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ABSTRACT
In this paper, we quantify several perceptual capabilities of the

human tactile system needed for teletaction. We develop a model
of a teletaction system based on predicted subsurface strain. Psy-
chophysics experiments measure the spatial resolution of the hu-
man tactile system, the effects of shear stress on grating orien-
tation discrimination, and the effects of viscoelasticity on tactile
perception. The results are used to determine teletaction system
design parameters. We find that 3.5-bits of amplitude resolution
is sufficient for a teletaction system with a 2 mm elastic layer and
2 mm tactor spacing.

1 INTRODUCTION
Information about texture, local compliance, and local shape is

important in applications such as telesurgery or handling of frag-
ile objects in telerobotics. Figure 1 shows a general configuration
of a teletaction system. One possible application is on a robotic
laparoscopic telesurgery system. The tactile sensor is mounted on
the end effector (the laparoscopic instrument), and the tactile dis-
play is mounted on the master manipulator (the user interface).
The tactile display presents information recorded by the tactile
sensor to the user. Ideally, the patterns felt by the user would be
indistinguishable from direct contact with the environment. The
tactile display needs to generate surface stresses that realistically
represent data collected by the tactile sensor. To fully control sur-
face stress, the ideal tactile display system would be an infinite
density array of 3 DOF actuators.

Teletaction systems are composed of a tactile sensor, a tactile
filter, and a tactile display. We discuss fingertip teletaction sys-
tems with high spatial detail but low temporal resolution. Most
teletaction work has focused on tactile sensors and displays [Shi-
moga 1992; Howe et al 1995]. Tactile sensors are compara-
tively well understood [Howe 1994], but are generally designed
for shape recognition and manipulation tasks, not teletaction.
Typical tactile sensors range in size from a 1 mm square with
8 � 8 elements [Gray and Fearing 1996] to a 16 mm square with
8 � 8 elements [Howe et al 1995] to a 25 mm diameter cylin-
der with 3 � 16 elements [Nicolson and Fearing 1995]. Tac-
tile sensors typically respond to the normal component of strain
though there are tactile sensors that measure normal and shear
stress [Domenici and DeRossi 1992].

A tactile filter converts tactile sensor data to tactile display data.
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Figure 1: A block diagram representation of a general teletaction
system.

Some concerns of tactile filter design include spatial and tempo-
ral sampling differences between the sensor and display, anomaly
and noise filtering of the sensor data, and conversion of strain pro-
files from the sensor to normal and shear displacement profiles or
normal and shear force profiles for the display. The filters are typ-
ically computers with A/D and D/A boards.

Tactile displays originated with tactile reading aids for the blind
using piezoelectric-driven pins and direct pneumatic actuation
[Bliss 1969]. Progress in tactile displays has been slow, due to the
demanding mechanical requirements. An ideal display requires
50 N/cm2 peak pressure, 4 mm stroke, and 50 Hz bandwidth; that
is, a power density of 10 W/cm2 with an actuator density of 1 per
mm2. Tactile display designs have used solenoids [Fischer et al
1995], shape memory alloy [Howe et al 1995; Hasser and Daniels
1996], pneumatics [Cohn et al 1992; Caldwell et al 1999], and
MEMS [Ghodssi et al 1996]. Voice coil actuators have also been
used [Pawluk et al 1998], but result in a large apparatus. Elec-
trocutaneous stimulation [Kaczmarek et al 1991] is mechanically
quite simple; however, the perceptual effects are hard to analyze.
Typically, tactile displays control either displacements or forces.
In a displacement display, an array of pins is shaped into a con-
tour. In a force display, the pin array will produce a surface stress
distribution representing the data. The tactile display’s spatial
density is limited by actuator size. Currently, the spacing between
the centers of the pins is around 2 mm [Cohn et al 1992; Howe et
al 1995].

Human tactile perception is not as well understood as the hu-
man vision system. Some areas, such as human tactile sensing
sensitivity, sensor density, and spatial and temporal frequency re-
sponse have been studied [Phillips and Johnson 1981; Loomis
and Lederman 1986; Shimojo et al 1997]. We discuss teletaction
displays that map information which stimulate the slowly adapt-
ing (SA I) mechanoreceptors. The SA I mechanoreceptors are
at an approximate density of 70 sensors per cm2 [Valbo and Jo-
hansson 1979]. Neurophysiological studies suggest that the SA
I mechanoreceptors are most important in small-scale perception
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[LaMotte and Srinivasan 1987], have a receptive field diameter of
3-4 mm, and a frequency range of 2-32 Hz [Johansson et al 1982].
Spatial resolution tests show that the 75% thresholds for gap de-
tection and grating detection are 0.87 mm and 0.5 mm, respec-
tively [Johnson and Phillips 1981]. Other studies show the en-
hanced detection of surface roughness by reducing shear stress in-
formation [Lederman 1978] and the effects of grating resolution
perception due to amplitude variations [Weisenberger et al 1998].
The dynamic response of the human finger to objects with and
without surface roughness is analyzed with finite element model-
ing [Maeno and Kobayashi 1998].

In this paper, we develop models and conduct psychophysics
experiments to determine parameters for teletaction system de-
sign. In Section 2, we present a planar linear elastic model of
a teletaction system, a viscoelastic model of the finger, an error
model due to aliasing, and a noise model of the teletaction sys-
tem. In Section 3, we describe four psychophysics experiments.
Experiment 1 measures the spatial resolution of the human tac-
tile system. Experiment 2 determines the effects of shear stress
on grating orientationdiscrimination. Experiment 3 measures the
viscoelastic parameters of the human finger pulp. Experiment 4
determines the effects of viscoelasticity on tactile perception. In
Section 5, we use the results to establish the design specifications
of a teletaction system.

2 MODELS
In this section, we present a planar linear elastic model for

system analysis, a linear system model of a teletaction system,
a simple Kelvin model for the viscoelastic properties of the hu-
man finger, and an analysis of sampling and aliasing effects. We
use these models to predict the stress or strain profile applied to
the mechanoreceptors during both direct contact and teletaction.
With the predicted profiles, we formulate algorithms to minimize
the error between direct contact and teletaction.

2.1 Planar Linear Elastic Model
A compliant tactile sensor provides contact information from

objects in the environment. For simplicity, we use the plane-
stress approximation (Figure 2). Consider a slice of elastic ma-
terial in the x � z plane with the applied force on top constant
in the y direction, and the normal stresses on the face of the slice
equal to 0 (�y = 0). (See [Fearing 1990] for explanation of as-
sumptions).

