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Interaction of Capacitive and Resistive Nonlinearities in Chua’s Circuit
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Abstract. The interaction of capacitive and resistive nonlinearities in the Chua’s circuit is studied. The original
Chua’s circuit is modified by replacing one of the linear capacitors with a nonlinear one to investigate the effects
of such an interaction on the chaotic behavior of the circuit. It is found that such an interaction can be effective
in limiting and controlling chaos. The Pspice simulation results are also given and compared with our numerical
solutions.
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1. Introduction

The chaotic nature and the behavior of the Chua’s cir-
cuit whose only nonlinear element is a three-segment
piecewise linear resistor has already been repeatedly
studied (e.g., see [1]–[3]). This nonlinear resistor, also
called the Chua’s diode, is available as an IC chip [4],
or can easily be realized by using two op amps and six
linear resistors [5]. The fact that this circuit is very
simple, easy to implement, and rich in behavior has
made it very popular for analytical and experimental
investigation of chaos. In this paper, we numerically
investigate the interaction of capacitive and resistive
nonlinearities in the Chua’s circuit, and discuss the ef-
fects of such an interaction on the chaotic behavior of
the circuit. Our numerical results are verified by the
Pspice (e.g., see [6]) simulations. For this purpose, the
original Chua’s circuit is modified by replacing one
of the linear capacitors in the circuit with a nonlinear
one whose nonlinearity is represented by a third-order
polynomial. Such polynomial representations are often
used in the study of certain nonlinear systems (e.g., see
[7]–[10]). The circuit realization is shown in Fig. 1. In
the rest of the paper, we will refer to the Chua’s circuit
as the original, and to the circuit of Fig. 1 as the modi-
fied. By appropriate choice of parameters, the modified
circuit can be used to study the effects of the resistive
and capacitive nonlinearities individually, or both non-
linearities together. Thus, in that sense, the modified
circuit can be viewed as a generalization of the origi-
nal circuit. A similar study was conducted in [10] for

a second-order nonautonomous RL-varactor diode cir-
cuit. To simulate the chaotic behavior from this circuit,
the varactor diode was modeled as a parallel combina-
tion of a nonlinear capacitor and a nonlinear resistor.
It was shown that such an interaction of the capacitive
and the resistive nonlinearity can be a promising way
of limiting chaos.

2. Analysis

In the circuit, the interaction of resistive and reactive
nonlinearities in general can be studied by making one
or all the reactive elements nonlinear. However, the
most interesting results are observed in the case of the
capacitorC2 being nonlinear as opposed to the case
of the capacitorC or the inductorL being nonlinear.
Therefore, for brevity, we will confine our discussion
only to the case of the capacitorC2 being nonlinear.
For the purpose stated above, let us assume that the
nonlinear capacitorC2 in Fig. 1 is a charge-controlled
one, and that itsv−q characteristic is given byv2(t) =
f (q2) = a1q2+a3q3

2. The governing equations for the
voltagev1 across the linear capacitorC, the current
i L through the inductorL, and the chargeq2 of the
nonlinear capacitor are given by the following set of
three first-order nonautonomous differential equations:

dq2

dt
= G[v1− f (q2)] − h( f (q2))

dv1

dt
= 1

C
i L − G

C
[v1− f (q2)] (1)
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Fig. 1. Modified circuit realization.

diL
dt
= − 1

L
v1

whereh(·) = G1(·)+0.5(G0−G1)(|(·)+Bp|−|(·)−
Bp|) is a three-segment piecewise linear function for
the Chua’s diode withG0, G1 as the slope, andBp the
break point for those segments. For such systems, it is
usually more convenient to work with nondimensional
variables and parameters. Hence, we use the following
change of variables for that purpose:

τ = ω0t

q2 = q0x

v1 = V0y (2)

i L = I0z

whereω0, q0, V0, andI0 are any arbitrary positive fre-
quency, charge, voltage, and current scaling factors,
respectively. Here,x, y, and z are the new respec-
tive nondimensional charge, voltage, and the current
variables. By substituting(2) in (1), we obtain the fol-
lowing nondimensional set of differential equations:

dx

dτ
= α[y− r (g(x))]

dy

dτ
= γ [g(x)− y+ ηz] (3)

dz

dτ
= −βy

whereg(x) = ax+bx3, andr (·) = m1(·)+0.5(m0−
m1)(|(·)+ ε| − |(·)− ε|) with

a = a1q0

V0

b = a3q3
0

V0

m0 = 1+ G0

G
(4)

m1 = 1+ G1

G

ε = Bp

V0

The other nondimensional parameters in(3) are given
as

α = GV0

q0ω0

β = V0

I0ω0L

γ = G

Cω0
(5)

