious play (Monderer and Shapley (1996a); Hofbauer
and Sandholm (2002); Marden et al. (2009)), replicator dynamics(Panageas and Piliouras
(2016); Hofbauer and Sigmund (2003)), no-regret learning (Heliou et al. (2017); Krichene
et al. (2014)), and payoff-based learning (Cominetti et al. (2010)). In particular, our learning
dynamics share similar spirit with the payoff-based learning dynamics in stateless potential
game (Cominetti et al. (2010)). In a payoff-based learning dynamics, players update the
estimate of payoffs associated with each action in a decentralized manner only based on their
own payoff in each stage, and update their mixed strategy by incorporating a smoothed best
response given the payoff estimate. In a Markov potential game, due to the joint evolvement
between state and actions, we need to introduce the time separation, and keep track of the
payoff (q-estimate) for every state-action pair in an asynchronous manner. Additionally, the
smoothed best response mixed strategy becomes the smoothed optimal one-stage deviation
policy. We emphasize that our analysis approach is completely different from that in stateless
potential games. Furthermore, our construction of perturbed potential function is new, and
our policy convergence proof uses tools in reinforcement learning. Therefore, our results in
Markov potential games are not direct extension of the ones in stateless potential games.

Organization. In Sec. 2, we define the Markov potential game and stationary Nash equi-
librium. We present our learning dynamics and convergence result in Sec. 3. We present a
numerical example in Sec. 4. Proofs of the results are included in the appendix.
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2 Game Model

Markov games. Consider a game G with finite set of players I who interact with one another
in a discrete-time dynamic environment over an infinite time horizon. We characterize the
Markov game by a tuple G = 〈S, (Ai)i∈I , (ui)i∈I , P, δ〉, where

- S is a finite set of states s.

- Ai is a finite set of actions ai for each player i ∈ I, and a = (ai)i∈I ∈ A = ×i∈IAi is the
action profile of all players.

- ui : S × A→ R is the one-stage payoff (i.e. utility) function of player i, where ui(s, a) is
the one-stage payoff of player i when the state is s ∈ S, and the action profile is a ∈ A.3

Players may not know their own utility function or the utility functions of the opponents.

- P = (P (s′|s, a))s,s′∈S,a∈A is the state transition matrix, where P (s′|s, a) is the probability
that state changes from s to s′ with action profile a. Players may not know the transition
matrix.

- δ ∈ (0, 1) is the discount factor.

We consider a stationary (Markov) policy πi = (πi(s, ai))s∈S,ai∈Ai ∈ Πi = ∆(Ai)|S|,
where πi(s, ai) is the probability that player i chooses action ai with state s. Let πi(s) =
(πi(s, ai))ai∈Ai for each i ∈ I and each s ∈ S. Additionally, we denote the joint policy
profile as π = (πi)i∈I ∈ Π = ×i∈IΠi, and the joint policy of all players except player i as
π−i = (πj)j∈I\{i} ∈ Π−i = ×j∈I\{i}Πj.

The game proceeds in discrete-time stages indexed by k = {0, 1, ...}. At k = 0 the
initial state s0 is sampled from a distribution µ. At every time k, given the state sk, each
player’s action aki ∈ Ai is realized from the policy πi(sk), and the realized action profile
is ak = (aki )i∈I . The state of the next stage sk+1 is realized according to the transition
matrix P (·|sk, ak) based on the current state sk and action profile ak. Given an initial state
distribution µ, and a stationary policy profile π, the expected total discounted payoff of each
player i ∈ I is given by:

Vi(µ, π) = E
[ ∞∑
k=0

δkui(sk, ak)
]
, (1)

3All our results hold when the reward is randomly realized according to ui(s, a) + ξi(s, a), where ξ(s, a)
is a noise term with zero mean and bounded support.
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where s0 ∼ µ, ak ∼ π(sk), and sk ∼ P (·|sk−1, ak−1). For the rest of the article, with slight
abuse of notation, we use Vi(s, π) to denote the expected total utility of player i when the
initial state is a fixed state s ∈ S. Then, we have

Vi(µ, π) =
∑
s∈S

µ(s)Vi(s, π). (2)

We assume that the initial state distribution µ has full support on S, and there exists at
least one action profile such that the induced Markov process of state transition is irreducible.

Assumption 2.1. The initial state distribution µ(s) > 0 for all s ∈ S. Additionally, there
exists a joint action a ∈ A such that the induced Markov chain with probability transition
(P (s′|s, a))s,s′∈S is irreducible and aperiodic.

Q-function, and one-stage optimal deviation. Given any policy π ∈ Π, and any initial
state s ∈ S, we define the following Q-function for each player i ∈ I and action ai ∈ Ai:

Qi(s, ai; π) =
∑

a−i∈A−i
π−i(s, a−i)

ui(s, ai, a−i) + δ
∑
s′∈S

P (s′|s, ai, a−i)Vi(s′, π)
 . (3)

In (3), player i’s expected utility in the first stage with state s is derived from playing
action ai and her opponents’ play π−i. The expected total utility starting from stage 2 is
derived from all players following policy π. Therefore, the Q-function Qi(s, ai; π) represents
player i’s expected total utility when the game starts in state s, and player i deviates from
her policy to play ai in the first stage. Then, player i’s optimal one-stage deviation from
policy π in state s is bri(s; π) given by:

bri(s; π) = arg max
π̂i(s)

∑
ai∈Ai

π̂i(s, ai)Qi(s, ai, π), ∀s ∈ S. (4)

We denote player i’s optimal one-stage deviation for all states as bri(π) = (bri(s; π))s∈S.

Nash equilibrium and Markov potential games.

Definition 2.2 (Stationary Nash equilibrium policy). A policy profile π∗ is a stationary
ε-Nash equilibrium policy of G with ε ≥ 0 if for any i ∈ I, any πi ∈ Πi, and any µ ∈ ∆(S),

Vi(µ, π∗i , π∗−i) ≥ Vi(µ, πi, π∗−i)− ε.

As ε→ 0, an ε-Nash equilibrium becomes a Nash equilibrium.
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That is, the equilibrium policy π∗i of each player i maximizes their expected total utility
given the opponents’ policy π∗−i. A stationary Nash equilibrium policy always exists in a
Markov game with finite states and actions (Fudenberg and Tirole (1991)).

Definition 2.3 (Markov potential games — Leonardos et al. (2021)). A Markov game G is
a Markov potential game if there exists a state-dependent potential function Φ : S × Π→ R
such that for every s ∈ S,

Φ(s, π′i, π−i)− Φ(s, πi, π−i) = Vi(s, π′i, π−i)− Vi(s, πi, π−i), (5)

for any i ∈ I, any πi, π′i ∈ Πi, and any π−i ∈ Π−i.

Definition 2.3 shows that in a Markov potential game, there exists a potential function
such that if a single agent changes their policy, then the change of the value of the potential
function equals to the change of the deviator’s expected total utility.4 Moreover, given the
initial state distribution µ, we define Φ(µ, π) := ∑

s∈S µ(s)Φ(s, π). Then, from (5), we have:

Φ(µ, π′i, π−i)− Φ(µ, πi, π−i) = Vi(µ, π′i, π−i)− Vi(µ, πi, π−i), ∀i ∈ I, ∀πi, π
′
i ∈ Πi, ∀π−i ∈ Π−i.

As a result, the global maximizer π∗ = arg maxπ∈Π Φ(µ, π) must be a stationary Nash equi-
librium policy of the Markov potential game. However, directly computing the Nash equilib-
rium as the maximizer of Φ(µ, π) is challenging due to the fact that Φ(µ, π) can be non-linear
and non-concave. Also, optimization tools that are used for computing the global maximizer
typically require centralized coordination or communication among agents. Instead, we show
that a stationary Nash equilibrium policy naturally arises from our proposed two timescale
learning dynamics when players are learning in an independent and decentralized manner.

3 Independent and decentralized learning dynamics

In this section, we present the independent and decentralized learning dynamics, and analyze
its convergence property.

Information environment of the learning dynamics. Each player i ∈ I knows the state
set S, and their own action set Ai. Players may not know the state transition probability
matrix P , their own or others utility functions {ui}i∈I . Players may not even know the

4We can analogously define the weighted Markov potential game: A Markov game G is a weighted
Markov potential game if there exists a state-dependent weighted potential function Φ(s, π) and a weight
vector w = (wi)i∈I ∈ RI+ such that Φ(s, π′i, π−i) − Φ(s, πi, π−i) = wi(Vi(s, π′i, π−i) − Vi(s, πi, π−i)) for any
i ∈ I, any πi, π

′
i ∈ Πi, and any π−i ∈ Π−i. All results presented in our paper can be extended to weighted

Markov potential games.
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existence of other players. In each stage k = 0, 1, 2, . . . , players observe the realized state
sk, and their own realized reward rki = ui(sk, ak). Players do not observe the actions or the
rewards of their opponents.

Learning dynamics (Algorithm 1). In our learning dynamics, each player i ∈ I updates
four components {nk, ñki , q̃ki , πki }∞k=0 in every stage k. In particular, nk = (nk(s))s∈S is the
vector of state counters, where nk(s) is the number of times state s is realized before stage
k. For each player i ∈ I, ñki = (ñki (s, ai))s∈S,ai∈Ai is the counter of state-action tuple, where
ñki (s, ai) is the number of times that player i has played action ai in state s before stage k.
Additionally, q̃ki = (q̃ki (s, ai))s∈S,ai∈Ai is player i’s q-estimate of her perturbed Q-function (to
be defined next), and πki = (πki (s, ai))s∈S,ai∈Ai is player i’s policy in stage k. Before discussing
the updates of {q̃ki , πki }∞k=0, we first describe the perturbed Markov game as preparation.

