IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: FUNDAMENTAL THEORY AND APPLICATIONS, VOL. 43, NO. 8, AUGUST 1996 691

On Bounds of the Parametric Range
of Bifurcation of Chua’s Circuit

Anshan Huang

Abstract— This brief presents general representations for bounds on
the parametric range of the G-, C1-, L-, and C5-bifurcations of Chua’s
circuit. The critical points for the appearance of bifurcations are derived.
Consequently, chaos can be quenched by adjusting parameters to meet
these conditions.

I. INTRODUCTION

Chaotic regions for Chua’s circuit were considered in [1]. The
authors of reference [2] derived the correct transfer function and
obtained the maximum possible parametric range of G- and Ci-
bifurcations. Using this information one can take full advantage of
the range to accomplish many kinds of tasks. However, the results
above are based on specific parameter calculation, and no exact
formula is given. Furthermore, one wishes to know the conditions for
when chaos disappears to avoid it. According to the two-parameter
bifurcation diagram in the «—3 plane, given in [3], one sees that
chaos can be quenched by making o sufficiently small or adjusting
[ appropriately when « is fixed. However, no quantitative formula
is given. In this paper, in addition to G- and C| -bifurcations, the L-
and Cs-bifurcations are also discussed. At the same time we obtained
the general expressions of the maximum bifurcation range of the
G-, Ci-, L-, and Cs-bifurcations, and derived the criteria for the
disappearance of chaos in Chua’s circuit by making the maximum
bifurcation range zero. By using the above method, similar criteria
for the other members of Chua’s circuit family can also be obtained.
So both goals: to use the circuit for chaos generation and to avoid
it, are accomplished.

II. StATE EQUATION AND TRANSFER FUNCTION

Chua’s circuit is shown in Fig. 1(a) and the piecewise-linear
characteristic of the nonlinear Chua’s diode is shown in Fig. 1(b).
The state equation of the circuit can be written in the form

dx(t , .
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Fig. 1. Chua’s circuit.
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Fig. 2. The absolute stability sector in the G~m plane.

and
o(t) = [ver () vea(t) ()" ©)
The transfer function of the linear part can be written as [2]
_Vis)
G(s) = )
=CT(sI-4)"'B
1 G 1 . @
B G ( to T CQL)
oG+ C)GE 5 1 G
o C1C2 + CoL” + C1CoL
From (1) the characteristic equation of the linearized system is given
by
3 G G+m\ » 1 Gm; \
st (C2 Y ) t\artaa )t
G4+ m; _
+ TGl = 0 %)

where G = 1/R, m; = m; (inside region), and m; = mo (outside
region).

Leta =1/Cy,b=1/Cs,and ! = 1/L. Then, (5) can be rewritten
as

3+ (aG 4+ bG + am;)s® + (bl 4 abGm;)s + abl(G + m;)
=0. ©®
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TABLE I
EIGENVALUES OF THE CHARACTERISTIC EQUATION AT EQUILiBRIUM PO anp P+

Bifurcation Equilibrium PCfor both choices
parameters Equilibrium PE mo = —0.29397237 | Equilibrium P* mg = —0.5 m; = —0.8

G ol o+ jw 5y o+ jw ¥ o4 jw
0.52915026 —2.645751 0+ 72.366432
0.605 555 56 —1.555556 0 £ 52.067607
0.81722222 —0.972221 0 &£ 71.056 409

Applying the Routh~Hurwitz criterion to (6), we get the following
conditions for the absolute stability of the linearized system.

ConditionA: aG+bG+am; >0 @)
ConditionB: bl + abGm; >0 8)
ConditionC: abl(G+m;) >0 ®)
ConditionD: o?*m? + ala 4+ b)Gm; + bl > 0. (10)

In this paper, assume «, b, and ! are positive real numbers, and
G > 0, m; < 0. Now we will consider the G-, Cy-, L-, and
Cs-bifurcations individually.

