Nonlinear Systems: Analysis, Stability, and Control

Shankar Sastry Department of Electrical Engineering and Computer Sciences University of California, Berkeley

March 11, 1999

This book is gratefully dedicated to

Charles Desoer, Jerrold Marsden, and Roger Brockett

Visionaries of a new and beautiful world of nonlinear science

Contents

1 Linear vs. Nonlinear 1 1.1 Nonlinear Models . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Complexity in Nonlinear Dynamics . . . . . . . . . . . . . . 5 1.2.1 Subtleties of Nonlinear Systems Analysis . . . . . . 12 1.2.2 Autonomous Systems and Equilibrium Points . . . . 14 1.3 Some Classical Examples . . . . . . . . . . . . . . . . . . . 16 1.3.1 The Tunnel Diode Circuit . . . . . . . . . . . . . . . 16 1.3.2 An Oscillating Circuit: Due to van der Pol . . . . . 18 1.3.3 The Pendulum: Due to Newton . . . . . . . . . . . . 20 1.3.4 The Buckling Beam: Due to Euler . . . . . . . . . . 22 1.3.5 The Volterra–Lotka Predator–Prey Equations . . . . 24 1.4 Other Classics: Musical Instruments . . . . . . . . . . . . . 25 1.4.1 Blowing of a Clarinet Reed: Due to Rayleigh . . . . 26 1.4.2 Bowing of a Violin String: Due to Rayleigh . . . . . 26 1.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 1.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 2 Planar Dynamical Systems 35 2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 35 2.2 Linearization About Equilibria of Second Order Nonlinear Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 2.2.1 Linear Systems in the Plane . . . . . . . . . . . . . . 36 2.2.2 Phase Portraits near Hyperbolic Equilibria . . . . . 40 2.3 Closed Orbits of Planar Dynamical Systems . . . . . . . . . 47 2.4 Counting Equilibria: Index Theory . . . . . . . . . . . . . . 55 2.5 Bifurcations . . . . . . . . . . . . . . . . . . . . . . . . . . . 58 2.6 Bifurcation Study of Josephson Junction Equations . . . . . 62 2.7 The Degenerate van der Pol Equation . . . . . . . . . . . . 67 2.8 Planar Discrete-Time Systems . . . . . . . . . . . . . . . . . 70 2.8.1 Fixed Points and the Hartman–Grobman Theorem . 71 2.8.2 Period N Points of Maps . . . . . . . . . . . . . . . 73 2.8.3 Bifurcations of Maps . . . . . . . . . . . . . . . . . . 74

2.9 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77 2.10 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77 3 Mathematical Background 85 3.1 Groups and Fields . . . . . . . . . . . . . . . . . . . . . . . 85 3.2 Vector Spaces, Algebras, Norms, and Induced Norms . . . . 87 3.3 Contraction Mapping Theorems . . . . . . . . . . . . . . . . 92 3.3.1 Incremental Small Gain Theorem . . . . . . . . . . . 94 3.4 Existence and Uniqueness Theorems for Ordinary Differen- tial Equations . . . . . . . . . . . . . . . . . . . . . . . . . . 95 3.4.1 Dependence on Initial Conditions on Infinite Time Intervals . . . . . . . . . . . . . . . . . . . . . . . . . 100 3.4.2 Circuit Simulation by Waveform relaxation . . . . . 101 3.5 Differential Equations with Discontinuities . . . . . . . . . . 103 3.6 Carleman Linearization . . . . . . . . . . . . . . . . . . . . 109 3.7 Degree Theory . . . . . . . . . . . . . . . . . . . . . . . . . 112 3.8 Degree Theory and Solutions of Resistive Networks . . . . . 116 3.9 Basics of Differential Topology . . . . . . . . . . . . . . . . 118 3.9.1 Smooth Manifolds and Smooth Maps . . . . . . . . . 119 3.9.2 Tangent Spaces and Derivatives . . . . . . . . . . . . 121 3.9.3 Regular Values . . . . . . . . . . . . . . . . . . . . . 125 3.9.4 Manifolds with Boundary . . . . . . . . . . . . . . . 127 3.10 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 3.11 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131 4 Input–Output Analysis 140 4.1 Optimal Linear Approximants to Nonlinear Systems . . . . 141 4.1.1 Optimal Linear Approximations for Memoryless, Time- Invariant Nonlinearities . . . . . . . . . . . . . . . . 146 4.1.2 Optimal Linear Approximations for Dynamic Nonlinearities: Oscillations in Feedback Loops . . . . . . . 149 4.1.3 Justification of the Describing Function . . . . . . . 152 4.2 Input–Output Stability . . . . . . . . . . . . . . . . . . . . . 156 4.3 Applications of the Small Gain Theorems . . . . . . . . . . 165 4.3.1 Robustness of Feedback Stability . . . . . . . . . . . 165 4.3.2 Loop Transformation Theorem . . . . . . . . . . . . 167 4.4 Passive Nonlinear Systems . . . . . . . . . . . . . . . . . . . 168 4.5 Input–Output Stability of Linear Systems . . . . . . . . . . 172 4.6 Input–Output Stability Analysis of Feedback Systems . . . 176 4.6.1 The Lur’e Problem . . . . . . . . . . . . . . . . . . . 178 4.7 Volterra Input–Output Representations . . . . . . . . . . . 183 4.7.1 Homogeneous, Polynomial and Volterra Systems in the Time Domain . . . . . . . . . . . . . . . . . . . . 185 4.7.2 Volterra Representations from Differential Equations 187