Perturbed Q-function, and smoothed one-stage optimal deviation. We define a
perturbed Markov game G̃, where the one-stage expected utility of player i ∈ I with state s
and policy π(s) is

ũi(s, π) = Ea∼π(s)[ui(s, a)]− τνi(s, πi),

where τ > 0, and νi(s, πi) is a regularizer given by

νi(s, πi) =
∑
ai∈Ai

πi(s, ai) log(πi(s, ai)). (10)

Analogous to (1) and (3), given any initial state s and any policy profile π, the expected
total discounted utility function of player i is given by:

Ṽi(s, π) = E
[ ∞∑
k=0

δk
(
ui(sk, ak)− τνi(sk, πi

)]
,

where ak ∼ π(sk), and sk ∼ P (·|sk−1, ak−1).
Additionally, the perturbed Q-function Q̃i(s, ai; π) for each i ∈ I, s ∈ S and ai ∈ Ai is

given by:

Q̃i(s, ai;π) =
∑

a−i∈A−i
π−i(s, a−i)

ui(s, ai, a−i)− τνi(s, πi) + δ
∑
s′∈S

P (s′|s, ai, a−i)Ṽi(s′, π)

 . (11)

We note that as τ → 0, Ṽi(s, π) → Vi(s, π) and Q̃i(s, ai; π) → Qi(s, ai; π). The smoothed
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Algorithm 1 Independent and decentralized learning dynamics
Initialization: n0(s) = 0,∀s ∈ S; ñ0

i (s, ai) = 0, q̃0
i (s, ai) = 0 and π0

i (s, ai) =
1/|Ai|, ∀(i, ai, s).
In stage 0, each player observes s0, choose their action a0

i ∼ π0
i (s0), and observe r0

i =
ui(s0, a0).
In every step k = 1, 2, ..., each player observes sk, and independently updates
{nki , ñki , q̃ki , πki }.
Update nk, ñki :

nk(sk−1) = nk−1(sk−1) + 1, nk(s) = nk−1(s), ∀s 6= sk−1, (6)
ñki (sk−1, ak−1

i ) = ñk−1
i (sk−1, ak−1

i ) + 1, ñki (s, a) = ñk−1
i (s, a), ∀ (s, a) 6= (sk−1, ak−1

i ). (7)

Update q̃ki :

q̃ki (sk−1, ak−1
i ) = q̃k−1

i (sk−1, ak−1
i ) + α(ñki (sk−1, ak−1

i )) ·
(
rk−1
i

− τνi(sk−1, πk−1
i ) + δ

∑
ai∈Ai

πk−1
i (sk, ai)q̃k−1

i (sk, ai)− q̃k−1
i (sk−1, ak−1

i )
)
, (8a)

q̃ki (s, ai) = q̃k−1
i (s, ai), ∀ (s, ai) 6= (sk−1, ak−1

i ), (8b)

where rk−1
i = ui(sk−1, ak−1), and νi(sk−1, πk−1

i ) is given by (10).
Update πki :

πki (sk−1, ai) = πk−1
i (sk−1, ai) + β(nk(sk−1))· exp

(
q̃k−1
i (sk−1, ai)/τ

)
∑
a
′
i∈Ai

exp
(
q̃k−1
i (sk−1, a

′
i)/τ

) − πk−1
i (sk−1, ai)

 , ∀ai ∈ Ai, (9a)

πki (s, ai) = πk−1
i (s, ai), ∀ s 6= sk−1. (9b)

At the end of stage k, each player chooses their action aki ∼ πki (sk), observes their own
realized reward rki = ui(sk, ak).
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optimal one-stage deviation from policy π in state s, denoted as b̃ri(s; π), is:

b̃ri(s; π) = arg max
π̂i(s)

 ∑
ai∈Ai

π̂i(s, ai)Q̃i(s, ai, π)− τ
∑
ai∈Ai

π̂i(s, ai) log(π̂i(s, ai))
 , ∀s ∈ S.

(12)

Additionally, we can prove the following properties of the perturbed game G̃:

Lemma 3.1.

(a) The smoothed optimal one-stage deviation for player i given by policy π in state s is:

b̃ri(s, ai; π) =
exp

(
Q̃i(s, ai; π)/τ

)
∑
a
′
i∈Ai

exp
(
Q̃i(s, a′i; π)/τ

) , ∀ai ∈ Ai. (13)

For any τ > 0 and any π ∈ Π, b̃ri(s, ai; π) > 0 for all ai ∈ Ai and all s ∈ S.

(b) The game G̃ is a Markov potential game with the following potential function:

Φ̃(s, π) = Φ(s, π)− τE
[∑
i∈I

∞∑
k=0

δkνi(sk, πi)
]
. (14)

(c) For any ε > 0, there exists a threshold τ † such that for any τ < τ †, the stationary Nash
equilibrium π̃∗ policy in G̃ with τ is an ε-Nash equilibrium of G. Furthermore, as τ → 0,
π̃∗ → π∗.

Algorithm analysis. In Algorithm 1, q̃ki can be viewed as player i’s estimate of her per-
turbed Q-function in stage k. Given (sk−1, ak−1

i ), the estimate q̃ki (sk−1, ak−1
i ) is updated in

(8) as a linear combination of the estimate q̃k−1
i (sk−1, ak−1

i ) in the previous stage, and a new
estimate that is comprised of the realized perturbed one-stage payoff rk−1

i − τνi(sk−1, πk−1
i )

and the estimated total discounted payoff from the next stage. On the other hand, the
policy πki (sk−1) updated in (9) is a linear combination of the policy πk−1

i (sk−1) in the previ-
ous stage, and player i’s smoothed optimal one-stage deviation as in (13). Particularly, the
smoothed optimal one-stage deviation is computed using the updated q-estimate q̃ki instead
of the actual Q̃i, which is unknown to the player.

We note that updates of q̃ki (resp. πki ) in each stage only change the element that
corresponds to the realized state and action (sk−1, ak−1) (resp. state sk−1), and the remaining
elements remain unchanged. Since players do not have information of the utility functions or
the transition matrix, they must update their q-estimate for every (s, ai) ∈ S ×Ai infinitely
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often. Indeed, we know from (a) in Lemma 3.1 that the smoothed optimal one-stage deviation
policy has full support on Ai for every i. Therefore, each player i will take every action ai ∈ Ai
with a positive probability in every stage. Furthermore, Assumption 2.1 also guarantees that
every state s ∈ S is realized infinitely often.5

Additionally, the update speed of q̃ki (sk−1, ak−1
i ) (resp. πki (sk−1)) is governed by the step

size sequence α(n) (resp. β(n)) corresponds to the state-action counter n = ñki (sk−1, ak−1
i )

(resp. state counter n = nk(sk−1)). Therefore, the update is asynchronous in that the
stepsizes are different across the elements associated with different states and actions.

Furthermore, we make the following assumption on the stepsizes {α(n)}∞n=1 and {β(n)}∞n=1:

Assumption 3.2. The step sizes {α(n) ∈ (0, 1)}∞n=0 and {β(n) ∈ (0, 1)}∞n=0 satisfies

(i) ∑
n α(n) =∞,∑n β(n) =∞, limn→∞ α(n) = limn→∞ β(n) = 0 and {α(n)}, {β(n)} are

non-increasing sequence

(ii) For some q, q′ ≥ 2, ∑n α(n)1+q/2 <∞ and ∑n β(n)1+q′/2 <∞

(iii) For any x ∈ (0, 1), supn α([xn])/α(n) <∞, supn β([xn])/β(n) <∞

(iv) limn→∞ β(n)/α(n) = 0

Assumption 3.2(i)-(ii) are standard in stochastic approximation theory (Borkar (2009);
Benäım (1999); Tsitsiklis (1994)), and Assumption 3.2(iii) is a technical condition required
in asynchronous updates (Perkins and Leslie (2013)). Assumption 3.2(iv) implies that our
learning dynamics have two timescales: the update of {q̃ki }∞k=0 is asymptotically faster than
the update of {πki }∞k=0. One example of stepsizes that satisfies Assumption 3.2 is α(n) = n−c1

and β(n) = n−c2 where 0 < c1 ≤ c2 ≤ 1.

Theorem 3.3. Suppose that Assumptions 2.1 and 3.2 are satisfied. Given any ε > 0, there
exists τ † > 0 such that for any τ ∈ (0, τ †), the sequence of policy profiles (πk)∞k=0 induced
by Algorithm 1 converges to an ε-Nash equilibrium of the Markov potential game G with
probability 1. Furthermore, as τ → 0, the convergent policy becomes a Nash equilibrium.

To prove Theorem 3.3, we first apply the two-timescale asynchronous stochastic approx-
imation theory to decouple the q-estimate updates and policy updates. We show that under
Assumptions 2.1 and 3.2, our learning dynamics satisfies the set of conditions introduced in
Perkins and Leslie (2013), so that {q̃ki , πki }∞k=0 can be analyzed by the associated continu-
ous time dynamical system. In the appendix, we provide a brief review of the two-timescale

5Detailed discussion is provided in the appendix
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asynchronous stochastic approximation theory, and provide detailed discussions on our setup
under Assumptions 2.1 and 3.2

Secondly, we show in Lemma 3.4 that the fast dynamics of {q̃ki }∞k=0 converges to each
player i’s actual perturbed Q-function. The proof of this lemma relies on the continuous
time dynamical system at the fast timescale, where the the policy drifts are treated as
asymptotically negligible errors. Then, we prove the global convergence of the continuous
time dynamical system using the contraction property of Bellman operator.

Lemma 3.4. For any s ∈ S, ai ∈ Ai and i ∈ I, limk→∞ |q̃ki (s, ai) − Q̃i(s, ai, πk)| = 0 with
probability 1.

Next, we analyze the policy updates with respect to the convergent values of the q-
estimates provided by the fast dynamics as in Lemma 3.4. Particularly, the policy πki (sk−1)
in (9) becomes a linear combination of πk−1

i (sk−1), and the smoothed optimal one-stage devi-
ation b̃ri(sk−1; πk−1) based on the actual perturbed Q-function as in (13). Under Assumption
2.1 and Assumption 3.2, the convergence properties of {πk}∞k=0 can be analyzed using the
following continuous time differential equation, where t ∈ [0,∞) is a continuous time index,
and $t : [0,∞)→ Π is a continuous time policy function:

$̇t
i(s, ai) = γi(s, ai)

 exp(Q̃i(s, ai;$t)/τ)∑
a′i

exp(Q̃i(s, a′i;$t)/τ)
−$t

i(s, ai)
 , ∀ (s, ai), ∀i ∈ I, (15)

and γi(s, ai) is lower bounded by a positive number η > 0 for all (s, ai) ∈ S × Ai, and all
i ∈ I.

To establish the convergence of (15), we define a Lyapunov function as follows :

φ(t) = max
$

∑
s∈S

µ(s)Φ̃(s,$)−
∑
s∈S

µ(s)Φ̃(s,$t), ∀t ∈ [0,∞), (16)

which is the difference of the perturbed potential function at its maximizer with that of its
value at $t. Note that φ(t) ≥ 0, and φ(t) = 0 if and only if $t is the global maximizer of
the perturbed potential function. In addition, we show that φ(t) strictly decreases as long
as $t is not a Nash equilibrium policy. Since the value of the perturbed potential function
is finite, φ(t) converges to zero along the trajectories of $t, and thus $t converges to a Nash
equilibrium of the perturbed game.

Lemma 3.5. d
dt

(φ(t)) < 0 if and only if $t is not a Nash equilibrium. Moreover, limt→∞$
t =

π̃∗, where π̃∗ is a Nash equilibrium of G̃.

We note that the potential function given by (14) incorporates the stage reward pertur-
bation across all stages. We show in the proof of Lemma 3.5 that this way of constructing
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potential function is crucial to guarantee that φ(t) is a Lyapunov function of the continuous
time dynamical system. Moreover, since the perturbed potential function is non-cancave in
each player’s policy, we develop a new approach to demonstrate that φ(t) decreases along
the trajectory of $t.