The stresses in the slice for a line load applied normal to the
surface are [Johnson, 1985]:

�x =
�2Fzzx2

�r4
; �z =

�2Fzz3

�r4
; �xz =

�2Fzz2x

�r4
; (1)

where Fz is the force per unit thickness of the slice in N/m, and
r2 = x2 + z2. For a concentrated tangential force Fx at the sur-
face:

�x =
�2Fxx

3

�r4
; �z =

�2Fxxz
2

�r4
; �xz =

�2Fxzx
2

�r4
: (2)

Since �y = 0 in the plane-stress approximation, the strains �x
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y

Figure 2: Finger geometry for plane stress assumption.

and �z will be a function of only �x and �z:

�z =
1

E
[�z � ��x] ; �x =

1

E
[�x � ��z] ; (3)

where E is the elastic modulus (N/m2), and � is Poisson’s ratio
(typically � � 0.5 for incompressible materials).

The normal strain �z has a component hz(x; z) due to the nor-
mal force componentFz and a componenthx(x; z) due to the tan-
gential force component Fx. The impulse response for normal
strain (with a unit line load applied at angle �) is defined as:

h(x; z) = hz(x; z) cos� + hx(x; z) sin� : (4)

These simplified, planar models make reasonable predictions
of the stress and subsurface strain profiles for various stimuli
[Phillips and Johnson 1981; Shimojo 1994; Fearing 1990]. Using
the linear elastic half plane assumptions, a finite element analysis
predicts the subsurface strain measured by tactile sensors [Ellis
and Qin 1994].

2.2 Viscoelastic Finger Model
While an elastic analysis is a good start for modeling the human

finger, a viscoelastic model is a more accurate model [Fung 1993;
Pawluk 1999]. The finger has viscoelastic memory which is the
history of strain affecting the stress. There is considerable differ-
ence in stress response to loading and unloading. This discrep-
ancy has lead to work in characterizing soft tissues using linear
viscoelastic models. It is reasonable to assume that for oscilla-
tions of small amplitude about an equilibrium state, the theory of
linear viscoelasticity should apply [Sladek and Fearing 1990].

A viscoelastic material exhibits features of hysteresis, stress
relaxation, and creep. Hysteresis is defined as the difference in
the stress-strain relationship during loading and unloading. Creep
refers to the fact that when a body is subject to a force step, and the
force is maintained, the body continues to deform. Finally, stress
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Figure 3: A Kelvin body.

relaxation refers to the property that when a position step is sud-
denly applied to a body, and the deformation is maintained con-
stant afterward, the corresponding stresses in the body decrease
with time.

Viscoelastic materials are often discussed in terms of mechan-
ical models. The Kelvin model (Figure 3) is the most general
relationship that includes the load, the deflection, and their first
derivatives. It consists of a series connection of a dashpot (with
viscosity R) and a spring (with spring constant k1) in parallel with
another spring (with spring constant k0). In Figure 3, x refers to
the displacement and F is the total force. The differential equa-
tion relating the force and the displacement is given by [Fung
1993]

F + �� _F = ER(x+ �� _x) (5)

with initial condition

��F (0) = ER��x(0) (6)

where �� (the relaxation time for constant strain), �� (relaxation
time for constant stress), and ER (relaxed elastic modulus) are
functions of R, k0, k1. Solving equation (5) with initial condi-
tions given by equation (6) and x(t)=u(t) (the unit-step function),
we obtain the relaxation function as [Fung 1993]:

F (t) = k(t) = ER[1�
(�� � ��)

��
e
�t

�� ]u(t) (7)

The form of the relaxation function is shown in Figure 4a.
Solving equation 5 with the same initial conditions and

F(t)=u(t), we get the elongation produced by a sudden application
of a constant force. This is called a creep function and is shown
in Figure 4b and is represented by equation (8).

c(t) =
1

ER
[1�

(�� � ��)

��
e
�t

�� ]u(t) (8)

2.3 Teletaction System Model
A teletaction system ideally provides the operator with the sen-

sation that his or her own finger is touching the remote surface.
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Figure 4: Relaxation and creep function for a Kelvin body.

The key problem is to find a set of forces which most closely
approximates the actual contact. We define three types of tele-
taction systems: Strain Matching, Stress Matching, and Shape
Matching. Consider a finger touching an object through an elas-
tic layer which ideally has the same elastic modulus and Pois-
son’s ratio as the idealized finger. For ideal Strain Matching, we
need a tactile display which generates identical strain in the fin-
ger mechanoreceptors as in real contact. For ideal Stress Match-
ing, we need a tactile display which generates identical stresses
(to within the spatial sampling limit) on the finger surface. For
ideal Shape Matching, we need a tactile display which can gen-
erate any arbitrary shape on the finger surface.

Tactile array displays need a spatial low pass filter to address
aliasing and safety issues. Consider the spatial impulse response
of the teletaction system, i.e. the response to a pin prick. If the
tactile sensor does not have a spatial low-pass filter, it is impos-
sible to localize the pin to better than one tactel no matter how
tightly the sensors are packed into the array. The pin might end
up between sensors and not be sensed.

Since it is very difficult to achieve a tactile display with actua-
tor density comparable to human SA I mechanoreceptor density
of approximately 70 per cm2, an elastic layer is used as a low-
pass filter so that the user feels a smooth contact instead an array
of pins. If high-density high-stress actuators were available for a
display, an elastic layer would then be necessary to prevent skin
damage when touching sharp objects. Thus, an ideal teletaction
system feels like touching the real world through an elastic layer,
or glove. The higher the sensor and display density, the thinner
the glove can be without introducing spatial sampling artifacts.
Two simple ways to implement a spatial low-pass filter are to ei-
ther attach an elastic layer over the tactile array display or attach
an elastic layer over the user’s finger.

Stress Matching
Consider the real contact of Figure 5 replaced with a tactile

display such that the normal and shear stresses on the finger
�z(x; z = d); �xz(x; z = d) are the same to within the noise
sensitivity of the finger (Figure 6). Ideally, the normal and shear
stresses on the boundary z = d

2 are continuously sensed and ex-
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Figure 5: Example direct contact with rigid object through elastic
layer.

actly replicated on the elastic layer next to the finger. Since the
boundary conditions match at z = d

2

+
and at z = d

2

�

, the two
layers act as one layer of thicknessd. Thus the finger would sense
exactly what is sensed in Figure 5.

The tactile sensor measurements are spatially sampled, so in-
formation is lost due to aliasing and quantization. Since current
tactile array displays can only control normal forces from each
actuator, the problem is to choose the display forces, Fij, so that
the stress on the human finger is as close as possible to the real
contact stress.