II. THE G-BIFURCATION

Here, the bifurcation parameter is G. So, according to (7)—(10),
there exist four boundaries C1, C2, C3, and C4, as shown in
Fig. 2. In Fig. 2, shaded areas denote regions where the linearized
system is stable. According to Ogorzalek’s conjecture, the second
stability sector(below curve BA in Fig. 2) is necessary for chaos
existence. It is easy to show that the boundaries given by (8)~(10)
intersect at the point A = (1/7/a, —+/1/a). And, from the equality
of (10),

—a?m;? — bl
O i an

Let dG/dm; = 0. Then, we obtain the coordinates of one of the
extreme value points, B = [(2v/b])/(a + b), (=) /a].

All these coordinates of the points A and B are shown in Fig. 2.
Obviously, the maximum possible dynamic range of G-bifurcation is
from point A to point B in horizontal direction, for example, when
mi = —/I/a and mg = —v/bl/a. In [2], the authors first found
the possible maximum dynamic range by using a specific parameter
value. Here we will use mathematical formula to obtain the exact
representations.

Let the three eigenvalues of the linearized Chua’s circuit operating
at boundary C4 be v, ¢ & jw. It can be proved that ¢ = 0 on
the boundary C4 above point A. We can call this boundary a Hopf
bifurcation curve. Then the extreme value points A and B exhibit
the maximum dynamic range of G-bifurcation when point B is the
- intersection of C4 and my. In the following derivation, we use the
stability and the eigenvalues of the linearized system.

Substituting (11), i.e., the relationship between G and m; into (6),
we have

52 + (G + bG + am;)s® + (bl + abGm;)s
+abl(G + mi)

_ g ab(l—am*) — B*U(I—am})
am; a+b (a+b)m;
bl »  ab(l —am?)
= s — s —_—
am; a-+b

(12)
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Fig. 3. The absolute stability sector in the a—m plane.
Now we have
_ bl
am;
o= 0 — (13)
b(l — amj
w= 4y ( )

a+b
From (13) indeed we have a pure imaginary eigenvalue, which
completes our derivation.

For the sake of comparison, let us choose the same values as in
2], ie,a=1/Cy =9,b=1/Co = 1,1l = 1/L =7, and G
is variable. For extreme value point B, mo = —0.293 972 37. The
corresponding eigenvalues are as follows:

y= B = =T = —2.6457513

o= 0

w= /0 A = 456 = +2.3664319
a+b

The corresponding eigenvalues at different m; when o = 0 are
given in Table 1.
For point A, m = —y/l{/a = —/7/9 = —0.8819171, we have

—b\/g = —0.8819171

0
0
And therefore, point A is a critical bifurcation point.

In the above, we discussed the maximum bifurcation range. Next
we will discuss when this bifurcation range is zero. By adjusting
parameters to move boundary C4 toward the right direction, one
can finally make point B coincide with point A, i.e., the horizontal
distance between point A and B becomes equal to zero. In this case,
we have

(14)

7 (15)
a

l

w

1 26l
2 a+b (16)
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TABLE II
EIGENVALUES OF THE CHARACTERISTIC EQUATION AT EqQUILIBRIUM PO aAnp PE
Bifurcation .
parameters Equilibrium P mg = —0.403 559 44 Equilibrium P mq = —0.5 Equilibrium P° for both cheices m; = —0.8
a=1/Cy Y o+ jw Y g+ jw o o jw
6.5592895 —2.644 390 0+£72268712 1.033844 —0.538958 £5 2.037331
6.797 6605 —2.059532 0+ 2.149609 1.083893 —0.552064 + 5 2.021210
and 0.1 I .
: (a+b) 2G
T Vi e faie?
YN} an 0 e :
a a
. . . . -0.1} ]
Finally, we obtain the relationship a = b.
According to custom, o 2o /Ci. Therefore, &« = a/b = 1. E-02p 4
A 2 _ . £
And from § = sz/(LG ), and G = 4/l/a at point A, so we have § oaf
B8 = a/b=1.1tis not difficult to show that when oo < 1 or 8 < 1 £ m0 = —0.38888889 (a+b)G
no bifurcation appears at all. Obviously, @ = 1 or 8 = 1 are the 5-04‘ """""""""""""""""""""""""""""""" T2a
criteria for when chaos disappears. Then, chaos can be quenched by 3 o5k co ]
adjusting the parameters to either make « < 1, or 3 < 1. In fact, g. ' ci2
this criterion is meaningful both in theory and practice [4]. @ o6 1
c11 E \ -G i
o7 \ mO = ~0.70000000,,
IV. THE C:-BIFURCATION -0.8 \\rm 53900000 :
The stability conditions is the same as (7)-(10). Here, the bifur- 09 ) , ) ) ) ) ) ,
o 2 4 6 10 12 14 16 18 20

cation parameter is a = 1/C}.