Finally, based on the stochastic approximation theory, {πk} follow the trajectories of (15)
in the limit. From Lemma 3.5, we know that the discrete time policy updates converge to a
perturbed Nash equilibrium π̃∗.

Lemma 3.6. limk→∞ π
k = π̃∗, w.p.1..

We conclude from Lemmas 3.4 – 3.5 that policy sequence converges to a Nash equilibrium
π̃∗ of the perturbed game G̃. Additionally, from (iii) in Lemma 3.1, we know that π̃∗ is an
ε-Nash equilibrium when τ < τ ∗, and converges to a Nash equilibrium π∗ as τ → 0.

4 Numerical experiments

In this section, we demonstrate the performance of the proposed learning dynamics (Algo-
rithm 1) in a Markov routing game (inspired by the example presented in Leonardos et al.
(2021)). Consider a parallel link network comprising of L links which is repeatedly used by
a set of travelers (i.e. players) denoted by I. At every stage k, each player i picks a link
aki ∈ [L] to commute.

The state of the network is s = (s`)`∈[L], where s` = 1 represents that link ` is unsafe and
s` = 0 represents that ` is safe. The probability that the state of a link transitions to unsafe
for next time step k+ 1 is λ1 if the number of players using that link in step k is larger than
or equal to the threshold T . Moreover, the probability that the state of a link transitions to
safe for next time step k + 1 is λ2 if the number of players using that link in step k is larger
than or equal to the threshold T .

Given network state s and joint action a, the utility of player i is

ui(s, a) =
L∑
j=1

I(ai = `)
(
b` −m`(1 + s`)

∑
p∈I

I(ap = `)
)
,

where b`,m` are positive scalars for every ` ∈ [L]. Here, b` is the fixed utility of using
link ` ∈ [L], and m`(1 + s`)

∑
p∈I I(ap = j) represents the cost of using ` given the total

number of players using link ` and the state of the link `. The goal of every player i ∈ I
is to choose a policy πi : S → ∆([L]) to minimize the long run expected discounted payoff
E[∑∞k=0 δ

kui(sk, ak)]. For the purpose of numerical experiments we run the algorithm for K
iterations.
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We present the numerical results for L = 2, T = 2, m1 = 2, b1 = 9, m2 = 4, b2 = 16,
δ = 0.5 , λ1 = 0.8, λ2 = 0.2. The step size sequence we use are α(n) = (n + 1)−0.6, β(n) =
(n+ 1)−1. We study the performance of Algorithm 1 in the following three settings

(S1) we set |I| = 4, τ = 10−3, K = 5× 103;

(S2) we set |I| = 4, τ = 10−6, K = 5× 103;

(S3) we set |I| = 8, τ = 10−6, K = 103.

We observe that the sequences of q-estimate and policy of every player converge in all of
(S1) (Figure 1(a)-1(b)), (S2) (Figure 2(a)-2(b)) and (S3) (Figure 3(a)-3(b)). To show that
the converged policies are close to a Nash equilibrium, we study the function:

‖Vi(·, πki , πK−i)− max
π′i∈Πi

Vi(·, π′i, πK−i)‖1,

where πKi is the policy update after K iterations and πki is kth policy update. We see that this
measure goes to zero6 in all of (S1)-(S3) in Figure 1(c), 2(c), 3(c). Moreover, we see that
decreasing τ increases the convergence speed (refer Fig 1(c) and Fig 2(c)). Furthermore, as
expected we observe that increasing the number of players decreases the convergence speed
(refer Fig 3(c)).

5 Conclusions

We presents a decentralized learning dynamics with two timescales, where self-interested
players independently update their estimate of contingent payoffs and their policies based
on received reward in each stage. We prove that a Nash equilibrium naturally arises as the
long run outcome for our learning dynamics in Markov potential games with infinite horizons.
Our results demonstrate that Nash equilibrium can be achieved in Markov potential games
under the minimum information environment without coordination among players.
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(a) Perturbed q-estimate
(τ = 10−3)

(b) Policy update (τ = 10−3) (c) Distance to Nash
equilibrium (τ = 10−3)

Figure 1: Convergence of q-estimate (8) and policies (9) at τ = 10−3 after 5 × 103 steps
of Algorithm 1. First two figures corresponds to convergence of iterates in Algorithm 1.
While the last figure corresponds to how quickly the strategies approach a Nash equilibrium
strategy. In each of the figures the four curves correspond to four players. Blue curves
corresponds to player 1, orange curves corresponds to Player 2, green curves corresponds to
player 3 and red curves corresponds to player 4.

(a) Perturbed q-estimate
(τ = 10−6)

(b) Policy update (τ = 10−6) (c) Distance to Nash
equilibrium (τ = 10−6)

Figure 2: Convergence of q-estimate (8) and policies (9) at τ = 10−6 after 5 × 103 steps
of Algorithm 1. First two figures corresponds to convergence of iterates in Algorithm 1.
While the last figure corresponds to how quickly the strategies approach a Nash equilibrium
strategy. In each of the figures the four curves correspond to four players. Blue curves
corresponds to player 1, orange curves corresponds to Player 2, green curves corresponds to
player 3 and red curves corresponds to player 4.
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(a) Perturbed q-estimate
(τ = 10−6)

(b) Policy update (τ = 10−6) (c) Distance to Nash
equilibrium (τ = 10−6)

Figure 3: Convergence of q-estimate (8) and policies (9) at τ = 10−6 after 5 × 103 steps
of Algorithm 1. First two figures corresponds to convergence of iterates in Algorithm 1.
While the last figure corresponds to how quickly the strategies approach a Nash equilibrium
strategy. In each of the figures the eight curves correspond to eight players.
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Mao, W., Başar, T., Yang, L. F., and Zhang, K. (2021). Decentralized cooperative multi-
agent reinforcement learning with exploration. arXiv preprint arXiv:2110.05707.

Marden, J. R., Arslan, G., and Shamma, J. S. (2009). Joint strategy fictitious play with
inertia for potential games. IEEE Transactions on Automatic Control, 54(2):208–220.

Matignon, L., Laurent, G. J., and Le Fort-Piat, N. (2012). Independent reinforcement
learners in cooperative markov games: a survey regarding coordination problems. The
Knowledge Engineering Review, 27(1):1–31.

Mazumdar, E., Ratliff, L. J., Jordan, M. I., and Sastry, S. S. (2019). Policy-gradient al-
gorithms have no guarantees of convergence in linear quadratic games. arXiv preprint
arXiv:1907.03712.

Monderer, D. and Shapley, L. S. (1996a). Fictitious play property for games with identical
interests. Journal of economic theory, 68(1):258–265.

Monderer, D. and Shapley, L. S. (1996b). Potential games. Games and economic behavior,
14(1):124–143.

Panageas, I. and Piliouras, G. (2016). Average case performance of replicator dynamics in
potential games via computing regions of attraction. In Proceedings of the 2016 ACM
Conference on Economics and Computation, pages 703–720.

Perkins, S. and Leslie, D. S. (2013). Asynchronous stochastic approximation with differential
inclusions. Stochastic Systems, 2(2):409–446.

19



Perolat, J., Piot, B., and Pietquin, O. (2018). Actor-critic fictitious play in simultaneous
move multistage games. In International Conference on Artificial Intelligence and Statis-
tics, pages 919–928. PMLR.

Perolat, J., Scherrer, B., Piot, B., and Pietquin, O. (2015). Approximate dynamic program-
ming for two-player zero-sum markov games. In International Conference on Machine
Learning, pages 1321–1329. PMLR.

Prabuchandran, K., AN, H. K., and Bhatnagar, S. (2014). Multi-agent reinforcement learning
for traffic signal control. In 17th International IEEE Conference on Intelligent Transporta-
tion Systems (ITSC), pages 2529–2534. IEEE.

Sastry, S. (2013). Nonlinear systems: analysis, stability, and control, volume 10. Springer
Science & Business Media.

Sayin, M., Zhang, K., Leslie, D., Basar, T., and Ozdaglar, A. (2021). Decentralized q-
learning in zero-sum markov games. Advances in Neural Information Processing Systems,
34.

Sayin, M. O., Parise, F., and Ozdaglar, A. (2020). Fictitious play in zero-sum stochastic
games. arXiv preprint arXiv:2010.04223.

Schoenmakers, G., Flesch, J., and Thuijsman, F. (2007). Fictitious play in stochastic games.
Mathematical Methods of Operations Research, 66(2):315–325.

Shah, D., Somani, V., Xie, Q., and Xu, Z. (2020). On reinforcement learning for turn-based
zero-sum markov games. arXiv preprint arXiv:2002.10620.

Shalev-Shwartz, S., Shammah, S., and Shashua, A. (2016). Safe, multi-agent, reinforcement
learning for autonomous driving. arXiv preprint arXiv:1610.03295.

Shapley, L. S. (1953). Stochastic games. Proceedings of the national academy of sciences,
39(10):1095–1100.

Sidford, A., Wang, M., Yang, L., and Ye, Y. (2020). Solving discounted stochastic two-
player games with near-optimal time and sample complexity. In International Conference
on Artificial Intelligence and Statistics, pages 2992–3002. PMLR.

Song, Z., Mei, S., and Bai, Y. (2021). When can we learn general-sum markov games with
a large number of players sample-efficiently? arXiv preprint arXiv:2110.04184.

20



Swenson, B., Murray, R., and Kar, S. (2018). On best-response dynamics in potential games.
SIAM Journal on Control and Optimization, 56(4):2734–2767.
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Appendix

The appendix is organized as follows. In Sec A we present a detailed description of existing
related works. In Sec B we review the theory of two-timescale asynchronous stochastic
approximation from Perkins and Leslie (2013). In Sec C we verify that our dynamics (8)-(9)
satisfy the set of conditions that enable us to use the theory stated in Sec B. In Sec D we
present the proofs of our results in Sec 3.

A Related works

Markov games and the associated solution concept – stationary Nash equilibrium – have
been proposed to analyze the outcomes of multi-agent interactions in dynamic environment
(Shapley (1953); Littman (1994); Filar and Vrieze (2012); Fudenberg and Tirole (1991)).
Markov games have been treated in a variety of settings which can be broadly categorized as
infinite horizon discounted reward setting Littman (1994); Szepesvári and Littman (1999);
Littman et al. (2001); Hu and Wellman (2003); Arslan and Yüksel (2016); Borkar (2002);
Leslie et al. (2020); Perolat et al. (2018); Sidford et al. (2020); Sayin et al. (2020, 2021);
Daskalakis et al. (2020); Wei et al. (2021); Perolat et al. (2015); Shah et al. (2020); Zhao
et al. (2021); Guo et al. (2021); Zhang et al. (2020); Leonardos et al. (2021), infinite horizon
time-averaged reward setting Schoenmakers et al. (2007); Filar and Vrieze (2012); Wei et al.
(2017), finite horizon episodic setting Filar and Vrieze (2012); Jin et al. (2021); Bai et al.
(2020); Liu et al. (2021); Bai and Jin (2020); Xie et al. (2020); Mao et al. (2021); Song et al.
(2021) and others e.g. continuous state and action settings Mazumdar et al. (2019); Zhang
et al. (2019). Out of these, in this work we focus on infinite horizon discounted reward
setting.

