
MATH 110, mock final test.

Name
Student ID #

All the necessary work to justify an answer and all the necessary steps of a proof must be
shown clearly to obtain full credit. Partial credit may be given but only for significant
progress towards a solution. Show all relevant work in logical sequence and indicate all
answers clearly. Cross out all work you do not wish considered. Books and notes are
allowed. Electronic devices are not allowed during the test.

1. If V is an n-dimensional vector space over a finite field, and if 0 ≤ m ≤ n, then the
number of m-dimensional subspaces of V is the number of (n−m)-dimensional subspaces.

2. Give an example of two linear operators A, B on the same vector space such that AB = 0
but BA 6= 0.

3. Let A and B be linear operators on vector spaces of dimension m and n respectively.
Show that

det(A⊗B) = (detA)n · (detB)m.

4. What is the Jordan form of the operator T given by the formula

f(t) 7→ t2f ′′(t)− tf ′(t) + f(t− 1)

on the space P3(IR) of polynomials of degree at most 3?

5. Let P1 and P2 be orthogonal projectors and let P :=P1 − P2. Show that P is an
orthogonal projector if and only if (1− P1)P2 = P2(1− P1) = 0.

6. Let A be a normal operator on a n-dimensional unitary space with eigenvalues {λj}nj=1.
Show that

{(Ax, x) : ‖x‖ = 1} = {
n∑

j=1

αjλj :
∑
j

αj = 1, αj ≥ 0 for all j}.

7. Let

A =

 2 1 0
1 2 0
0 0 1

 .
Find a polynomial p such that A−1 = p(A).



8. Let A be a nonnegative (Hermitian) operator. Prove that, for any vectors x and y,

|(Ax, y)|2 ≤ (Ax, x)(Ay, y).
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