Strain Matching
Instead of matching surface stresses, we can match strains.

This could be an easier problem, as the cutaneous mechanore-
ceptors may respond best to only one component of strain; i.e.
they are scalar rather than tensor sensor elements. Johnson and
Phillips [1981] suggest that an individual SA I mechanorecep-
tor’s response correlates best with the maximum compressive
strain, independent of direction. Strain energy density is another
model for the mechanoreceptors [Srinivasan and Dandekar 1996,
Maeno and Kobayashi 1998], which has a qualitatively better fit
with the SA I mechanoreceptor data. For this paper, we use nor-
mal strain �z and assume a frictionless indentation for simplicity
and the fact that robot tactile sensors typically measure normal
strain. Determination of stresses and strains in a real finger would
be complicated without giving more insight to the basic problem.

Using a linear, space-invariant model for the elastic medium,
the normal strain at depth d for surface normal load p(x) is
�z(x; z = d) = hz(x; d) � p(x). Discretizing the problem,

�s = Esp (9)

�f = EfSf (10)

where �f is the strain in the human finger, �s is measured strain in
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Figure 6: Tactile sensor and tactile display principles for stress
matching.

the tactile sensor, Es and Ef are the maps from surface pressure
to measured strain in the sensor and finger respectively, p is the
pressure on the sensor, f is the discrete set of tactile display points
applying normal forces to the finger, and S is a sampling matrix.
The sampling matrix inserts zero force elements to match the size
of the map matrix Ef . For the ideal strain matching method, we
want �f = �s.

Using a least-squares approach, the optimal force vector can be
found from

f = [(EfS)
T (EfS)]

�1(EfS)
T �s: (11)

As high sensing density is easier to achieve than high actuator
density, we assume that �s(x) can be accurately recovered by in-
terpolation. We note several difficulties with this approach, such
as changes in position and temporal scales, viscoelastic effects,
non-linearities, and that the human finger likely measures max-
imum compressive strain or strain energy density, not normal
strain. Althoughlow-pass filtering the tactile sensor makes the in-
verse map poorly conditioned, it also lowers required tactile dis-
play spatial resolution. Note that while f may be poorly recon-
structed, it will be low-pass filtered by EfS.

Let us consider a numerical example showing strain matching
for a rectangular indentor (Figure 7). We assume a stimulator
spacing of 1 mm, sensor depth of 1.5 mm, and rectangular inden-
tor width of 4 mm. (For calculation, pressure and strain are dis-
cretized at 0.1 mm spacing). Figure 8 shows the good matching
between normal strain in tactile sensor �s and the resulting strain
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Figure 7: Example pressure distribution for rectangular indentor
with frictionless indentation.
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Figure 8: Equivalence of sampled surface stress profile and actual
surface stress when measured by sub-surface strain sensors such
as in the human finger. The top graph compares surface stress
on the tactile sensor with the discrete surface stress which would
be generated by a tactile display. The bottom graph compares
the normal strain component in the tactile sensor and in a user’s
finger.

in the finger �f . Note that the stimulator values have not been
regularized, hence the noisy appearance. Approaches described
in [Nicolson and Fearing 1993] or [Ellis and Qin 1994] could reg-
ularize the tactor forces and ensure that they are all compressive.
The elastic layer between the display pins and finger has in effect
regularized the surface stress, and the sensed strain in the finger
could be quite similar to the sensed strain in the tactile sensor.

Shape Matching
An alternative method for teletaction is to “... reproduce the

object’s contour so that it contacts the appropriate part of the hu-
man hand” [Hagner and Webster 1988]. While the concept seems
appealing, it has some limitations. First, as seen in Figure 7, the
surface deflection on the tactile sensor is not the same as the ob-
ject shape – a shape-and-pressure from strain problem must be
solved first to recover object shape and contact extent [Nicolson
and Fearing, 1993]. In fact, a similar poorly conditioned map as

Surface 
Stress

Elastic
Layer

Elastic
Layer

g(x)_

Tactile
Sensor

Tactile
Stimulator

z=d/2z=0

σz
(x)

τ xz
(x)

anti−aliasing
filter

ε
s

f

reconstruction
filter

z=d

zε

Finger
Strain

zε

Σ δ (x−nb)

_h(x)_h(x)

Figure 9: Signal flow model for a strain matching tactile sensor
and display combination.
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Figure 10: Signal flow model for a stress matching tactile sensor
and display combination.

in equation (11) would be needed for shape display. The net load-
ing on the finger would need to be controlled to insure that contact
areas and stresses were consistent with the tactile sensor. Addi-
tionally, the shape display makes it difficult to account for shear
stresses or tensile forces, which may be possible with a stress or
strain matching approach.

2.4 Aliasing
Aliasing arises in the teletaction system from spatial sampling

by the tactile sensor and display. In the signal flow model for
Strain Matching (Figure 9) (or Stress Matching (Figure 10)), h(x)
is the strain (h0(x) is the stress) response for an elastic layer of
thickness d

2 . The filter function g(x) converts discrete strain sam-
ples from the tactile sensor to a discrete set of forces Fij, for ex-
ample using equation (11). With Stress Matching, we directly ap-
ply measured stress samples to the finger. Typically, the normal
component of strain, �z, or the normal and shear components of
stress, �z and �xz, will be sampled, and only normal components
of force will be applied by the tactile display. In signal process-
ing terms, the elastic layers function as an anti-aliasing filter and a
reconstruction filter. The amount of aliasing depends on the vari-
able = b

d=2 , the ratio between sampling period, b, and the depth

of a rubber layer, d
2

.

Reconstruction with and without Shear Stress
In addition to aliasing, reconstruction errors also arise since

current tactile displays are incapable of controlling each ele-
ment’s surface shear stress. Thus, it is necessary to model the sys-
tem without transmission of shear stress. In some applications,
such as telesurgery, the environment is slippery and is close to
being frictionless, which leads to small shear forces on the sur-
face. However, zero shear stress on the surface does not imply
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Figure 11: Block diagrams of the system reconstruction with two
elastic layers a) with �xz, b) without �xz being transmitted to the
display.

zero shear stress at depth d
2 .

To see the effects with and without the transmission of shear
stress �xz at depth d

2 , a stress matching approach is used for the
case of a normal line load contact. Block diagrams for the two
systems are shown in Figure 11. The frequency response for the
two systems are shown in Figure 12.