Shapley (1953) presented minimax-value iteration in zero-sum Markov games, which
they showed converges to the equilibrium. Littman (1994) proposed a model free algorithm
– namely minmax Q-learning algorithm – whose asymptotic convergence guarantee was es-
tablished in Szepesvári and Littman (1999). Hu and Wellman (2003); Littman et al. (2001)
extended the Q-learning algorithm from zero-sum games Littman (1994) to general-sum
games under some conditions. Moreover, majority of literature in multi-agent RL deal with
zero-sum Markov games Sidford et al. (2020); Shah et al. (2020); Zhang et al. (2020); Zhao
et al. (2021); Leslie et al. (2020); Sayin et al. (2020, 2021); Daskalakis et al. (2020); Guo et al.
(2021) where they exploit the min-max dynamic programming framework Shapley (1953).
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Our proposed learning dynamics and convergence result contribute to the growing lit-
erature of multi-agent reinforcement learning in Markov potential games (Leonardos et al.
(2021); Zhang et al. (2021); Song et al. (2021); Mao et al. (2021)). In a Markov potential
game, there exists a potential function that describes the change of each player’ expected
total payoff under unilateral policy deviation. As a result, a stationary Nash equilibrium
policy can be solved as the global optimum of the potential function, and gradient-based
algorithms have been proposed to compute the stationary Nash equilibrium (Zhang et al.
(2021); Leonardos et al. (2021)) for discounted infinite horizon setting. Our focus is different
in that we analyze how stationary Nash equilibrium can naturally arise through independent
policy adjustments by self-interested players in a decentralized manner.

One of the main challenges associated with developing provably converging independent
and decentralized algorithm is that of non-stationarity induced in the environment as the
players learn. Indeed, naively deploying single-agent RL algorithms to obtain independent
and decentralized multi-agent algorithm may lead to non-convergence to Nash equilibrium
Tan (1993); Matignon et al. (2012); Mazumdar et al. (2019). In Arslan and Yüksel (2016)
the authors presented a decentralized MARL algorithm albeit with coordination in acyclic
Markov games, which subsume Markov team games. In this setup the players take a fixed
policy for extended period of times (referred as exploration phase). This induces stationarity
in the environment of every player which ensures that it forms accurate estimates of the
Q-functions. In the context of two-player zero-sum games some recent studies have also
developed decentralized and independent learning algorithms Daskalakis et al. (2020); Guo
et al. (2021) but these algorithms also require coordination between players either in form
of asymmetric step sizes Daskalakis et al. (2020) or fixing policies of one of the players to
learn the best response of other player Guo et al. (2021).

Two-timescale based algorithms present a nice framework to overcome the non-stationarity
in the environment Borkar (2002); Perolat et al. (2018); Sayin et al. (2020, 2021). Borkar
(2002) proposed an actor-critic based algorithm Konda and Tsitsiklis (1999), where players
update policies at slower timescale than the value function estimate. The author showed
that certain weighted empirical distribution of actions played converges to a generalized
Nash equilibrium, which need not imply convergence to Nash equilibrium. In Perolat et al.
(2018) the authors considered a similar actor-critic based decentralized learning dynamics,
and showed its converges to Nash equilibrium in cooperative multistage games – a special
case of Markov games such that each stage is visited only once, and the state transition
has a tree structure with finite depth. There are two key differences between our learning
dynamics and theirs:

(a) we consider updates with asynchronous stepsizes that are adjusted based on counters

23



of each state and each state-action pair;

(b) the q-estimate update in our dynamics introduces a reward perturbation in each stage.

It turns out that these two differences are crucial for us to achieve equilibrium convergence in
a much more general setting – Markov potential games with infinite stages and no restrictions
on state transition other than irreducibility. Moreover, since the proof techniques developed
in Perolat et al. (2018) exploits the special structure of multistage games, they cannot be
applied in our setting. Instead, we develop a new approach that involves recent development
of asynchronous stochastic approximation theory, a novel construction of perturbed potential
function, and new policy convergence proof in infinite-horizon discounted Markov games.

In Sayin et al. (2021) for zero-sum discounted Markov games shares similar features with
ours – their MARL dynamics is also decentralized, independent, asynchronous, and has two
timescale. Our learning dynamics and convergence analysis differ from Sayin et al. (2021)
in two aspects:

(a) The dynamics in Sayin et al. (2021) updates q-estimates at a slower timescale, and
update policies faster, while our policy update is slower compared to the q-estimate
update. The analysis in their paper exploits the properties of zero-sum Markov games
to demonstrate the convergence of policy updates while holding q-estimate as constant;

(b) The dynamics in Sayin et al. (2021) only counts the number of times a state is visited,
but does not count the number of times a state-action pair is visited. The step-size in
their q-estimate update for each state-action pair is adjusted based on the counter of
states, and is normalized by the probability of taking that action given the policy in
that stage. On the other hand, our step-size in q-estimate update is asynchronously
adjusted for every state-action pair based on the associated counter. As a result,
their analysis of asynchronous updates and time separation is different from ours, and
requires a different set of assumptions on stepsizes.

Finally, our results also advances the rich literature of learning in stateless potential game
that includes continuous and discrete time best response dynamics (Monderer and Shapley
(1996b); Swenson et al. (2018)), fictitious play (Monderer and Shapley (1996a); Hofbauer
and Sandholm (2002); Marden et al. (2009)), replicator dynamics(Panageas and Piliouras
(2016); Hofbauer and Sigmund (2003)), no-regret learning (Heliou et al. (2017); Krichene
et al. (2014)), and payoff-based learning (Cominetti et al. (2010)). In particular, our learning
dynamics share similar spirit with the payoff-based learning dynamics in stateless potential
game (Cominetti et al. (2010)). In a payoff-based learning dynamics, players update the
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estimate of payoffs associated with each action in a decentralized manner only based on their
own payoff in each stage, and update their mixed strategy by incorporating a smoothed best
response given the payoff estimate. In a Markov potential game, due to the joint evolvement
between state and actions, we need to introduce the time separation, and keep track of the
payoff (q-estimate) for every state-action pair in an asynchronous manner. Additionally, the
smoothed best response mixed strategy becomes the smoothed optimal one-stage deviation
policy. We emphasize that our analysis approach is completely different from that in stateless
potential games. Furthermore, our construction of perturbed potential function is new, and
our policy convergence proof uses tools in reinforcement learning. Therefore, our results in
Markov potential games are not direct extension of the ones in stateless potential games.

B Review of Two-timescale asynchronous stochastic ap-
proximation

In this section we review the results from Perkins and Leslie (2013) on two-timescale asyn-
chronous stochastic approximation. Note that we do not state their results in full generality
but only to the extend necessary for this paper.

Let {xk}∞k=1, {yk}∞k=1 stochastic approximation update. Let xk ∈ RX , yk ∈ RY for all
k ∈ {1, 2, ..}. Let X̄ ⊂ [X] (resp. Ȳ ⊂ [Y ]) be the elements of x update (resp. y update)
that have positive probability of being updated in the asynchronous update process. At
stage k, let X̄k ⊂ X̄ and Ȳ k ⊂ Ȳ be the elements that are updated.

Let

ñk(i) =
k∑
p=1

1(i ∈ X̄p), nk(j) =
k∑
p=1

1(j ∈ Ȳ p)

Consider the following asynchronous stochastic approximation updates indexed by k ∈
{1, 2, ..}

xk(i) = xk−1(i) + α(ñk(i))1(i ∈ X̄k)[F (i;xk−1, yk−1) + M̃k(i) + dk(i)], ∀ i ∈ [X]

yk(j) = yk−1(j) + β(nk(j))1(j ∈ Ȳ k)[G(j;xk−1, yk−1) +Mk(j) + ek(j)], ∀ j ∈ [Y ]
(17)

where

(i) for any x ∈ RX , y ∈ RY , F (x, y) = (F (i;x, y))i∈[X] ∈ RX and G(x, y) = (G(j;x, y))j∈[Y ] ∈
RY

(ii) {M̃k = (M̃k
i )i∈[X]}, {Mk = (Mk

j )j∈[Y ]} be martingale difference processes defined on
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RX ,RY respectively

(iii) {dk = (dk(i))i∈RX , ek = (ek(j))j∈RY } are asymptotically negligible error terms

(iv) {α(n)}∞n=0, {β(n)}∞n=0 are the step sizes

(v) x0 ∈ RX , y0 ∈ RY are initialized at some values.

Define

ᾱk = max
i∈X̄k

α(ñk(i)), µk(i) = α(ñk(i))
ᾱk

1(i ∈ X̄k)

β̄k = max
j∈Ȳ k

β(ñk(j)), σk(j) = β(ñk(j))
β̄k

1(j ∈ Ȳ k)

D̃k = diag([µk(1), µk(2), ..., µk(X)]), D(k) = diag([σk(1), σk(2), ..., σk(Y )])

Using these notations we can concisely write (17) as

xk = xk−1 + ᾱkD̃k
(
F (xk−1, yk−1) + M̃k + dk

)
yk = yk−1 + β̄kDk

(
G(xk−1, yk−1) +Mk + ek

) (18)

We now state some assumption that are crucial to study the asymptotic property of the
stochastic approximation (18). First, we introduce some important notations. Define
H̄ = X̄ × Ȳ such that if i ∈ X̄, j ∈ Ȳ then (i, j) ∈ H̄ if and only if i, j have pos-
itive probability of occuring simultaneously. At iteration k, H̄k ∈ H̄ be the updated
component in [X] × [Y ]. Furthermore zk = (xk, yk) be the joint update. Let Fk =
σ({H̄m}m, {zm}m, {ñm(i)}, {nm(j)}} ∀ m ≤ k, i ∈ [X], j ∈ [Y ]) be sigma algebra contain-
ing all information upto stage k. Define Ωeta

K = {diag(ω(1), ..., ω(K)) : ω(K) ∈ [η, 1] ∀i =
1, 2, .., K}.

Next, we present the assumptions required in Perkins and Leslie (2013) to study the
asymptotic behavior of two-timescale asynchronous stochastic approximation update (17).