η = I0

GV0

Note that with the choice of(γ,a, b, η, ε) =
(1, 1, 0, 1, 1) the system of(3) represents the origi-
nal circuit. On the other hand, the choice of(m1, ε) =
(1, 0) leaves only the capacitive nonlinearity in the cir-
cuit. Since the objective of the paper is to investi-
gate the interaction of different types of nonlinearity,
the case of only the capacitive nonlinearity is not dis-
cussed here. For illustration purposes, in Fig. 2 we give
a chaotic attractor from the modified circuit projected
onto thex − y plane. This attractor is obtained by
choosing(α, ε,a, b) = (6.4,−0.2,−1.4, 0.98). We
see that there is a structural difference between the
double-scroll attractor [3] from the original circuit, and
the attractor of Fig. 2. In the simulations, where not
specified otherwise, we use(α, β, γ,m0,m1, ε, η) =
(9, 100/7, 1,−1/7, 2/7, 1, 1)as in the case of the orig-
inal circuit.

3. Effects of the Interaction

In this section, we present a two-dimensional bifurca-
tion diagram to show the effects of the interaction of the
resistive and the capacitive nonlinearities in the circuit.
This bifurcation diagram in them0−m1 plane for three
different values ofb, namely, 0.0,−0.01, and−0.02,
is given in Fig. 3. Note that sinceb is the coefficient
of the cubic nonlinearity for the nonlinear capacitor,
the case ofb = 0 corresponds to the original circuit.
For the consistency of our comparisons, we keep the
values of the other parameters same as those of the
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Fig. 2. A chaotic attractor from the modified circuit.

Fig. 3. Two-parameter bifurcation diagram in them0 −m1 plane.
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original circuit. The dotted areas in this diagram show
the chaotic regions, and the darker lines represent the
outer boundaries for the respective chaotic regions for
different values ofb. From this figure, we see that the
region of chaos is the largest whenb = 0, i.e., when
no capacitive nonlinearity exists. However, asb in-
creases in magnitude, the chaotic motion is confined
to a smaller region in the parameter space. Thus, we
can say that the addition of the capacitive nonlinearity
in this case plays a limiting role on chaos. Although
each chaotic region in Fig. 3 has some small windows
of order, the qualitative behavior of the system is not
affected by them. The routine used to integrate the
system of(3) is a fourth-order Runge-Kutta algorithm
with a stepsize less than 0.01.

4. Spice Simulations

In this section, we use SPICE to simulate the circuit of
Fig. 1 to verify the bifurcation diagram of Fig. 3. The
most important steps in the simulations will be the real-
ization of the Chua’s diode, and the charge-controlled
nonlinear capacitor. A realization of Chua’s diode us-
ing two op amps and six linear resistors is given in [11].
Thus, for that part of the circuit, we will use the same
method outlined in [11] for different values ofm0, and
m1. As for the simulation of a charge-controlled non-
linear capacitor whosev − q characteristic is given by
v(q) = ∑k akqk, we can employ the circuit shown in
Fig. 4. In this circuit, the dependencies of the depen-
dent sources are given as

v1 = v0, i x = i, i0 =
∑

k

bkv
k
x (6)

By using(6), we can express the port voltagev(t) of
Fig. 4 as a function ofq(t), whereq(t) = ∫

τ
i (τ )dτ ,

as

v(t) =
∑

k

Rxbk
qk

Ck
x

(7)

Thus, the relationship between the actual circuit pa-
rametersak, and the simulation parametersbk can be
given as

bk = Ck
x

Rx
ak k = 0, 1, . . . ,n (8)

In the simulations, we will keep the values ofCx, and
Rx fixed atCx = 1.0µF , Rx = 1.0KÄ. A Pspice
subcircuit implementation of this nonlinear capacitor is

Fig. 4. Circuit realization for the nonlinear capacitor.

given in Fig. 5. Note that in Fig. 5, a large resistor,Rin f ,
is included between the nodes 30 and 90 to provide a
DC path required by Pspice.

As we stated earlier, for the purpose of numerical
simulations, it is almost always easier to work with the
nondimensional (and normalized) parameters. How-
ever, for the purpose of Pspice simulations, it is more
meaningful to use realistic element values. Below, we
give an example of how to obtain a set of realistic el-
ement values from a given set of nondimensional pa-
rameter values. For that purpose, using(4), and(5), let
us express the actual parameters in terms of the nondi-
mensional parameters