To calculate the normal strain in the finger, we assume the
stresses �z and �xz (at depth d

2 ), are sampled with period b. The
sampled stresses are passed through the reconstruction filter re-
sulting in the finger stresses, �z and �xz, at depth d. Using �z and
�x at depth d, �zs is calculated with equation (3). Figure 13 shows
sampling of the intermediate stresses used to calculate the nor-
mal strain. Figure 14 shows the same information, except that the
shear stress is zeroed out after sampling. In both of these simula-
tions, the spatial sampling occurred a quarter period out of phase
with respect to the point of the load.

2.5 Grating Input
Given a deflection profile corresponding to a 4.0 mm period

grating indenting2.0 mm, as shown in Figure 15a, we use the pro-
cedure in Appendix A to calculate a line load profile that would
produce this deflection profile. Knowing that the normal stress
is zero where there is no contact with the grating, and limiting
our surface normal stress to have only compressive components,
we are left with a surface normal stress profile, �z(x), shown in
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Figure 12: Normalized frequency responses of the block diagrams
in Figure 11 when d = 2.7 mm (1.0 mm for each rubber layer and
0.7 mm for the SA I mechanoreceptor depth).
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Figure 13: The stresses, �z, �x, and �xz and sampled normal
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Figure 14: The stresses, �z, �x, and �xz and sampled normal
strain �zs with  = 2 and zeroing of �xz after sampling.

Figure 15b. The deflection profile corresponding to �z(x) can be
found by convolving �z(x) and c(x) (Figure 37), and is shown in
Figure 15c.

Modulation Index
For grating profiles and no sampling, a modulation index of the

normal strain or normal stress profile can be calculated. The mod-
ulation index is a function of grating frequency and thickness of
the low-pass elastic layer. The normal subsurface strain or nor-
mal stress profile is modeled respectively as:

�z(x) � ��(1 + �� cos(!x)) (12)
�z(x) � ��(1 + �� cos(!x)) (13)

where � is the scaling factor, � is the modulation index, and ! is
the frequency of the grating. Figure 16 shows the relationship be-
tween modulation index of the normal subsurface strain and fre-
quency for the cases with and without shear stress information at
depth d=2. Figure 17 shows the relationship between modulation
index of the normal surface stress applied to the finger and fre-
quency for the same two cases. By using normal surface stress
at the interface between the rubber layer and finger, uncertainty
whether the mechanoreceptors respond to normal strain, max-
imum compressive strain, strain energy density, or some other
measure does not affect our conclusions.

2.6 Error Metric for Aliasing
To measure the error in �z due to aliasing, we define the signal-

to-noise ratio to be:

SNR = 10log10

 R
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0

1

2

x 10
−3

d(
x)

 (
m

)

0

100

200

300

σ z(x
) 

(N
/m

)

−40 −20 0 20 40
0

1

2

x 10
−3

d n(x
) 

(m
)

Horizontal distance (mm)

Figure 15: a) Surface (d=0) displacement profile applied, b) Sur-
face normal stress, and c) Displacement profile calculated by con-
volving normal stress in b) with the c(x) of Figure 37
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Figure 17: Modulation index of surface normal stress vs. fre-
quency. Depth is 2.0 mm for the rubber layer.
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Figure 18: SNR vs.  with a normal line load input. If the tactile
display can not present shear stress, the SNR is limited to 16 dB
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Figure 19: Normal strain in the finger �z due to a normal line load
with no sampling,  = 1, and  = 2.

Contact type SNR
line load (normal) 16
line load (30�) 11
block indentor with width 20 (normal) 19
block indentor with width 20 (30�) 7
cylindrical indentor width 20 (normal) 19
cylindrical indentor width 20 (30�) 8

TABLE 1: SNR with no shear stress transmission at z = d
2 = 2 and

no sampling.

where �zs is the sampled normal strain. In this definition, the sig-
nal is the reconstructed normal strain profile without sampling.
The noise is the difference between the reconstructed normal
strain profile with and without sampling. Figure 18 shows the
SNR as a function of  , the ratio between array spacing and elas-
tic layer thickness. Figure 19 shows �z due to a normal line load
with no sampling,  = 1, and  = 2. This model determines how
thick the rubber layers should be for a given sampling period and
SNR. When sampling, the phase at which the samples are taken
is very important. For Figure 19, the worst phase for each  was
used. Even with no sampling, the SNR of the reconstructed nor-
mal strain without transmission of shear stress has an upper bound
of 16 dB. Table 1 shows the effects of not transmittingshear stress
at depth d

2 on the SNR using a variety of inputs and no sampling.
Thus, shear stress information is important for high fidelity tac-

tile stimulators. If a tactile display has  > 1, then having shear
stress information transmitted does not increase the SNR.
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Figure 20: Block diagram representations of a) direct contact and
b) contact with a teletaction system and its noise sources

2.7 Noise Models
In this section, we present a model of noise in a teletaction sys-

tem. Figure 20 shows block diagrams of an ideal frictionless con-
tact through direct touch and a contact made through a teletaction
system. Noise source N1 represents friction in the contact and
surface imperfections. Noise source N2 represents quantization
and aliasing effects of the tactile sensor. Noise source N3 repre-
sents the ill-conditioned inverse and interpolation/extrapolation
errors from having different sensor and display densities. Noise
source N4 represents the quantization and aliasing effects of the
tactile display.

With the noise model and the modulation index, we can pre-
dict the maximum tolerable noise in the teletaction system. We
assume that the human operator is a consistent decision maker.
If the stimuli is above threshold, then the response will be pos-
itive (i.e. something felt) otherwise it will be negative. Ideally,
the response curve will look like a signum function where the
threshold is at zero.

We consider only the quantization noise of the tactile display,
as precision display design is more difficult than precision sen-
sor design. Starting with the tactile display representation of a
smooth pattern (we use a 50% duty cycle square wave), we can
determine how large a quantization level the tactile display can
have before the human operator feels a non-smooth pattern (Fig-
ure 21). The 50% duty cycle square wave represents a tactile dis-
play with pin width equal to half the pin spacing. Using the Stress
Matching model (Figure 6), we alter the tactile display outputs
by �Fij and determine the modulation index of the normal stress
at the boundary layer between the rubber layer and human fin-
ger. As we can see in Figure 22, variations at lower frequencies
are more easily felt. Quantization noise at lower frequencies will
have more of an effect than high frequency noise, which might
not be felt at all after the lowpass reconstruction filter.

0

0

0

Figure 21: Displacement profile of a) a smooth pattern on the
tactile display, b) additive sinusoidal quantization noise, and c)
resulting pattern with worst-case quantized force levels.

By determining worst-case bounds on quantization noise
source N4, we can back out the maximum tolerable noise at each
stage. This oversimplified analysis is a starting point for deter-
mining design parameters for each component of the teletaction
system.