Assumption B.1. Let the following assumptions hold

(A1) For compact sets S̃ ⊂ RX ,S ⊂ RY , xk ∈ S̃, yk ∈ S for all k ∈ {0, 1, ...}

(A2) {dk}, {ek} are bounded sequence such that limk→∞ d(k) = limk→∞ e(k) = 0

(A3) Following must be true for the stepsizes:

(i) ∑
n α(n) =∞,∑n β(n) =∞, limn→∞ α(n) = limn→∞ β(n) = 0 and {α(n)}, {β(n)}

are non-increasing sequence
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(ii) For any θ ∈ (0, 1), supn α([θn])/α(n) <∞, supn β([θn])/β(n) <∞

(iii) limn→∞ β(n)/α(n) = 0

(A4) The maps F (·, ·), G(·, ·), referred as mean fields, are such that

(i) F : S̃ × S → S is upper semi-continuous and ‖F (z)‖ ≤ c(1 + ‖z‖) where c is a
constant.

(ii) G : S̃ × S → S̃ is upper semi-continuous and for all x ∈ S̃ we have7 ‖G(x, y)‖ ≤
c(1 + ‖y‖) where c is a constant.

(A5) (i) for all z ∈ S̃ × S and hk−1, hk ∈ H̄,

Pr
(
H̄k = hk|Fk−1

)
= Pr(H̄k = hk|H̄k−1 = hk−1, zk−1 = z)

(ii) For all z ∈ S̃ × S the transition probability

Q(z;hk, hk−1) := Pr(H̄k = hk|H̄k−1 = hk−1, zk−1 = z) (19)

form aperiodic, irreducible Markov chain over H̄

(iii) the map z 7→ P(z;hk, hk−1) is Lipschitz.

(A6) The processes M̃k, X̄k are uncorrelated given Fk−1. For some q ≥ 2, ∑n α(n)1+q/2 <∞
and supk E

[
‖M̃k‖q

]
< ∞. Similarly the processes Mk, Ȳ k are uncorrelated given Fk−1.

For some q′ ≥ 2, ∑n β(n)1+q′/2 <∞ and supk E
[
‖Mk‖q

]
<∞.

(A7) For all y ∈ S and every η > 0 the differential equation

ẋt = Ωη
X · F (xt, y),

has unique global attractor Λ(y) where Λ : RY → RX is bounded, continuous and single-valued
for all y ∈ S.

Under the preceding assumptions, we first state a convergence result for the fast dynamics,
{x(k)}, in the following theorem:

7The actual condition imposed in Perkins and Leslie (2013) is that both F (·, ·), G(·, y) (for every y) be a
Marchaud map which is required to impose suitable regularity conditions when F,G are set-valued. However
in the context of single valued functions, as in our case, those requirements are trivially satisfied.
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Theorem B.2 (Fast-timescale convergence). Under assumption (A1)-(A7) in Assumption
B.1,

(xk, yk)→ {(Λ(y), y) : y ∈ D} as k →∞,

with probability 1.

Next, we present the corresponding convergence results for the slow dynamics, {y(k)}.
Define GΛ : RJ → RJ as GΛ,η(y) = G(Λ(y), y). Furthermore, let ḠΛ = Ωη

YG
Λ(y). Consider

the following differential equation

ẏt = ḠΛ,η(yt) (20)

Theorem B.3 (Slow-timescale convergence). If for all η > 0, there is a global attractor
A ⊂ S for the differential equation (20) and assumptions (A1)-(A7) in Assumption B.1 are
satisfied then {yk}∞k=0 will almost surely converge to A.

C Verifying conditions for two-timescale asynchronous
stochastic approximation from Section B.

Before verifying the conditions for two-timescale asynchronous stochastic approximation
stated in Section B we introduce some notations that helps in clear presentation.

First, we define the following notation that will be used in the proofs

ui(s, ai, π−i)
∆=
∑
a−i

π−i(s, a−i)ui(s, ai, a−i), P (s′|s, ai, π−i)
∆=
∑
a−i

π−i(s, a−i)P (s′|s, ai, a−i),

P (s′|s, π) ∆=
∑
ai

∑
a−i

πi(s, ai)π−i(s, a−i)P (s′|s, ai, a−i), Q̃i(s, π′i;π) ∆=
∑
ai

π′i(s, ai)Q̃i(s, ai;π)

For any q̃, π ∈ Π, i ∈ I, ai ∈ Ai, s ∈ S, we define

T πi q̃i(s, ai) := ui(s, ai, π−i)− τνi(s, πi) + δ
∑
s′
P (s′|s, ai, π−i)

∑
a′i

πi(s′, a′i)q̃(s′, a′i), (21)

which is an analogous to Bellman operator in the setup of this paper. Furthermore, let’s
define

T̂ πi q̃i(s, ai) := ui(s, ai, a−i)− τνi(s, πi) + δ
∑
a′i

πi(s′, a′i)q̃i(s′, a′i), (22)
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where a−i ∼ π−i(s) and s′ ∼ ∑
a−i π−i(s, a−i)P (·|s, ai, a−i). Moreover, for any s ∈ S, i ∈

I, ai ∈ Ai we define

b̃rk−1
i (s, ai) :=

exp
(
q̃k−1
i (s, ai)/τ

)
∑
a
′
i∈Ai

exp
(
q̃k−1
i (s, a′i)/τ

) . (23)

Under the above introduced notations we re-write (8)-(9) as

q̃ki (s, ai) = q̃k−1
i (s, ai) + α(ñk(s, ai))1((s, ai) = (sk−1, ak−1

i ))·(
T πk−1

i q̃k−1
i (s, ai)− q̃k−1

i (s, ai) + M̃k(s, ai)
)

(24a)

πki (s, ai) = πk−1
i (s, ai) + β(nk(s))1(s = sk−1) ·

(
b̃rk−1
i (s, ai)− πk−1

i (s, ai)
)

(24b)

for all (s, ai) ∈ S × Ai, i ∈ I, where

M̃k(s, ai) = T̂ πk−1

i q̃k−1
i (s, ai)− T π

k−1

i q̃k−1
i (s, ai) (25a)

Note that E[M̃k(s, ai)|Fk−1] = 0 where Fk−1 = σ({(sm, am)}m, {q̃mi }m, {πmi }m : m ≤ k −
1, i ∈ I) is the sigma-algebra comprising of history till stage k − 1. Consequently, {M̃k} is
a martingale difference sequence.

Note that the asynchronous q-estimate updates (24a) and the policy updates (24b) both
have ΠI

i=1S × Ai components. One can observe that corresponding to all of components of
joint q-estimate and policy update which are updated at any instant of time there exists a
unique element in the set H̄ := {((s, a1), (s, a2), .., (s, aI)) : s ∈ S, ai ∈ Ai, i ∈ I}.

We now verify Assumption B.1 (A1)-(A7) one by one

(i) First we show that (A1) in Assumption B.1 is satisfied with (q̃k, πk) update (24a)-(24b).
Let ū = maxi,s,a,π ui(s, a) − τνi(s, πi). This value is finite as νi(s, πi) ∈ [−|Ai|/e, 0] for
all s ∈ S, i ∈ I, πi ∈ Πi. Moreover let R̄ = max{ū/(1− δ),maxi ‖q̃0

i ‖∞}. Then we claim
that ‖q̃ki ‖∞ ≤ R̄ for all k = {0, 1, 2, ..}. We show this by induction. It holds for k = 0
by construction. Suppose it holds for k = m − 1 for some m then we show that it also
holds for k = m. Indeed, we note from (24a) that q̃ki is a convex combination8 of q̃k−1

i

and T πk−1
i q̃k−1

i (s, ai) + M̃k(s, ai). Using (22) and (25a) we see that

‖T πk−1

i q̃k−1
i (s, ai) + M̃k(s, ai)‖ = ‖T̂ πk−1

i q̃k−1‖∞ ≤ ū+ δR̄

≤ (1− δ)R̄ + δR̄ = R̄

8This is because we assume that α(n) ∈ (0, 1) in Assumption 3.2.
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This shows that ‖q̃ki ‖∞ ≤ R̄. Moreover note that πk ∈ Π which is product simplex and
is always compact.

(ii) Since we do not have error terms in the asynchronous updates, AssumptionB.1-(A2) is
immediately satisfied

(iii) Next we note that (A2) in Assumption B.1 is satisfied due to Assumption 3.2.

(iv) Now we show Assumption B.1-(A4) is satisfied. First, we concisely write the mean fields
of (24a)-(24b) as follows

F ((s, ai); q̃, π) := T πi q̃i(s, ai)− q̃i(s, ai), ∀ s ∈ S, i ∈ I, ai ∈ Ai

G((s, ai); q̃, π) := exp (q̃i(s, ai)/τ)∑
a
′
i∈Ai

exp
(
q̃i(s, a′i)/τ

) − πi(s, ai) ∀ s ∈ S, i ∈ I, ai ∈ Ai

respectively. Define F (q̃, π) = (F ((s, ai); q̃, π))s∈S,i∈I,ai∈Ai , G(q̃, π) = (G((s, ai); q̃, π))s∈S,i∈I,ai∈Ai .
We note that both F,G are continuous as demanded in Assumption B.1-(A4). Further-
more, observe that

‖F (q̃, π)‖∞ ≤ ‖T πi q̃i‖∞ + ‖q̃‖∞ ≤ ū+ δ‖q̃‖∞ + ‖q̃‖∞ ≤ c̃(1 + ‖q̃‖∞),

where c̃ = max{ū, 1 + δ}. Also note that

‖G(q̃, π)‖∞ ≤ 1 + ‖π‖∞.

Thus we conclude that (A4) in Assumption B.1 is satisfied.

(v) We now verity Assumption B.1-(A5). Consider h, h′ ∈ H̄ such that h = ((s, a1), (s, a2), ..(s, aI))
and h′ = ((s′, a′1), (s, a′2), ...(s′, a′I)). Moreover, let z = (q̃, π) then

P(z;h, h̃) = P (s′|s, a)
∏
i∈I
πi(s′, a′i) (26)

where a = (ai)i∈I and the function P(z;h, h̃) is defined in (19). Note that from Lemma
3.1(i) we have πi(s, ai) > 0 for all s ∈ S, i ∈ I, ai ∈ Ai. Moreover, we impose Assumption
2.1 on transition matrix. Thus (A5)-(i) and (A5)-(ii) in Assumption B.1 are satisfied.
Finally (A5)-(iii) is satisfied by noting that (26) is Lipschitz in π and therefore in z.

(vi) Assumption -B.1:(A6) is satisfied by noting that (a) M̃ is a bounded martingale difference
sequence and (b) the step size condition in Assumption 3.2-(ii) holds.

30



(vii) For any η > 0, π ∈ Π consider the differential equation

˙̃qti = Ωη
Ai

(
T πi q̃ti − q̃ti

)
, ∀ i ∈ I (27)

where Ωη
Ai

= {diag(ω(1), ..., ω(Ai)) : ω(Ai) ∈ [η, 1] ∀i = 1, 2, .., Ai}. In order to verify
Assumption B.1-(A7), we show that (27) has unique global attractor for every π ∈ Π.