The corresponding boundaries are C5-C8, as shown in Fig. 3. It
is easy to show that (8)—(10) intersect at the point C = (I/G?, ~G).
In a similar way, for equality of (10), let da/dm; = 0 and we have
the coordinates of point D = {2v/5l/G — b, —v/bIG/(2Vbl — bG)}.

So the maximum dynamic range of the C -bifurcation is from point
C' to point D in the horizontal direction.

In boundary C8, the eigenvalues are given by

= —(aG+bG+ am;)

0
L0l + abGm;

From (18) indeed we have a pure imaginary eigenvalue, which
completes our derivation.

In the same way, we choose the same values as in [2], i.e.,
b=1/Co=1,1=1/L=7,G=0.7,and a = 1/C; is variable.

For extreme value point D, mq = —+bIG/(2Vbl — bG) =
~0.40355944 and a = 2Vbl/G — b = 6.5592895. The corre-
sponding eigenvalues are as follows:

(18

€ 92

y= Bl = -7 = —2.6457513

o= 0
+14/b(1 = VHIG) = £2.268914 7

For corresponding eigenvalues when ¢ = 0 at different mg, see
Table II.

For point C, mg = —G = —0.7 and a = I/G* = 14.285 714,
we have

(19)

(20)

Therefore, point C' is the critical bifurcation point in the case when

C, is the bifurcation parameter.

By adjusting parameters to move curve C8 toward the right
direction, one can finally make point D coincide with point C, i.e.,
the horizontal distance between point C' and D becomes equal to

8
Normalized | = 1/L

Fig. 4. The absolute stability sector in the I-m plane.

zero. This is the minimum range we need. Here we have

1 2Vl
== ! 1)
and
VG
P (o S 22
26l — b@ @2

Finally, we have G = /I/borl = bG?. Therefore 8 < 1 is the
criterion for chaos disappearance.

V. The L-Bifurcation

The stability conditions is the same as (7)—(10). Now we select the
bifurcation parameter ! = 1/L.

The corresponding boundaries C9—C12 are shown in Fig. 4. It is
easy to show that (8)—(10) intersect at the point E = (aG?, —Q),
as shown in Fig. 4.

In a similar way, for equality of (10), we have

_ a’*m;* + ala + b)Gm;

l =
b

(23)

Let dl/dm; = 0 and we have the coordinates of point F =
{(a+b)°G?/4b,—(a + b)G/2a}, as shown in Fig. 4.

So the maximum dynamic range of the L-bifurcation is from point
E' to point F in the horizontal direction.

In boundary C12, the eigenvalues are given by

v= —(aG+bG+ am;)
g= 0 . (24
w= £4/—a2mi(m; +G)
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TABLE III
EIGENVALUES OF THE CHARACTERISTIC EQUATION AT EQUILIBRIUM PO anp PE
Bifurcation
parameters Equilibrium P mg = —0.38888889 Equilibrium P mq = —0.5 Equilibrium P° m; = —0.8
a=1/L ~ o+ jw o o+ jw ¥ o+ jw
12.25 —3.5 0+ 5 3.130495 1.282 300 — 0.541150 £ 5 2.881 838
11.25 —-2.5 045 2.84605 1.317829 —0.558913 4 5 2.714907
From (24) indeed we have a pure imaginary eigenvalue, which
completes our derivation. o2r 21 |f K-aG?))-aG 2
In the same way, we choose the same values as in [2], ie., 0 2
a=1/C1 =9,b=1/Co=1,G=0.7,and [ = 1/L is variable, 0
we have for the extreme value point F, mg = —(a + b)G/(2a) = c
—0.388 888 89. The corresponding eigenvalues are as follows: P
2 : ; - f 1(-a6")
MG SOy S0t imo=-osaspasez, § el
- 2 - ° : : G
o= 0, 25) | cis :
w= F—va?-5b?=231304952 g c15 § / &
2 o M mo=-07 !
08 : :
For corresponding eigenvalues when o = 0 at different mg, see Cmlo-08
Table IIL b : i
For point £, mo = —0.7, we have c14 : e
r | =,
y= =07 -2 = 0 1 2 3 4 5 6
o= 0 . 26) Normalized b = 1/C2
w= 0 Fig. 5. The absolute stability sector in the b—m plane.