4.7.3 Frequency Domain Representation of Volterra Input Output Expansions . . . . . . . . . . . . . . . . . . . 189 4.8 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 191 4.9 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 192 5 Lyapunov Stability Theory 199 5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 199 5.2 Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200 5.2.1 The Lipschitz Condition and Consequences . . . . . 200 5.3 Basic Stability Theorems of Lyapunov . . . . . . . . . . . . 205 5.3.1 Energy-Like Functions . . . . . . . . . . . . . . . . . 205 5.3.2 Basic Theorems . . . . . . . . . . . . . . . . . . . . . 206 5.3.3 Examples of the Application of Lyapunov’s Theorem 210 5.3.4 Exponential Stability Theorems . . . . . . . . . . . . 213 5.4 LaSalle’s Invariance principle . . . . . . . . . . . . . . . . . 217 5.5 Generalizations of LaSalle’s Principle . . . . . . . . . . . . . 224 5.6 Instability Theorems . . . . . . . . . . . . . . . . . . . . . . 226 5.7 Stability of Linear Time-Varying Systems . . . . . . . . . . 228 5.7.1 Autonomous Linear Systems . . . . . . . . . . . . . 230 5.7.2 Quadratic Lyapunov Functions for Linear Time Vary- ing Systems . . . . . . . . . . . . . . . . . . . . . . . 233 5.8 The Indirect Method of Lyapunov . . . . . . . . . . . . . . 234 5.9 Domains of Attraction . . . . . . . . . . . . . . . . . . . . . 238 5.10 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 245 5.11 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 245 6 Applications of Lyapunov Theory 258 6.1 Feedback Stabilization . . . . . . . . . . . . . . . . . . . . . 258 6.2 The Lur’e Problem, Circle and Popov Criteria . . . . . . . . 261 6.2.1 The Circle Criterion . . . . . . . . . . . . . . . . . . 264 6.2.2 The Popov Criterion . . . . . . . . . . . . . . . . . . 269 6.3 Singular Perturbation . . . . . . . . . . . . . . . . . . . . . 271 6.3.1 Nonsingular Points, Solution Concepts, and Jump Behavior . . . . . . . . . . . . . . . . . . . . . . . . . 275 6.4 Dynamics of Nonlinear Systems and Parasitics . . . . . . . 277 6.4.1 Dynamics of Nonlinear Circuits . . . . . . . . . . . . 277 6.4.2 Dynamics of Power Systems . . . . . . . . . . . . . . 280 6.5 Adaptive Identification of Single-Input Single-Output Linear Time-Invariant Systems . . . . . . . . . . . . . . . . . . . . 281 6.5.1 Linear Identifier Stability . . . . . . . . . . . . . . . 287 6.5.2 Parameter Error Convergence . . . . . . . . . . . . . 291 6.6 Averaging . . . . . . . . . . . . . . . . . . . . . . . . . . . . 293 6.7 Adaptive Control . . . . . . . . . . . . . . . . . . . . . . . . 300 6.8 Back-stepping Approach to Stabilization . . . . . . . . . . . 302