We first note that T πi is a contraction for every π ∈ Π. Indeed

T πi qi(s, ai)− T πi q̄i(s, ai)

=δ
∑
aii

π−i(s, a−i)
∑
s′
P (s′|s, ai, a−i)

∑
a′i∈Ai

πi(s′, a′i) (qi(s′, a′i)− q̄i(s′, a′i)) .

Thus, for every s ∈ S, i ∈ I, ai ∈ Ai, we have

|T πi qi(s, ai)− T πi q̄i(s, ai)| ≤ δ‖qi − q̄i‖∞

Consequently this T πi is a contraction. That is,

‖T πi qi − T πi q̄i‖∞ ≤ δ‖qi − q̄i‖∞

Since T πi is a contraction, this means that (27) has unique global attractor which is the
fixed point of T πi . In fact it follows from definition that Q̃i(·, ·; π) (defined in (11)) is the
unique global attractor. That is,

T πi Q̃i(s, ai; π) = Q̃i(s, ai; π), ∀s ∈ S, i ∈ I, ai ∈ Ai.

Define ū := maxi,s,a,π ui(s, a) − τνi(s, πi). Then ‖Q̃i(·, ·; π)‖∞ ≤ ū
1−δ . Additionally,

Q̃i(·, ·; π) is also continuous in π. Finally, the convergence of (27) follows by (Borkar,
2009, Chapter 7). Thus Assumption B.1-(A7) is satisfied.

D Proofs of Results in Section 3

Proof of Lemma 3.1. We prove (a) – (c) in sequence:

(a) From (12), for each s ∈ S and each π ∈ Π, player i’s optimal one-stage deviation policy
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b̃ri(s; π) for state s can be written as the optimal solution of the following problem:

max
π̂i(s)

f(π̂i(s)) ∆=
 ∑
ai∈Ai

π̂i(s, ai)Q̃i(s, ai, π)− τ
∑
ai∈Ai

π̂i(s, ai) log(π̂i(s, ai))


s.t.
∑
ai∈Ai

π̂i(s, ai) = 1, π̂i(s, ai) ≥ 0, ∀ ai ∈ Ai.
(28)

We can check that the objective function f(π̂i(s)) of (28) is strictly concave:

∂2f(π̂i(s))
∂π̂i(s, ai)∂π̂i(s, a′i)

= −1(ai = a′i)
τ

π̂i(s, ai)
, ∀ai, a

′

i ∈ Ai. (29)

That is, the Hessian matrix of the objective function f is a diagonal matrix with negative
entries. Thus, b̃ri(s; π) is the unique solution to the optimization problem (28). Let λ ∈ R
be a Lagrange multiplier corresponding to the equality constraint and µ = (µ(ai))ai∈Ai ∈
R|Ai|+ be the Lagrange multiplier corresponding to the inequality constraints. The La-
grangian of (28) is given as follows:

L(π̂i(s), λ, µ; π) = f(π̂i(s)) + λ(1−
∑
ai∈Ai

π̂i(s, ai))−
∑
ai∈Ai

µ(ai)π̂i(s, ai)

Then, we know that there must exist λ?, µ? such that (b̃ri(s; π), λ?, µ?) satisfies the fol-
lowing conditions:

∂L(b̃ri(s; π), λ?, µ?; π)
∂b̃ri(s; π)

= 0, ∀ ai ∈ Ai, (30a)

∂L(b̃ri(s; π), λ?, µ?; π)
∂λ

= 1−
∑
ai∈Ai

b̃ri(s, ai; π) = 0, (30b)

µ?(ai)b̃ri(s, ai) = 0, µ?(ai) ≥ 0, ∀ai ∈ Ai. (30c)

From (30a), we can derive that

b̃ri(s; π) = exp
(
Q̃i(s, ai; π)/τ

)
exp (−1− λ?/τ − µ?(ai)/τ) , ∀ ai ∈ Ai, (31)

Therefore, b̃ri(s, ai) > 0 for all ai ∈ Ai. From (30c), we know that µ?(ai) = 0 for all
ai ∈ Ai. Then, from (30b) and (31), we have that

b̃ri(s, ai; π) =
exp

(
Q̃i(s, ai; π)/τ

)
∑
a
′
i∈Ai

exp
(
Q̃i(s, a′i; π)/τ

) , ∀ai ∈ Ai,
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as in (13).

(b) We note that

Ṽi(s, πi, π−i) = E
[ ∞∑
k=0

δk
(
ui(sk, ak)− τνi(sk, πi)

)]

= Vi(s, πi, π−i)− τE
[ ∞∑
k=0

δk
(
νi(sk, πi)

)]
, ∀s ∈ S. (32)

Then, from (14), for any s ∈ S, any π, π′ ∈ Π, any π−i ∈ Π−i, and any i ∈ I, we have:

Φ̃(s, π′i, π−i)− Φ̃(s, πi, π−i)

=Φ(s, π′i, π−i)− Φ(s, πi, π−i)− τE
[ ∞∑
k=0

δkνi(sk, π
′

i)
]

+ τE
[ ∞∑
k=0

δkνi(sk, πi)
]

=Vi(s, π′i, π−i)− Vi(s, πi, π−i)− τE
[ ∞∑
k=0

δkνi(sk, π
′

i)
]

+ τE
[ ∞∑
k=0

δkνi(sk, πi)
]

(32)= Ṽi(s, π′i, π−i)− Ṽi(s, πi, π−i)

That is, Φ̃(s, π) as in (14) is a potential function of G̃.

(c) Let π̃∗i be a Nash equilibrium for G̃. Using (32) and (2), for any πi ∈ Πi and any i ∈ I,
we have

Vi(µ, πi, π̃∗−i)− Vi(µ, π̃∗i , π̃∗−i)

=Ṽi(µ, πi, π̃∗−i) + τE
[ ∞∑
k=0

δk
(
νi(sk, πi)

)]
− Ṽi(µ, π̃∗i , π̃∗−i)− τE

[ ∞∑
k=0

δk
(
νi(sk, π̃∗i )

)]

=Ṽi(µ, πi, π̃∗−i)− Ṽi(µ, π∗i , π∗−i) + τ

(
E
[ ∞∑
k=0

δk
(
νi(sk, πi)

)]
− E

[ ∞∑
k=0

δk
(
νi(sk, π̃∗i )

)])
.

Since π̃∗i is a Nash equilibrium of G̃, we have Ṽi(µ, πi, π̃∗−i)− Ṽi(µ, π∗i , π∗−i) ≤ 0. Thus,

Ṽi(µ, πi, π̃∗−i)− Ṽi(µ, π∗i , π∗−i) + τ

(
E
[ ∞∑
k=0

δk
(
νi(sk, πi)

)]
− E

[ ∞∑
k=0

δk
(
νi(sk, π̃∗i )

)])

≤τ
(
E
[ ∞∑
k=0

δk
(
νi(sk, πi)

)]
− E

[ ∞∑
k=0

δk
(
νi(sk, π̃∗i )

)])

≤τ

∣∣∣∣∣∣E
[ ∞∑
k=0

δk
(
νi(sk, πi)

)]
− E

[ ∞∑
k=0

δk
(
νi(sk, π̃∗i )

)]∣∣∣∣∣∣
≤2τ max

s,πi
|νi(s, πi)|

∞∑
k=0

δk = 2τ
e

|Ai|
1− δ , (33)
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where the last equality is due to the fact that maxs,πi |νi(s, πi)| =
|Ai|
e

and ∑∞k=0 δ
k = 1

1−δ .
9

For any ε > 0, we set τ † = εe(1− δ)/(2(maxi |Ai|)). Then, for any τ ∈ (0, τ †)

Vi(µ, πi, π̃∗−i)− Vi(µ, π̃∗i , π̃∗−i) = 2τ
e

|Ai|
1− δ ≤ ε, ∀ i ∈ I, πi ∈ Πi.

That is, π̃∗i is an ε-Nash equilibrium of game G. Furthermore if τ → 0, then from (33),
we can see that π̃∗i of G̃ is also a Nash equilibrium of game G.

Proof of Lemma 3.4. We have shown in Section C that Assumption B.1 (A1)-(A7) are
satisfied then from Theorem B.2 implies that there exists π† such that q̃ki (s, ai)→ Q̃i(s, ai; π†)
and πk → π† as k →∞. We claim that limk→∞ |q̃ki (s, ai)−Q̃i(s, a; πk)| = 0. Indeed, it follows
from

|q̃ki (s, ai)− Q̃i(s, a; πk)| ≤ |q̃ki (s, ai)− Q̃i(s, a; π†)|+ |Q̃i(s, ai; πk)− Q̃i(s, a; π†)|

by noting that first term converges to zero as k → ∞. Furthermore, the second term goes
to zero as Q̃i(·, ·; π) is continuous in π and πk → π† as k →∞.

Before proving Lemma 3.5, we need to present the following three results (Lemmas D.1,
D.2, and D.3) as preparation:

Lemma D.1 (Policy gradient theorem for perturbed game ). For any µ ∈ ∆(S), s ∈ S, π ∈
Π, i ∈ I, ai ∈ Ai the gradient of value function Ṽi(µ, π) with respect to πi(s, ai) is given by

∂Ṽi(µ, π)
∂πi(s, ai)

= 1
1− δd

π
µ(s)

(
Q̃i(s, ai; π) + τνi(s, πi)− τ(1 + log(πi(s, ai)))

)

where dπµ is the discounted state visitation frequency given by

dπµ(s) := (1− δ)
∑
s0∈S

µ(s0)
∞∑
k=0

δk Pr(sk = s|s0), (34)

and the sequence of states is governed by the Markov chain induced by the transition matrix
P and the policy π. We drop the dependency of conditional probability on π for notational
simplicity.