3 EXPERIMENTS
We conduct four experiments to study various aspects of the

human tactile system. Experiment 1 determines the detectable
threshold for grating inputs. Experiment 2 tests our theory that re-
ducing shear stress information enhances grating orientation de-
tection. Experiment 3 measures the relaxation parameters for the
finger. Experiment 4 measures the effects of viscoelasticity on
tactile perception. In experiments 1 and 2, we use rectangular
gratings since they are easy to make and approximately represent
a sinusoid. In a linear system, the impulse response fully charac-
terizes the system. Unfortunately, the impulse is a mathematical
creation, so the frequency response is the best we can do to char-
acterize the system. By testing a range of frequencies, we obtain
data which we can correlate to predicted response functions. In
experiments 3 and 4, we use a ridge input instead of a grating as
the stimulus to concentrate stress.

3.1 Apparatus
For Experiments 1, 3, and 4, we use a Robotworld platform (a

planar cartesian manipulator), a four degree of freedom module,
a Lord 15/50 force/torque sensor, and two momentary switches.
The module has degrees of freedom inX, Y , Z, and � (rotation
about the Z axis). The force/torque sensor is attached to the mod-
ules. Attached to the force/torque sensor are aluminum stimuli
mounts as shown in Figure 23a. This system provides accurate
real-time position and force control.

In Experiment 1, we use a circular aluminum plate to hold the
12 test patterns, as shown in Figure 23b. The test patterns are wax
blocks with 50% duty cycle square wave grating patterns with pe-
riods ranging from 3.4 mm to 5.2 mm in 0.2 mm increments and
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Figure 22: Modulation index of normal stress (with shear stress)
vs. sampling frequency for different amplitude quantization levels
of a tactile display with a 2 mm reconstruction layer.

two blocks with flat patterns. Subjects wear a 2 mm rubber glove
on their index finger. The rubber glove represents the low pass
filters necessary on a teletaction system.

In Experiment 2, we use two motorized linear tables and one
motorized rotary table, configured in the X,Y , and � orientation
shown in Figure 24a. This system allows us to quickly present
stimuli patterns to the subject in an accurate manner. Two stim-
uli holders with 10 stimuli are bolted onto the rotary table shown
in Figure 24b. Wax blocks with horizontal or vertical grating pat-
terns are placed into the holders. The grating patterns have peri-
ods ranging from 2.4 mm to 4.8 mm in 0.6 mm increments with
a 50% duty cycle. This range of periods is based on the results
of Experiment 1. The rubber layer is either a solid 2 mm piece or
two 1 mm pieces with lubricant between them. The lubricant we
use to reduce the amount of shear stress is a vegetable oil spray,
PAM1, since other lubricants we tried either dried up too quickly
or reacted unfavorably with the silicone rubber.

In Experiments 3 and 4, we use a stair-step plate to hold the
3 test patterns. The three patterns are a smooth block with no
pattern, a little ridge (0.1 mm or 0.15 mm), and a large ridge
(1.5 mm). The ridges are 5 mm wide and 10 mm long, as shown
in Figure 23c. Subjects also wear a 2 mm rubber glove on their
index finger in these experiments.

Table 2 summarizes the apparatus we use for the experiments.
In all the experiments, the stimuli indents normal to the fingerpad,
which eliminates extraneous information from the stimuli sliding
across the fingerpad. Rubber layers between the finger and stim-
uli ensure that no additional surfaces cues, such as small irregular-
ities or thermal information were present. The 2 mm thickness for
the rubber layer is based on having an actuator array with 2 mm
spacing between the actuators. The 1:1 ratio of spacing and layer
thickness gives good anti-aliasing characteristics and an accept-

1American Home Products, Inc.

a)

Robotworld
Module

Force/Torque
Sensor

To Attachments

x

z

b)

BlankBlank F/T
Sensor

25mm

x

y

c)

To Robotworld

Smooth
(SM)

Little
Ridge
(LR)

Big
Ridge
(BR)

10mm

5mm

x

y
z

Figure 23: a) Robotworld module and force/torque sensor, b)
pattern holder for Experiment 1, and c) pattern holder for Experi-
ments 3 and 4
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Exp. 1 2 3 4

Stimuli Gratings Gratings Ridges Ridges
3.4-5.2 mm 2.4-4.8 mm 0-1.5 mm 0-1.5 mm

period period height height
Load 4 N 5-10 N 2.5 N 5.5 N
Duration 2 seconds 3 seconds 15+30+15 3+1.8+2

per pattern per pattern seconds seconds
Lowpass 2 mm glove 2 mm sheet 2 mm glove 2 mm glove
filter on finger on stimuli on finger on finger

with or
without

lubricant
Purpose Determine Determine Determine Determine

minimum effects of viscoelastic effects of
detectable shear stress parameters viscoelasticity

grating on grating on tactile
frequency orientation perception

determination

TABLE 2: Summary of apparatus used

able signal to noise ratio (see section 2.6).

3.2 Experiment 1: Grating detection
Our goal is to measure tactile spatial sensitivity through grating

detection. In the experiment, the subject extends their index fin-
ger and places it on the apparatus (shown in Figure 23b). The fin-
ger is kept straight and extended by attaching a wooden splint to
the back of the finger. The subjects wear custom molded finger-
tips made of 2 mm thick rubber, which have contours conform-
ing to the human finger. The finger, rubber fingertip, and splint
are immobilized to the test platform by two velcro straps. A se-
ries of grating patterns is presented to the subject’s finger using
the robot module. Using the force sensor, the module controls
the plate height to insure that the correct contact force is applied.
The pattern is presented for two seconds. The procedure is re-
peated for another pattern. The pair of patterns is either smooth
then grating, or grating then smooth. The subject uses momen-
tary switches to indicate which block has the grating. Each of the
ten grated patterns is presented 20 times at a force of 4 N. The
experiment takes 12 minutes.

3.3 Experiment 2: Effects of Shear Stress on Grating
Orientation Discrimination

Our goal is to measure tactile orientation detection with and
without shear stress. In the experiment, the subject extends their
right index finger and places it on the finger rest (shown in Fig-
ure 24a). The finger rest is adjusted to insure that contact with the
stimuli occurs normal to the fingerpad. It is essential that no ex-
traneous information is given to the subject by having the stimuli
contact obliquely and slide across the finger when coming to the
final contact position. The control program then allows the sub-
ject to choose how far the stimuli indents into their finger. The
setup is calibrated with a dial indicator to insure that each stim-
ulus indents to the chosen distance with error of less than 25�m.
Each of the ten stimuli is presented 15 times in a random order.