Therefore, point E is the critical bifurcation point in the case when
L is the bifurcation parameter.

By adjusting parameters to move boundary C12 toward the right
direction, one can finally make point F' coincide with point F, i.e.,
the horizontal distance between point £ and F' becomes equal to
zero. This is the minimum range we need. Here we have

2 /2
(_“3% =aG? 27
and
_la+bG _ G. (28)
2a

Finally, we have ¢ = b. And we have [ = aG? at point E. Similarly,
a < 1or B8 < 1is the criterion for chaos disappearance. This criteria
are the same as those obtained in G- and C1-bifurcation.

VI. The C2-Bifurcation

The stability condition is the same as (7)—(10). Now we select the
bifurcation parameter b = 1/Cs.

The corresponding boundaries C13—-C16 are shown in Fig. 5. It
is easy to show that (7)—(10) intersect at the point M = (0, —G), as
shown in Fig. 5. In a similar way, for equality of (10), we have

a*mi(m; + G)
b= 75—,
aGm; +1 @9
Let db/dm; = 0 and we have the coordinates of point N =

{[21 = 2/1(1 = aG?) — aG*/G*, =l = /11 — aG?)]/(aP)}, as
shown in Fig. 5.

So the maximum dynamic range of the C-bifurcation is from point
M to point N in the horizontal direction.

In boundary €186, the eigenvalues are given by

v= —(aG+bG + am,)
o= 0 (30)
w= £/b{l+ aGm;)

This completes our derivation.

In the same way, we choose the same element values as.in [2], i.e.,
a=1/C1 =9,1=1/L="17,G=0.7, and b = 1/C5 is variable.

For extreme value point N, mq = —[l — «/I(l — aG?)]/(aG) =
—0.43524862 and b 21 — 24/il — aG?) ~ aG*/G* =
2.192 107 1.

The corresponding eigenvalues are as follows:

_20-2/MT—aG?) | 1- /I~ aG?)

—3491723?1 ¢

A~

3L

21 — 2/ = aG?) — aG*
G2

VIl —aG?)

ol
+3.0551345

For the corresponding eigenvalues when o = 0 at different mo, see
Table IV.
For point M, mo = —G = —0.7 and b = 0, we have

vy =0
o = O} . (32)
w = 0

Therefore, in this case point M is a critical bifurcation point.

By adjusting parameters to move curve C16 toward right, point
N will coincide with point M eventually, i.e., the horizontal distance
between point N and M is equal to zero. Then we have

1= /1T = aG?)

1e -G

(33)
and
20 - 2,/1(1 — aG?) — aG?
[e2 -

0. (34)

From (33) we have | = aG?. Therefore 5 = a/b is the criterion
for chaos disappearance. Unfortunately, from (34) we have a = 0,
or G = 0. However, from taking the limit of b, we can obtain the
result. Let point m between M and N of the boundary C16. Then
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TABLE IV
EIGNEVALUES OF THE CHARACTERISTIC EQUATION AT EquiLiBRIUM PO AND Pt
Bifurcation Egquilibrium P° for both choices
parameters Equilibrium Pt mg = —0.43524862 Equilibrium PEmg=-05 m1 = —0.8
b=1/Cy o o+ jw 5 o+ jw ~ o+ jw
2.1921071 —3.917237 0+ 73.055136 1.684 004 —1.159239 4 5 2.618591
2.103896 1 ) —3.272727 0 £ 5 2.846050 1.677 844 —1.125286 £ j 2.575554
the coordinates of m are {—kG, ka*G*(1—k) /(I — kaG*)}, where ACKNOWLEDGMENT
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So o < 1 or 3 < 1 is the criterion for chaos disappearance.
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