Proof. For any s ∈ S, i ∈ I, ai ∈ Ai define t(s, ai) = Q̃i(s, ai; π) + τνi(s, πi) − τ(1 +
9maxs,πi

|νi(s, πi)| = maxxi∈[0,1]|Ai| |
∑
i xi log(xi)| = |Ai|

e .
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log(πi(s, ai))). We claim that for any integer K ≥ 0, µ ∈ ∆(S), s ∈ S, i ∈ I, ai ∈ Ai,

∂Ṽi(µ, π)
∂πi(s, ai)

= E
[
K∑
k=0

δk1(sk = s)
]
t(s, ai) + δK+1E

[
∂Ṽi(sK+1, π)
∂πi(s, ai)

]
, (35)

where s0 ∼ µ, ak−1 ∼ π(sk−1), sk ∼ P (·|sk−1, ak−1). We prove this claim by induction.
Indeed, this holds for K = 0 by noting that

∂Ṽi(µ, π)
∂πi(s, ai)

= ∂

∂πi(s, ai)
∑
s̄∈S

µ(s̄)

 ∑
ai∈Ai

πi(s̄, ai)Q̃i(s̄, ai;π)


= ∂

∂πi(s, ai)

(∑
s̄

µ(s̄)
∑
āi

πi(s̄, āi)
(
ui(s̄, āi, π−i(s̄))− τνi(s̄, πi) + δ

∑
s′

P (s′|s̄, āi, π−i(s̄))Ṽi(s′, π)
))

=µ(s)
(
ui(s, ai, π−i(s))− τ(1 + log(πi(s, ai))) + δ

∑
s′

P (s′|s, ai, π−i(s))Ṽi(s′, π)
)

+ δ
∑
s̄

µ(s̄)
∑
s′

P (s′|s̄, π)∂Ṽi(s
′, π)

∂πi(s, ai)

= µ(s)
(
Q̃i(s, ai;π) + τνi(s, πi)− τ(1 + log(πi(s, ai)))

)
+ δ

∑
s̄

µ(s̄)
∑
s′

P (s′|s̄, π)∂Ṽi(s
′, π)

∂πi(s, ai)

= E
[
1(s0 = s)

]
t(s, ai) + δE

[
∂Ṽi(s1, π)
∂πi(s, ai)

]

We now suppose that the claim holds for some integer K and then show that it holds for
K + 1, that is we have

∂Ṽi(µ, π)
∂πi(s, ai)

= E
[
K∑
k=0

δk1(sk = s)
]
t(s, ai) + δK+1E

[
∂Ṽi(sK+1, π)
∂πi(s, ai)

]

= E
[
K∑
k=0

δk1(sk = s)
]
t(s, ai) + δK+1E

[
∂

∂πi(s, ai)

(∑
ai

πi(sK+1, ai)Q̃i(sK+1, ai; π)
)]

= E
[
K∑
k=0

δk1(sk = s)
]
t(s, ai) + δK+1

(
1(sK+1 = s)t(s, ai) + δ

(∑
s′
P (s′|sK+1, π)∂Ṽi(s

′, π)
∂πi(s, ai)

))

= E
[
K+1∑
k=0

δk1(sk = s)
]
t(s, ai) + δK+2E

[
∂Ṽi(sK+2, π)
∂πi(s, ai)

]
.

This completes the proof of (35). Now if we let K →∞ in (35) then we obtain

∂Ṽi(µ, π)
∂πi(s, ai)

= E
[ ∞∑
k=0

δk1(sk = s)
]
t(s, ai) =

∑
s0∈S

µ(s0)
∞∑
k=0

Pr(sk = s|s0)t(s, ai) = 1
1− δd

π
µ(s)t(s, ai)
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Lemma D.2 (Multiagent Performance Difference Lemma). For any policy π = (πi, π−i), π′ =
(π′i, π−i) ∈ Π and any µ ∈ ∆(S) the following holds:

Ṽi(µ, π)− Ṽi(µ, π′) = 1
1− δ

∑
s′
dπµ(s′) (Γi(s, πi; π′) + τνi(s, π′i)− τνi(s, πi)) , (36)

where Γi(s, ai; π) is the advantage function defined as the advantage gained from one stage
deviation from the current policy π to play ai in state s:

Γi(s, ai; π) := Q̃i(s, ai; π)− Ṽi(s, π), ∀i ∈ I, ∀s ∈ S, ∀ai ∈ Ai, ∀π ∈ Π. (37)

Proof. For any initial state distribution µ and joint policy π = (πi, π−i), π′ = (π′i, π−i) ∈ Π,
it holds that

Ṽi(µ, π)− Ṽi(µ, π′) = E
[ ∞∑
k=0

δk
(
ui(sk, ak)− τνi(sk, πi)

)]
− Ṽi(µ, π′)

=E
[ ∞∑
k=0

δk
(
ui(sk, ak)− τνi(sk, πi)− Ṽi(sk, π′) + Ṽi(sk, π′)

)]
− Ṽi(µ, π′)

=E
[ ∞∑
k=0

δk
(
ui(sk, ak)− τνi(sk, πi)− Ṽi(sk, π′)

)]
+ E

[
Ṽi(s0, π′)

]
+ E

[ ∞∑
k=1

δkṼi(sk, π′)
]
− Ṽi(µ, π′),

where s0 ∼ µ, ak−1 ∼ π(sk−1), sk ∼ P (·|sk−1, ak−1). We note that

E
[
Ṽi(s0, π′)

]
= Ṽi(µ, π′), E

[ ∞∑
k=1

δkṼi(sk, π′)
]

= δE
[ ∞∑
k=0

δkṼi(sk+1, π′)
]
.

Therefore,

Ṽi(µ, π)− Ṽi(µ, π′) = E
[ ∞∑
k=0

δk
(
ui(sk, ak)− τνi(sk, πi)− Ṽi(sk, π′)

)]
+ δE

[ ∞∑
k=0

δkṼi(sk+1, π′)
]

=E
[ ∞∑
k=0

δk
(
ui(sk, ak)− τνi(sk, πi)− Ṽi(sk, π′) + δṼi(sk+1, π′)

)]

=E
[ ∞∑
k=0

δk
(
ui(sk, ak)− τνi(sk, π′i) + δṼi(sk+1, π′) + τνi(sk, π′i)− τνi(sk, πi)− Ṽi(sk, π′)

)]

=E
[ ∞∑
k=0

δk
(
ui(sk, ak)− τνi(sk, π′i) + δ

∑
s′

P (s′|sk, ak)Ṽi(s′, π′) + τνi(sk, π′i)− τνi(sk, πi)− Ṽi(sk, π′)
)]

=E
[ ∞∑
k=0

δk
(
Q̃i(sk, aki ;π′)− Ṽi(sk, π′) + τνi(sk, π′i)− τνi(sk, πi)

)]

=E
[ ∞∑
k=0

δk
(
Γi(sk, aki ;π′) + τνi(sk, π′i)− τνi(sk, πi)

)]
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= 1
1− δ

∑
s′

dπµ(s′)
(
Γi(s, πi;π′) + τνi(s, π′i)− τνi(s, πi)

)
.

Lemma D.3. Any policy π̃∗ that satisfies π̃∗i (s) = b̃ri(s; π̃∗) for all i ∈ I and all s ∈ S is a
stationary Nash equilibrium of G̃.

Proof. For any s ∈ S, πi ∈ Πi, π−i ∈ Π−i, we define ũi(s, πi, π−i) := u(s, πi, π−i)− τνi(s, πi).
We note that

π̃∗i (s) = b̃ri(s; π̃∗) = arg max
π̂

∑
ai

π̂i(s, ai)Q̃i(s, ai; π̃∗)− τνi(s, π̂i)

= arg max
π̂

∑
ai

π̂i(s, ai)
(
ui(s, ai, π̃∗−i)− τνi(s, π̃∗i ) + δ

∑
s′
P (s′|s, ai, π̃∗−i)Ṽ (s′, π̃∗)

)
− τνi(s, π̂i)

= arg max
π̂

∑
ai

π̂i(s, ai)
(
ui(s, ai, π̃∗−i)− τνi(s, π̃∗i ) + δ

∑
s′
P (s′|s, ai, π̃∗−i)Ṽ (s′, π̃∗)− τνi(s, π̂i)

)

= arg max
π̂

∑
ai

π̂i(s, ai)
(
ui(s, ai, π̃∗−i)− τνi(s, π̂i) + δ

∑
s′
P (s′|s, ai, π̃∗−i)Ṽ (s′, π̃∗)

)

= arg max
π̂

ũi(s, π̂i, π̃∗−i) + δ
∑
s′
P (s′|s, π̂i, π̃∗−i)Ṽ (s′, π̃∗). (38)

To prove that π̃∗ is a Nash equilibrium of G̃, we need to show that for every π′i ∈ Πi,

Ṽi(s, π̃∗i , π̃∗−i) ≥ Ṽi(s, π′i, π∗−i), ∀ i ∈ I, ∀s ∈ S (39)

Before proving (39), we first show that for any integer K ≥ 1, any s ∈ S, any i ∈ I, and
any π′i ∈ Πi

Ṽi(s, π∗i , π∗−i) ≥ E
[
K−1∑
k=0

δkũi(sk, π′i, π∗−i) + δK Ṽi(sK , π̃∗)
]
, (40)

where s0 = s, aki ∼ π
′
i(sk), ak−i ∼ π∗−i(sk), sk ∼ P (·|sk−1, ak−1). Consider K = 1, for any

s ∈ S, any i ∈ I, any π′i ∈ Πi we have

Ṽi(s, π̃∗i , π̃∗−i) =
∑
ai

π∗i (s, ai)
(
ui(s, ai, π̃∗−i)− τνi(s, π̃∗i ) + δ

∑
s′
P (s′|s, ai, π̃∗−i)Ṽ (s′, π̃∗)

)

= ũi(s, π∗i , π̃∗−i) + δ
∑
s′
P (s′|s, π̃∗i , π̃∗−i)Ṽ (s′, π̃∗) (41)

≥ ũi(s, π′i, π̃∗−i) + δ
∑
s′
P (s′|s, π′i, π̃∗−i)Ṽ (s′, π̃∗)
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= E
[
ũi(s0, π′i, π

∗
−i) + δṼi(s1, π̃∗)

]
,

where, again, s0 = s, a0
i ∼ π

′
i(s0), a0

−i ∼ π∗−i(s0), s1 ∼ P (·|s0, a0).
Next, suppose that (40) holds for some integer K, we consider K + 1:

Ṽi(s, π∗i , π∗−i) ≥
(a)

E
[
K−1∑
k=0

δkũi(sk, π′i, π∗−i) + δK Ṽi(sK , π̃∗)
]

=
(b)
E
[
K−1∑
k=0

δkũi(sk, π′i, π∗−i) + δK
(
ũi(sK , π∗i , π∗−i) + δ

∑
s′
P (s′|sK , π∗i , π∗−i)Ṽi(s′, π̃∗)

)]

≥
(c)
E
[
K−1∑
k=0

δkũi(sk, π′i, π∗−i) + δK
(
ũi(sK , π′i, π∗−i) + δ

∑
s′
P (s′|sK , π′i, π∗−i)Ṽi(s′, π̃∗)

)]

=
(d)
E
[
K∑
k=0

δkũi(sk, π′i, π∗−i) + δK+1Ṽi(sK+1, π̃∗)
]
,

where (a) is by induction hypothesis, (b) is due to (41), (c) is due to (38) and (d) is by
rearrangement of terms. Thus, by mathematical induction, we have established that (40)
holds for all K. Let K →∞ in (40), we have

Ṽi(s, π∗i , π∗−i) ≥ E
[ ∞∑
k=0

δkũi(sk, π′i, π∗−i)
]

= Ṽi(s, π′i, π∗−i), ∀s ∈ S, ∀i ∈ I, ∀π′i ∈ Π.