Motorized 
Linear
Tables

X

Y

Motorized 
Rotary
Table

Finger 
Rest

Stimuli Holders

Emergency Stop

a)

Y

Z
Motorized 
Linear
Tables

Motorized 
Rotary
Table

Stimuli Holders

Stimuli
(in the two orientations)

Screws
(to secure rubber layer)

b)

Figure 24: Apparatus for Experiment 2: a) Top view, and b) Front
view of the tables, stimuli holder, and stimuli

Figure 25: Subjects’ response for perceived orientation

Of the ten stimuli, there are 5 distinct frequencies in both orienta-
tions. This results in thirty points per frequency tested with half
of the points in each orientation.

After the control program presents the stimuli, the subject re-
sponds with a “0” or “1” corresponding to which orientation is
felt, as shown in Figure 25. The experiment takes approximately
30 minutes. Force measurements show that subjects use 5-10 N
of force for the experiment. Forces are constant for each subject,
but vary across subjects.

3.4 Experiment 3: Viscoelastic parameters
Our goal is to quantify the viscoelasticity of the human finger.

We determine if the finger responds as described by equation 7.
We apply a position step to the finger and measure the finger’s
force response. We then compare the results with the relaxation
function shown in Figure 4a. The robot module is commanded
to a position that corresponds to a force of 2.5 N exerted on the
finger by the block containing a 1.0 mm ridge. After fifteen sec-
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Type First Stimulus Second Stimulus
1 SM BR
2 SM SM
3 BR SM
4 LR BR
5 BR LR

TABLE 3: Trial types and corresponding patterns presented
(SM=Smooth, LR=Little Ridge, BR=Big Ridge).

onds, during which the force response of the finger is recorded by
the sensor, a position step of 0.5 mm towards the finger is applied
by the robot. The force/torque sensor records the force for thirty
seconds. Finally, the module is commanded to move back to its
original position (i.e. a negative step of 0.5 mm) and the sensor
records the force for another fifteen seconds. Due to the limited
acceleration and velocity of the robot module, the position step is
not instantaneous. It took on the order of 0.6-0.7 seconds to move
the 0.5 mm. The above procedure gives a relaxation curve which
is used to estimate the parameters of the Kelvin model for each
subject.

3.5 Experiment 4: Effects of Viscoelasticity on Tactile
Perception

To measure the effects on tactile perception, we determine if the
viscoelasticity of the finger pulp has a statistically significant ef-
fect on the perception of ridges. The height of the little ridge (LR)
is chosen as the threshold where the subject guesses whether they
feel a smooth surface or a ridge. The height of the big ridge (BR)
is the same one used in the viscoelasticity determination experi-
ment. For this experiment, a force of 5.5N is applied to the finger
by the blocks and module.

The experiment consists of 150 trials broken up into five ses-
sions (thirty trials per session). Each trial consists of two blocks
being presented to the subject. Each session consists of six of
each of the trials outlined in Table 3 in a random order. Note that
with three different blocks, each trial could be one of nine (32)
different types (since two blocks were being presented in each
trial). We cut down on the number of trials by only using the com-
bination of blocks that were important in testing whether or not
the viscoelasticity of the finger has an effect on touch.

In each trial, the robot module presents the first stimulus with
a force of 5.5 N for 3.0 seconds at which point the module moves
away from the finger and waits for 1.8 seconds. A waiting pe-
riod of 1.8 seconds is picked because the average relaxation time
constant for the subjects is approximately 2 seconds. Following
the wait, the second stimulus is presented at 5.5 N for 2.0 sec-
onds. The subjects push the appropriate momentary switch based
on whether or not they felt two ridges in the trial. The conditions
for when the subjects are supposed to push each button is outlined
in Table 4. The subjects have 10 seconds within which to make a
choice.

Choice Condition(s)
1 Neither input had ridges,

Only one input had ridge,
Input(s) had negative ridges (grooves)

2 Both inputs had positive ridges

TABLE 4: Choices and condition(s) for each choice

4 DATA AND ANALYSIS
In this section, we will look at the data from each experiment

separately. In section 5, we draw conclusions from all the data.

4.1 Experiment 1: Grating detection
The grating detection experiment tests the ability of subjects

to discriminate a wax block with a grating pattern versus a wax
block with a smooth pattern while wearing a 2 mm thick rubber
glove. The experiment was run on 7 voluntary subjects (6 male,
1 female) between 20 and 34 years of age. The index fingers var-
ied in width from 15 mm to 20 mm across the fingerpad. The re-
sults of the experiment are shown in Table 5 and Figure 26. Us-
ing 75% (the midpoint between random guessing and perfect dis-
crimination) as the threshold level, the threshold grating period
for the test subjects varied from 3.6 mm to 5.0 mm. The average
of the results are shown in Figure 27 with error bars showing the
95% confidence interval for a proportion with n=20. The average
threshold grating period is 4.0 mm.

As predicted from the model, grating detection improves as the
period of the grating increases. Looking at the modulation index
corresponding to the subjects’ threshold grating periods, we can
determine how many bits of force resolution is needed for a tac-
tile display. Using normal strain as the criteria for detection, the
most sensitive subject could detect a modulation index of 12%
while the least sensitive subject could detect a modulation index
of 24%. A tactile display with 3 bits of force resolution would
be able to present normal strain at 8 different levels, which cor-
responds to a modulation index of 12.5%.

4.2 Experiment 2: Effects of Shear Stress on Grating
Orientation Discrimination

The grating orientation experiment was run on 10 voluntary
subjects (9 male, 1 female). The results for the unlubricated case
are shown in Table 6 and Figure 28. The results with reduced
shear stress information are shown in Table 7 and Figure 29. The
ability to discriminate grating orientation increased at all frequen-
cies when there is reduced shear stress information.

The averages of the data are shown in Figure 30. To quantify
the significance, we applied the �2 test with 1 degree of freedom
[Walpole and Myers 1993]. We use the average as the expected
frequency.