G = I0

ηV0
= αq0ω0

V0

C = G

γω0

L = V0

I0ω0β

a1 = aV0

q0
(9)

a3 = bV0

q3
0

G0 = (m0− 1)G

G1 = (m1− 1)G

Bp = εV0

It is clear from(9) that the number of unknowns is
greater than the number of equations. Although we
have(ε, Bp) = (1, 1), we are still left with two de-
grees of freedom, which means the solution set is not
unique. Note that the choice ofω0 is a very crucial one
since it corresponds to the fundamental frequency of
oscillation. For that reason, one must chooseω0 well
within the range where the operation of op amps can
still be considered frequency-independent. For exam-
ple, let us choose(R, ω0) = (1K , 10Kr/s). Then,
using (ε, Bp, η, γ, α, β,a) = (1, 1, 1, 1, 9, 100/7, 1)
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Subcircuit for charge controlled nonlinear cap, b= −0.01
.SUBCKT NONLINC 10 90
∗ a= 1.0, b= −0.01
Vdead 10 20 DC 0
E1 20 90 40 90 1.0
F1 90 30 Vdead 1.0
Rinf 30 90 100MEG
Cx 30 90 1.0u
Rx 40 90 1.0K
G1 90 40 poly(1) 30 90 0 0.09 0 -7.29
.ENDS NONLINC

Fig. 5. A Pspice subcircuit implementation of the nonlinear capacitor.

Example input file, Chua NLC, b= −0.01, m0= .85 m1= 0.6
∗

VCC 111 0 DC 10.0
VEE 0 222 DC 10.0
.param w0= 10000, Rs= 1000, m0= −0.85, m1= 0.6, alfa= 9.0, beta= 14.2, p1= 8
.param r11= p1∗Rs/(m1−m0), r22= Rs/((m1−m0)/p1− (m1− 1))
L 1 0 Rs/(beta∗w0)
R 1 2 Rs
C 1 0 1.0/(Rs∗w0)
XANC 2 0 NONLINC
∗For the subcircuit op amp model AD712 V+ V- VCC VEE Vout
∗Please reffer to reference [8]
XA1 2 4 111 222 3 AD712
R1a 2 3 r11
R2a 3 4 r11
R3a 4 0 r11/7.0
XA2 2 6 111 222 5 AD712
R4b 2 5 r22/10.0
R5b 5 6 r22/10.0
R6b 6 0 r22
∗Subcircuit for charge controlled nonlinear cap, b= −0.01
.SUBCKT NONLINC 10 90
∗

Vdead 10 20 DC 0
E1 20 90 40 90 1.0
F1 90 30 Vdead 1.0
Rinf 30 90 100MEG
Cx 30 90 1.0u
Rx 40 90 1.0K
G1 90 40 poly(1) 30 90 0 0.09 0 -7.29
.ENDS NONLINC
.IC V(2) = 0.1
.TRAN 0.01MS 75.0MS 50.0MS 0.01MS
.probe
.end

Fig. 6. An overall Pspice input circuit forb = −0.01.
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Fig. 7. Pspice simulation results for(m0,m1, b) = (−.85, .6, 0.0).

we obtain

V0 = 1.0V, I0 = 1.0m A, q0 = 11.11nC

C = 100nF, L = 7mH

a1 = 9 · 107V/C, a3 = 729· 1021 · bV/C3 (10)

G0 = (m0− 1)mS, G1 = (m1− 1)mS

Since we have already chosen(Rx,Cx) = (1.0K ,
1.0µF), we obtain the coefficients for the polynomial
dependent source as

b1 = 0.09 b3 = −729· b (11)

An overall Pspice input circuit forb = −0.01 is given
in Fig. 6.

For the purpose of verifying the bifurcation dia-
gram of Fig. 3 by Pspice simulations, we use a one-
dimensional sweep of the(m0,m1) parameters for dif-
ferent values ofb. By one-dimensional sweep, we
mean that we keepm1 fixed at a value (e.g.,m1 = 0.6)
so that the linem1 = const passes through all three
regions in Fig. 3. Thus, for each value ofb, m0 is
changed such that the points(m0,m1) fall both within
and outside the chaotic region at hand. In this manner,
we obtain nine different simulation results as shown in
Figs. 7, 8, 9, 10, 11, 12, 13, 14, 15. In these figures,
the top portion is the time behavior of the state variable
v2(t), the middle portion is thev1−v2 phase plane, and
the bottom portion is the frequency spectrum ofv2(t).
By looking at these figures, we see chaotic behavior in
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Fig. 8. Pspice simulation results for(m0,m1, b) = (−.5, .6, 0.0).
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Fig. 9. Pspice simulation results for(m0,m1, b) = (−.25, .6, 0.0).
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Fig. 10. Pspice simulation results for(m0,m1, b) = (−.85, .6,−.01).
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Fig. 11. Pspice simulation results for(m0,m1, b) = (−.5, .6,−.01).
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Fig. 12. Pspice simulation results for(m0,m1, b) = (−.25, .6,−.01).
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Fig. 13. Pspice simulation results for(m0,m1, b) = (−.85, .6,−.02).
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Fig. 14. Pspice simulation results for(m0,m1, b) = (−.5, .6,−.02).
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Fig. 15. Pspice simulation results for(m0,m1, b) = (−.25, .6,−.02).