Thus, we have proved (39), i.e. π̃∗ is a Nash equilibrium of game G̃.

We are now ready to proof Lemma 3.5.

Proof of Lemma 3.5. Recall from Lemma 3.1-(a), we can re-write (15) as follows:

$̇t
i(s, ai) = γi(s, ai)

(
b̃ri(s, ai;$t)−$t

i(s, ai)
)
, ∀ (s, ai), ∀i ∈ I. (42)

Furthermore, for every i ∈ I, s ∈ S all of the actions ai ∈ Ai are updated simultaneously,
this implies γi(s, ai) = γi(s, a′i) = γi(s) for all ai, a′i ∈ Ai Perkins and Leslie (2013). Lemma
D.3 ensures that the stationary point of (42) is a Nash equilibrium policy for game G̃.

We compute the derivative of φ(t) with respect to t, where φ(t) is given by (16).

d

dt
φ(t) = −

∑
i

∑
s

∑
ai

∂Φ̃(µ,$t)
∂$i(s, ai)

d$t
i(s, ai)
dt

=
(a)
−
∑
i,s,ai

∂Ṽi(µ,$t)
∂$i(s, ai)

d$t
i(s, ai)
dt

=
(b)
− 1

1− δ
∑
i,s,ai

d$
t

µ (s)
(
Q̃i(s, ai;$t) + τνi(s,$t

i)− τ(1 + log($t
i(s, ai)))

)
·

γi(s)
(
b̃ri(s, ai;$t)−$t

i(s, ai)
)
, (43)
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where (a) is due to the fact that Φ̃ is a potential function of the perturbed game (recall
Lemma 3.1-(b)), and (b) is due to the policy gradient theorem for the perturbed game
(Lemma D.1) and equation 42.

Recall the proof of Lemma 3.1-(a). From (28), we know that b̃ri(s; π) = arg max
π̂i(s)∈∆(Ai)

f(π̂i(s)),

where f(π̂i(s)) =
(∑

ai∈Ai π̂i(s, ai)Q̃i(s, ai, π)− τνi(s, π̂)
)

is strictly concave in π̂i(s). From
the first order conditions of constrained optimality, we know that

〈
∇π̂if(b̃ri(s; π)), π̂i(s)− b̃ri(s; π)

〉
≤ 0. (44)

Moreover, from the strict concavity, we have

〈
∇π̂if(π̂i(s))−∇π̂if(b̃ri(s; π)), π̂i(s)− b̃ri(s; π)

〉
< 0. (45)

Combining (44) and (45) we obtain

〈
∇π̂if(π̂i(s)), b̃ri(s; π)− π̂i(s)

〉
> 0.

That is,

∑
ai∈Ai

(
Q̃i(s, ai, π)− τ(1 + log(π̂i(s, ai)))

) (
b̃ri(s, ai; π)− π̂i(s, ai)

)
> 0, ∀i ∈ I, ∀s ∈ S.

Additionally,

∑
ai∈Ai

τνi(s, πi)
(
b̃ri(s, ai; π)− π̂i(s, ai)

)
= τνi(s, πi)

 ∑
ai∈Ai

(
b̃ri(s, ai; π)− π̂i(s, ai)

) = 0

(46)

Therefore,

∑
ai∈Ai

(
Q̃i(s, ai, π) + τνi(s, πi)− τ (1 + log(π̂i(s, ai)))

) (
b̃ri(s, ai; π)− π̂i(s, ai)

)
> 0 (47)

From (43) – (47) and the fact that γi(s) > η for all i ∈ I, s ∈ S, we have

d

dt
φ(t) ≤ − η

1− δ
∑
i,s,ai

d$
t

µ (s)
(
Q̃i(s, ai;$t) + τνi(s,$t

i)− τ(1 + log($t
i(s, ai)))

)
·

(
b̃ri(s, ai;$t)−$t

i(s, ai)
)
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(46)= − η

1− δ
∑
i,s,ai

d$
t

µ (s)
(
Q̃i(s, ai;$t)− τ(1 + log($t

i(s, ai)))
)
·
(
b̃ri(s, ai;$t)−$t

i(s, ai)
)

=− η

1− δ
∑
i,s

d$
t

µ (s)
(
∇π̂if($t

i)
)> (

b̃ri(s;$t)−$t
i(s)

)
≤− η

1− δ
∑
i,s

d$
t

µ (s)
(
f(b̃ri(s;$t))− f($t

i)
)

(48)

where the last inequality is due to concavity of f .
Additionally, let π†i ∈ arg maxπi Ṽi(µ, πi, $t

−i) be a best response of player i if the joint
strategy of other players is $t

−i. Note that π†i maximizes the total payoff instead of just
maximizing the payoff of one-stage deviation. Therefore, π†i is different from the optimal
one-stage deviation policy. We drop the dependence of π†i on $−i for notational simplicity.

We define D = 1
1−δ maxi

∥∥∥∥∥d
π
†
i
,$t−i

µ

µ

∥∥∥∥∥
∞

. We note that D is finite under the assumption that

µ has full support (Assumption 2.1). Additionally, from (34), we have d$tµ (s) ≥ (1− δ)µ(s).

∑
i,s

d
π†i ,$

t
−i

µ (s) max
$̂i(s)

(
f($̂i)− f($t

i)
)

=
∑
i,s

d$
t

µ (s)d
π†i ,$

t
−i

µ (s)
d$tµ (s) max

$̂i(s)

(
f($̂i)− f($t

i)
)

≤
∑
i,s

d$
t

µ (s)
∥∥∥∥∥d

π†i ,$
t
−i

µ

d$tµ

∥∥∥∥∥
∞

max
$̂i(s)

(
f($̂i)− f($t

i)
)

≤ 1
1− δ

∑
i,s

d$
t

µ (s)
∥∥∥∥∥d

π†i ,$
t
−i

µ

µ

∥∥∥∥∥
∞

max
$̂i(s)

(
f($̂i)− f($t

i)
)

=D
∑
i,s

d$
t

µ (s) max
$̂i(s)

(
f($̂i)− f($t

i)
)

= D
∑
i,s

d$
t

µ (s)
(
f(b̃ri(s;$t))− f($t

i)
)
, (49)

Then, from (48) and (49), we have

d

dt
φ(t) ≤ − η

1− δ
∑
i,s

d$
t

µ (s)
(
f(b̃ri(s;$t))− f($t

i)
)

≤− η

D(1− δ)
∑
i,s

d
π†i ,$

t
−i

µ (s) max
$̂i(s)

(
f($̂i)− f($t

i)
)

≤− η

D(1− δ)
∑
i,s

d
π†i ,$

t
−i

µ (s)
(
f(π†i )− f($t

i)
)

=− η

D(1− δ)
∑
i,s

d
π†i ,$

t
−i

µ (s)
(
Q̃i(s, π†i ;$t)− Q̃i(s,$t

i ;$t)− τνi(s, π†i ) + τνi(s,$t
i)
)
, (50)

where the last equation follows from the definition of function f .
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We now analyze the right-hand-side of (50)

Q̃i(s, π†i ;$t)− Q̃i(s,$t
i ;$t)− τνi(s, π†i ) + τνi(s,$t

i)

=
∑
ai

Q̃i(s, ai;$t)
(
π†i (s, ai)−$t

i(s, ai)
)
− τνi(s, π†i ) + τνi(s,$t

i)

=
∑
ai

(
Q̃i(s, ai;$t)− Ṽi(s,$t)

) (
π†i (s, ai)−$t

i(s, ai)
)
− τνi(s, π†i ) + τνi(s,$t

i)

(37)=
∑
ai

Γi(s, ai;$t)π†i (s, ai)− τνi(s, π
†
i ) + τνi(s,$t

i)

=Γi(s, π†i ;$t)− τνi(s, π†i ) + τνi(s,$t
i) (51)

Combining (50) and (51), we have

dφ(t)
dt
≤ − η

D(1− δ)
∑
i,s

d
π†i ,$

t
−i

µ (s)
(
Γi(s, π†i ;$t)− τνi(s, π†i ) + τνi(s,$t

i)
)

(36)= − η

D(1− δ)
∑
i

(
Ṽi(µ, π†i , $t

−i)− Ṽi(µ,$t)
)
.

Note that since π†i is a best response corresponding to $t this means Ṽi(µ, π†i , $t
−i) −

Ṽi(µ,$t) ≥ 0 for all i. Thus dφ(t)/dt ≤ 0. However, if $t is not a Nash equilibrium then
there exists i such that

Ṽi(µ, π†i , $t
−i)− Ṽi(µ,$t) > 0

which implies dφ(t)/dt < 0. Equivalently, if dφ(t)/dt = 0 then $t is a Nash equilibrium.
Moreover, if $t is a Nash equilibrium then from Lemma D.3, we know that

b̃ri(s, ai;$t) = exp(Q̃i(s, ai;$t)/τ)∑
a′i

exp(Q̃i(s, a′i;$t)/τ)
= $t

i(s, ai), ∀s ∈ S, ∀ai ∈ Ai, ∀i ∈ I.

Therefore, the right-hand-side of (15) is zero. Thus, dφ/dt = 0. Finally, the convergence of
policy updates $t to a Nash equilibrium policy π̃∗ follows from LaSalle’s invariance principle
Sastry (2013) with φ as the Lyapunov function. �

Proof of Lemma 3.6. Recall from Sec C, we have shown that all required assumption
in two-timescale asynchronous stochastic approximation are satisfied. Thus, we can apply
Theorem B.3 to show that the convergence of the discrete time dynamics (πk)∞k=0 induced
by Algorithm 1 is the same as that of the continuous time dynamical system in (15). From
Lemma 3.5, we know that any solution of the continuous time dynamical system (15) must
converge to π̃∗. Thus, limk→∞ π

k = π̃∗ with probability 1. �
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Proof of Theorem 3.3. For every ε > 0, we know from Lemma 3.1(c) that there exists
τ † such for all τ ∈ (0, τ †) the stationary Nash equilibrium π̃∗ policy in G̃ is an ε−Nash
equilibrium policy of G. For any given τ ∈ (0, τ †), Lemma 3.6 guarantees that (πk)∞k=0

induced by Algorithm 1 converges to π̃∗.
Furthermore, from (33), we obtain for every µ ∈ ∆(S), i ∈ I, πi ∈ Πi

Vi(µ, πi, π̃∗−i)− Vi(µ, π̃∗i , π̃∗−i) ≤
2τ
e

|Ai|
1− δ

Thus as τ → 0, the right-hand-side goes to zero and therefore π̃∗ becomes a Nash equilibrium
of game G. �
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