The calculated �2 values are as follows:

Period (mm) 2.4 3.0 3.6 4.2 4.8
�2 2.41 4.98 7.29 34.3 28.7

The results of the shear and reduced shear experiments are from
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Period (mm) 3.4 3.6 3.8 4.0 4.2
Subject 1: 11 13 11 12 16
Subject 2: 8 11 10 13 15
Subject 3: 9 14 13 17 15
Subject 4: 9 15 16 18 18
Subject 5: 13 12 15 17 18
Subject 6: 7 17 14 11 13
Subject 7: 11 15 16 16 19
Mean 9.71 13.9 13.6 14.9 16.3

Period (mm) 4.4 4.6 4.8 5.0 5.2
Subject 1: 16 18 18 17 19
Subject 2: 12 14 14 18 20
Subject 3: 20 19 20 20 20
Subject 4: 16 19 20 20 19
Subject 5: 18 18 18 19 20
Subject 6: 17 16 18 16 19
Subject 7: 18 19 17 20 19
Mean 16.7 17.6 17.9 18.6 19.4

TABLE 5: Raw data from grating detection experiments. Data are
number correct out of 20 trials per period per subject.
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Figure 26: Graph of the data from grating detection experiment
with error bars representing the 95% confidence intervals for a
proportion. Each point represents the results of 20 trials.
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Figure 27: Average of the data for grating detection experiment
with error bars representing the 95% confidence intervals for a
proportion. Each point represents the results of 140 trials.

Shear
Period (mm) 2.4 3.0 3.6 4.2 4.8
Subject 1: 12 15 23 28 29
Subject 2: 20 16 16 22 26
Subject 3: 13 14 11 21 22
Subject 4: 17 15 17 23 12
Subject 5: 17 15 18 27 23
Subject 6: 13 22 18 25 26
Subject 7: 13 15 15 18 21
Subject 8: 12 18 15 25 27
Subject 9: 15 15 20 23 28
Subject 10: 7 15 19 18 20
Mean 13.9 16.0 17.2 23.0 23.4

TABLE 6: Raw data from grating orientation experiments. Data
are number correct out of 30 trials per period per subject.
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Figure 28: Graphs of the data from grating orientation experiment
with error bars representing the 95% confidence intervals for a
proportion. Each point represents the results of 30 trials.

different populations for grating periods greater than or equal to
3.0 mm (95% probability, �2 > 3:84). Since 2.4 mm was below
the detectable threshold with a 2.0 mm thick anti-aliasing layer, it
is not surprising that there was no significant difference between
the shear and reduced shear data.

4.3 Experiment 3: Viscoelastic parameters
The experiment was run on six test subjects (3 male, 3 female)

between 21 and 35 years of age. In section 2.2, we presented a
mechanical model of the finger consisting of springs and dash-
pots. After running the experiment, a relaxation function was ob-
tained for each of the six subjects. Figure 31 shows a relaxation
function (to a position step) for a rubber layer. There is a very
small viscoelastic effect. Figure 32 shows a relaxation function
for subject 2. The viscoelastic effect is very apparent up to ap-
proximately 15 seconds (just before the 0.5 mm position step).
The other subjects exhibited similar relaxation functions.

The relaxation function for the Kelvin model (equation (7)) can
be rewritten more generally as

k(t) = A+Be�tc (15)

where

A = ER; B =
�ER(�� � ��)

��
; c =

1

��
(16)

We used a nonlinear curve fitting algorithm based on the simplex
algorithm to fit an exponential function of the form given in equa-
tion (15) to the force response taken in the first 15 seconds for
each subject. Figure 33 shows an example of the curve fitting for
the relaxation curve of the subject shown in Figure 32. The data

Reduced Shear
Period (mm) 2.4 3.0 3.6 4.2 4.8
Subject 1: 12 21 24 26 30
Subject 2: 21 15 15 30 29
Subject 3: 20 17 15 30 28
Subject 4: 17 27 27 27 30
Subject 5: 16 18 18 29 30
Subject 6: 14 28 21 28 25
Subject 7: 15 15 15 26 26
Subject 8: 14 14 24 30 29
Subject 9: 16 18 23 29 28
Subject 10: 13 14 22 26 25
Mean 15.8 18.7 20.4 28.1 28.0

TABLE 7: Raw data from grating orientation experiments. Data
are number correct out of 30 trials per period per subject.
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Figure 29: Graphs of the data with error bars representing the
95% confidence intervals for a proportion. Each point represents
the results of 30 trials.
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Figure 30: Averages of the data from 10 subjects. Each point
represents the average results of 300 trials.
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Figure 31: Relaxation function for a rubber layer.
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Figure 32: Relaxation function for subject 2.

Subject A B c �� ��
1 2.29 1.15 0.70 1.42 2.14
2 1.95 1.10 0.26 3.90 6.11
3 2.20 0.89 0.58 2.71 3.82
4 2.24 0.67 0.35 2.81 3.65
5 2.04 0.85 0.30 3.38 4.78
6 2.59 0.34 0.26 3.88 4.39

TABLE 8: Parameter values of the viscoelastic model of the finger

for the other subjects is shown in Table 8. The value �� can be
found by substituting the known values into the equation for B in
equation (16).

According to equation (8) and Figure 4b, after the constant
force input is removed, the finger pulp (due to viscoelastic creep)
exponentially deforms back to its original location with time-
constant equal to ��. We will ignore all other constants for this
analysis. When a ridge is pressed against the finger with a force
of 5.5 N for 3 seconds, the deformation of the fingerpulp is nor-
malized to one. Zero corresponds to the finger pulp in its original
location. Waiting 1.8 seconds after the pattern is removed, the
finger is at some position depending on the value of �� for each
subject. Table 9 shows the deformation in normalized units for
each subject. The first subject’s finger retains 43% of the input
while the second subject’s finger retains 74% of the input.

4.4 Experiment 4: Effects of Viscoelasticity on Tactile
Perception

This experiment was run on the same six subjects tested in Ex-
periment 3. The responses of the experiment were either choice1
or choice2 as described in Table 4. The performance, as indicated
by fraction of trials that a subject picked choice2 for each type of
trial, is shown in Figure 34. The most consistent effect observed
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Figure 33: Exponential fit for relaxation function.

Subject Position of finger
1 0.43
2 0.74
3 0.62
4 0.61
5 0.69
6 0.66

TABLE 9: Position of finger 1.8 seconds after a BR pattern is
removed from the fingerpad (in normalized units where zero cor-
responds to finger in starting location, and one corresponds to
location of finger after a BR pattern has been applied for 3 sec-
onds

is the greater detection of two ridges in (LR,BR) than (BR,LR) as
shown in Figure 35. Refer to Table 3 to see what input patterns
were presented for each type.

We apply a �2 test to quantify the statistical significance of the
difference in proportionsbetween trials of types 1 and 3 and types
4 and 5 for each subject. The frequencies and�2-values for each
subject are shown in Table 10. For a level of significance of 0:05
(i.e. 95% confidence level), with 1 degree of freedom,�2 > 3:84.
From the table we can see that subjects 4 and 6 were well within
the 95% confidence level of the means not being equal for trials
of types 1 and 3. We can also safely conclude that the the means
for trials of types 4 and 5were not equal for subjects 2, 3, 5, and 6.
Subject 4 fell within the 0:10 level of significance for types 4 and
5. Subject 1 did not show any significant difference in detecting
ridges.