6.9 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 304 6.10 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 305 7 Dynamical Systems and Bifurcations 314 7.1 Qualitative Theory . . . . . . . . . . . . . . . . . . . . . . . 314 7.2 Nonlinear Maps . . . . . . . . . . . . . . . . . . . . . . . . . 319 7.3 Closed Orbits, Poincaré Maps, and Forced Oscillations . . . 321 7.3.1 The Poincaré map and Closed Orbits . . . . . . . . 321 7.3.2 The Poincaré map and Forced Oscillations . . . . . . 324 7.4 Structural Stability . . . . . . . . . . . . . . . . . . . . . . . 331 7.5 Structurally Stable Two Dimensional Flows . . . . . . . . . 334 7.6 Center Manifold Theorems . . . . . . . . . . . . . . . . . . 337 7.6.1 Center Manifolds for Flows . . . . . . . . . . . . . . 339 7.6.2 Center Manifolds for Flows Depending on Parameters 344 7.6.3 Center Manifolds for Maps . . . . . . . . . . . . . . 344 7.7 Bifurcation of Vector Fields: An Introduction . . . . . . . . 346 7.8 Bifurcations of Equilibria of Vector Fields . . . . . . . . . . 347 7.8.1 Single, Simple Zero Eigenvalue . . . . . . . . . . . . 347 7.8.2 Pure Imaginary Pair of Eigenvalues: Poincaré–Andronov– Hopf bifurcation . . . . . . . . . . . . . . . . . . . . 352 7.9 Bifurcations of Maps . . . . . . . . . . . . . . . . . . . . . . 354 7.9.1 Single eigenvalue 1: saddle node, transcritical and pitchfork . . . . . . . . . . . . . . . . . . . . . . . . 356 7.9.2 Single Eigenvalue −1: Period Doubling . . . . . . . 358 7.9.3 Pair of Complex Eigenvalues of Modulus 1: Naimark– Sacker Bifurcation . . . . . . . . . . . . . . . . . . . 359 7.10 More Complex Bifurcations of Vector Fields and Maps . . . 360 7.10.1 Bifurcations of Equilibria and Fixed Points: Catas- trophe Theory . . . . . . . . . . . . . . . . . . . . . 360 7.10.2 Singular Perturbations and Jump Behavior of Systems 367 7.10.3 Dynamic Bifurcations: A Zoo . . . . . . . . . . . . . 370 7.11 Routes to Chaos and Complex Dynamics . . . . . . . . . . 372 7.12 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 373 8 Basics of Differential Geometry 382 8.1 Tangent Spaces . . . . . . . . . . . . . . . . . . . . . . . . . 382 8.1.1 Vector Fields, Lie Brackets, and Lie Algebras . . . . 386 8.2 Distributions and Codistributions . . . . . . . . . . . . . . . 390 8.3 Frobenius Theorem . . . . . . . . . . . . . . . . . . . . . . . 393 8.4 Matrix Groups . . . . . . . . . . . . . . . . . . . . . . . . . 397 8.4.1 Matrix Lie Groups and Their Lie Algebras . . . . . 402 8.4.2 The Exponential Map . . . . . . . . . . . . . . . . . 404 8.4.3 Canonical Coordinates on Matrix Lie Groups . . . . 406 8.4.4 The Campbell–Baker–Hausdorff Formula . . . . . . 407

8.5 Left-Invariant Control Systems on Matrix Lie Groups . . . 410 8.5.1 Frenet–Serret Equations: A Control System on SE(3) 411 8.5.2 The Wei–Norman Formula . . . . . . . . . . . . . . 413 8.6 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 414 8.7 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 415 9 Linearization by State Feedback 421 9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 421 9.2 SISO Systems . . . . . . . . . . . . . . . . . . . . . . . . . . 422 9.2.1 Input–Output Linearization . . . . . . . . . . . . . . 422 9.2.2 Zero Dynamics for SISO Systems . . . . . . . . . . . 435 9.2.3 Inversion and Exact Tracking . . . . . . . . . . . . . 439 9.2.4 Asymptotic Stabilization and Tracking for SISO Sys- tems . . . . . . . . . . . . . . . . . . . . . . . . . . . 441 9.3 MIMO Systems . . . . . . . . . . . . . . . . . . . . . . . . . 444 9.3.1 MIMO Systems Linearizable by Static State Feedback 445 9.3.2 Full State Linearization of MIMO Systems . . . . . 448 9.3.3 Dynamic Extension for MIMO Systems . . . . . . . 452 9.4 Robust Linearization . . . . . . . . . . . . . . . . . . . . . 455 9.5 Sliding Mode Control . . . . . . . . . . . . . . . . . . . . . . 462 9.5.1 SISO Sliding Mode Control . . . . . . . . . . . . . . 462 9.5.2 MIMO Sliding Mode Control . . . . . . . . . . . . . 463 9.6 Tracking for Nonminimum Phase Systems . . . . . . . . . . 464 9.6.1 The method of Devasia, Chen, and Paden . . . . . . 464 9.6.2 The Byrnes–Isidori Regulator . . . . . . . . . . . . . 467 9.7 Observers with Linear Error Dynamics . . . . . . . . . . . . 472 9.8 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 479 9.9 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 479 10 Design Examples Using Linearization 490 10.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 490 10.2 The Ball and Beam Example . . . . . . . . . . . . . . . . . 491 10.2.1 Dynamics . . . . . . . . . . . . . . . . . . . . . . . . 492 10.2.2 Exact Input–Output Linearization . . . . . . . . . . 492 10.2.3 Full State Linearization . . . . . . . . . . . . . . . . 494 10.2.4 Approximate Input–Output Linearization . . . . . . 495 10.2.5 Switching Control of the Ball and Beam System . . 499 10.3 Approximate Linearization for Nonregular SISO Systems . . 502 10.3.1 Tracking for Nonregular Systems . . . . . . . . . . . 510 10.4 Nonlinear Flight Control . . . . . . . . . . . . . . . . . . . . 510 10.4.1 Force and Moment Generation . . . . . . . . . . . . 511 10.4.2 Simplification to a Planar Aircraft . . . . . . . . . . 514 10.4.3 Exact Input–Output Linearization of the PVTOL Air- craft System . . . . . . . . . . . . . . . . . . . . . . 515

