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First, we conclude our discussion of the Gaussian Process view of Bayesian regression. At the end of the last
lecture, we had shown that, in the Gaussian Process view of linear prediction, a new value Z∗ is Gaussian
with mean and covariance given by

E(Z∗|Y1 = y1, . . . , Yn = yn) = φT

∗
ΣΦT P−1y

V ar(Z∗|Y1 = y1, . . . , Yn = yn) = φT

∗
Σφ∗ − φT

∗
ΣΦT P−1ΦΣφ∗

where P = ΦΣΦT + σ2I.

We now confirm that is the same result as would be predicted by Bayesian linear regression.

To show that the means are the same involves showing that βA−1ΦT = ΣΦT P−1. This is shown by

AΣΦT = (βΦT Φ + Σ−1)ΣΦT

= βΦT ΦΣΦT + ΦT

= βΦT (ΦΣΦT + σ2I)

= βΦT P

As for the variances,

A−1 = (βΦT Φ + Σ−1)−1

= Σ + ΣΦT (σ2I + ΦΣΦT )−1ΦΣ

by the matrix inversion lemma. Now multiply on the left by φT
∗
, and on the right by φ∗ to obtain the desired

result.

It should be noted that we can use this to get a MAP estimate

Z(x∗) = φT (x∗)θ̂MAP

= Ly

i.e, it can be viewed as a linear function of the data.

Suppose there are n data points and m parameters (or basis functions). Bayesian regression involves inverting
an m by m matrix, while the Gaussian Process view requires inverting an n by n matrix. So if the number of
basis functions is less than the number of data points, then Bayesian regression is more efficient. However,
there are situations where the number of basis functions is large or even infinite; in these cases Gaussian
processes are the preferred way to treat the problem.

An example of this is infinite neural networks. Neural networks are models of the form

Z(x) = θ0 +

m
∑

i=1

θiφi(η
T

i x)

1
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The φi are assumed to be bounded. A common choice is for the φi to be logistic functions. It was shown by
Neal that, under suitable independence assumptions, Z(x) converges to a Gaussian process as m → ∞.

Another example is to consider radial basis functions

φi(x) = exp

(−(x − i)2

2λ2

)

and let the prior covariance be Σ = diag S

∆
, where S is a constant, and ∆ is the number of basis functions

contained in the interval being considered. The idea is to hold the interval fixed, but let the number of
functions tend to infinity, in which case the sum in the covariance formula turns into an integral :

cov(Z(xn), Z(x′

n)) = σiφi(xn)
S

∆
φi(x

′
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∫
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which is a Gaussian kernel. So now, we can make predictions just using this kernel. Even though the number
of basis functions is infinite, we only deal with the N by N matrix

Z(x∗) = kT K−1y