5 CONCLUSIONS AND FUTURE WORK
The core results from the experiments are tabulated in Table 11.

This series of experiments provides some of the necessary param-
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Figure 34: Fraction of trials of all types (1=(SM,BR), 2=(SM,SM),
3=(BR,SM), 4=(LR,BR), 5=(BR,LR)) where the subject ’felt two
ridges’ (choice 2).
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Figure 35: Fraction of trials of types 4 (LR,BR) and 5 (BR,LR) for
which ’felt two ridges’ (choice 2) was picked as a response.
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# Type 1 Type 3 �
2 Type 4 Type 5 �

2

SM-BR BR-SM LR-BR BR-LR

1 0.33 0.20 1.36 0.50 0.50 0.0
2 0.13 0.23 1.00 0.83 0.33 15.43
3 0.07 0.03 0.35 0.50 0.20 5.93
4 0.37 0.10 5.96 0.83 0.63 3.07
5 0.40 0.23 1.93 0.70 0.43 4.35
6 0.20 0.03 4.05 0.73 0.40 6.77

TABLE 10: Proportion for feeling two ridges in contact for types 1,3
and t ypes 4,5 and �2 values for each subject. (N=30)

Exp. Results
1 Grating detection increases with period. On average,

a 1-bit tactile display gives 75% correct with 4.0 mm
grating period. A 3-bit tactile display is needed for a
10.0 mm grating period.

2 Grating orientation discrimination is significantly
enhanced by reducing the shear stress between the
rubber layers. On average, 75% correct at 3.8 mm
grating period for reduced shear stress and 4.2 mm
for full shear stress cases. The signal to noise ratio
is higher for the reduced shear stress case. Again, a
3-bit tactile display is needed for a 10.0 mm grating
period to be indistinguishable from a smooth pattern
given a 1-bit sinusoidal error.

3 Determined the stress-relaxation and creep parameters
for six subjects. The human fingerpad retains 43% to 74%
(average of 62.5%) of the indentation 1.8 seconds after
the indentation is released.

4 Detection of ridges correlates well with the percent residual
deformation of the fingerpad.

TABLE 11: Compiled results from the four experiments using a
2 mm layer.

eters for designing a teletaction system. From experiment 1, ob-
jects with spatial frequencies < 0.25 cycles/mm are readily per-
ceived through a 2 mm rubber layer. Thus, a tactile display should
have 0.5 samples/mm by the Nyquist criterion, and array spacing
to rubber layer ratio  < 2. From experiment 2, designing a tac-
tile display to match only the normal stress is sufficient when the
tactile sensor probes objects normal to the sensor surface in a slip-
pery environment. The slippery environment enhances the high
frequency content of the object detected by the tactile sensor.

Since the square grating is effectively equivalent to a very
densely packed 1-bit displacement tactile display for our exper-
iments, we can determine the necessary number of bits needed
based on fidelity and lowest frequency to be presented. At a
4.0 mm grating period, which corresponds to a normal stress
modulation index of 0.18, subjects correctly identified the grat-
ing pattern 75% of the time, or alternatively, 25% of the time,
the grating pattern was undetectable. By using Figure 17, a 1-
bit tactile display presenting a 10.0 mm period grating correlates
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Figure 36: Correlation between the difference of means for type 4
and 5 stimuli with percent residual deformation of the fingerpad
1.8 seconds after a ridge stimuli has been removed. (correlation
coefficient � = 0:92)

to a normal stress modulation index of 0.60. In order to reduce
the normal stress modulation index to the 25% undetectable level
(modulation index of 0.18), we need a 3-bit displacement tactile
display. With 3 bits, a quantized sinusoidal 1-bit error will only
generate a 0.60 * (0.5)(3�1) = 0.15 modulation index, which is
less than the required 0.18 for the 25% undetectable level. For
higher fidelity, we look at when the pattern was 60% detectable,
or 40% of the time, the grating pattern was undetectable, which
corresponds to a 3.5 mm grating period (frequency = 0.29 cy-
cles/mm). This level corresponds to a 0.13 normal stress mod-
ulation index (see Figure 17). At a 10.0 mm grating period, we
need � 3.5 bits of displacement resolution.

Experiments 3 and 4 show the viscoelastic effects of the human
finger and the effects on tactile perception. Figure 36 shows the
strong correlation between slow skin relaxation and perceptual
interference. Afterimages in the skin must be taken into account
when designing the control algorithm for the teletaction system.
The large afterimage reduces the required display amplitude and
temporal resolution for high stress inputs.

More studies need to be performed to correlate the pattern pre-
sented by a teletaction system and the pattern felt by direct touch.
With a better understanding of the spatial, temporal, and sensitiv-
ity of the human tactile system, we will be able to design a better
teletaction system. As actuator technology advances, we will be
able to fabricate small tactile displays for use on master controller
devices, such as laparoscopic instruments and joysticks.
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APPENDIX: CONVERSION FROM DISPLACEMENT TO
STRESS

The fundamental relation between a surface deflection and a
normally applied line load is shown in Figure 37, and given by:

c(x) =

8<
:

2
�E log

xb
xo
; jxj < xo

2
�E log

xb
x ; xo < jxj < xb

0; xb < jxj
(17)

where x0 is half the width of the applied line load, and xb is the
distant boundary. So from equation 17, the line load has a con-
stant deflection in the width of application, decays logarithmi-
cally until the distant boundary, and is zero outside of the dis-
tant boundary. We used the same values as [Phillips and Johnson
1981], x0 = 25 �m and xb = 3 mm.

As in [Phillips and Johnson 1981], we assume that the deflec-
tion is proportional to the magnitude of the line load, the deflec-
tion function c(x) is space invariant, and the overall deflection
profile is the superposition of deflection profiles from the individ-
ual line loads. Discretizing c(x), we can represent the discretized
deflection profile d(xi) as:

d(xi) =
nX

j=1

c(xi � xj)p(xj) (18)

where p(xj) is the discretized line load profile, and n is the num-
ber of points representing the profiles. Rewriting equation 18 as
a matrix operation, we express the best line load profile as a least
squares problem. Given a deflection profile d and the deflection
matrix C (calculated from c(x)), we can find p as follows:

Cp = d (19)
p = (CTC)�1CTd (20)

In our case, p and d are the same length, so

p = C�1d (21)

7 *
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