10.4.4 Approximate Linearization of the PVTOL Aircraft . 517 10.5 Control of Slightly Nonminimum Phase Systems . . . . . . 524 10.5.1 Single Input Single Output (SISO) Case . . . . . . . 525 10.5.2 Generalization to MIMO Systems . . . . . . . . . . . 528 10.6 Singularly Perturbed Zero Dynamics for Regularly Perturbed Nonlinear Systems . . . . . . . . . . . . . . . . . . . . . . . 533 10.6.1 SISO Singularly Perturbed Zero and Driven Dynamics 533 10.6.2 MIMO Singularly Perturbed Zero and Driven Dynamics536 10.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 541 10.8 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 542 11 Geometric Nonlinear Control 553 11.1 Controllability Concepts . . . . . . . . . . . . . . . . . . . . 553 11.2 Drift–Free Control Systems . . . . . . . . . . . . . . . . . . 556 11.3 Steering of Drift–Free Nonholonomic Systems . . . . . . . . 562 11.4 Steering Model Control Systems Using Sinusoids . . . . . . 564 11.5 General Methods for Steering . . . . . . . . . . . . . . . . . 573 11.5.1 Fourier techniques . . . . . . . . . . . . . . . . . . . 573 11.5.2 Optimal Steering of Nonholonomic Systems . . . . . 580 11.5.3 Steering with Piecewise Constant Inputs . . . . . . . 584 11.5.4 Control Systems with Drift . . . . . . . . . . . . . . 590 11.6 Observability Concepts . . . . . . . . . . . . . . . . . . . . . 595 11.7 Zero Dynamics Algorithm and Generalized Normal Forms . 597 11.8 Input–Output Expansions for Nonlinear Systems . . . . . . 607 11.9 Controlled Invariant Distributions and Disturbance Decoupling610 11.10Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 613 11.11Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 614 12 Exterior Differential Systems in Control 622 12.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . 622 12.2 Introduction to Exterior Differential Systems . . . . . . . . 623 12.2.1 Multilinear Algebra . . . . . . . . . . . . . . . . . . 624 12.2.2 Forms . . . . . . . . . . . . . . . . . . . . . . . . . . 643 12.2.3 Exterior Differential Systems . . . . . . . . . . . . . 651 12.3 Normal Forms . . . . . . . . . . . . . . . . . . . . . . . . . . 658 12.3.1 The Goursat Normal Form . . . . . . . . . . . . . . 658 12.3.2 The n-trailer Pfaffian system . . . . . . . . . . . . . 667 12.3.3 The Extended Goursat Normal Form . . . . . . . . . 675 12.4 Control Systems . . . . . . . . . . . . . . . . . . . . . . . . 682 12.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . 688 12.6 Exercises . . . . . . . . . . . . . . . . . . . . . . . . . . . . 689

13 New Vistas: Multi-Agent Hybrid Systems 695 13.1 Embedded Control and Hybrid Systems . . . . . . . . . . . 695 13.2 Multi-Agent Systems and Hybrid Systems . . . . . . . . . . 696