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Abstract—In many applications of sparse recovery, the signal
has a sparse representation only with respect to a continuously
parameterized dictionary. Although atomic norm minimization
provides a general framework to handle sparse recovery over
continuous dictionaries, the computational aspects largely re-
main unclear. By establishing various convergence results as
the discretization gets finer, we promote discretization as a
universal and effective way to approximately solve the atomic
norm minimization problem, especially when the dimension of
the parameter space is low.

I. INTRODUCTION

Sparse modeling forms a pillar of contemporary signal
processing, providing useful techniques for estimation denois-
ing, and detection. The majority of existing work on sparsity
focuses on finite dictionaries. However, in applications such as
line spectral estimation, ultrasound imaging, radar, MRI, and
microscopy imaging, the signals are more appropriately mod-
eled as mixtures of continuously parameterized elementary
signals. For example, in radar, the received signal is a mixture
of translated and frequency-modulated versions of a known
waveform, where the translation and modulation parameters
are continuous.

A straightforward strategy to solve sparse recovery with
a continuously parameterized dictionary is to discretize the
parameter space and reduce the problem to one with a finite
dictionary. Indeed, this approach has yielded state-of-the-
art results when applied to super-resolution microscopy [1],
communication channel sensing, direction-of-arrival (DOA)
estimation, high-resolution radar, signal sampling, and remote
sensing, to name a few.

However, from a theoretical perspective, signals that have
sparse representations in a continuous dictionary might not
have sparse representations after discretization [2], raising con-
cerns about the validity of applying sparse recovery algorithms
and theories. For sparse frequency estimation, recent work
has reformulated the resulted atomic norm minimization as a
semidefinite program [3], [4], [5], thus avoiding discretization
issues. Similar reformulations to other problems seem rather
difficult to obtain. It is our goal in this work to bridge the gap
between the superiority of discretization in various practical
problems and its theoretical shortcomings, and to promote
discretization as a universal recipe to approximately solve
atomic norm minimization problems when the parameters
indexing the dictionary lie in a space of small dimension.

The paper is organized as follows. In Section II we introduce
several atomic norm minimization problems. In Section III, we

present our main theorems with proofs. Section IV is devoted
to numerical experiments and Section V concludes the paper.

II. SIGNAL MODEL AND PROBLEM SETUP

Suppose we have a signal x? ∈ Fp with F = R or C
represented as a sparse mixture of atoms from the set

A =
{
a (ω) ∈ Fp : ω ∈ Ω ⊂ Rd

}
,

that is

x? =
∑k
j=1 c

?
ja
(
ω?j
)
, c?j ∈ F, ω?j ∈ Ω. (1)

We consider atoms a (ω) ∈ Fp that are continuously indexed
by the parameter ω in a compact set Ω ⊂ Rd. We list a few
examples of continuously parameterized atomic sets:

1) spectral estimation, signal sampling, DOA finding:

[a(ω)]j = eijω, ω ∈ [−π, π]

2) delay estimation, imaging:

[a(τ)]j = g(tj − τ), τ ∈ [τ1, τ2]

3) radar, GPS:

[a(τ, ν)]j = g(tj − τ)ei2πνtj , τ ∈ [τ1, τ2], ν ∈ [ν1, ν2]

4) continuous wavelets:

[a(µ, σ)]j = g(
xj − µ
σ

), µ ∈ [µ1, µ2], σ ∈ [σ1, σ2]

Here j ∈ {0, . . . , p− 1} and g(·) is a known function.
The atomic norm, defined for any x ∈ Fp as

‖x‖A = inf
{∑

j |cj | : x =
∑
j cja (ωj)

}
(2)

was first proposed and analyzed in [6] as a convex proxy to
promote sparsity with respect to a general atomic set A. The
dual norm of ‖·‖A is ‖z‖∗A := supω∈Ω |〈z, a (ω)〉|.

We consider recovering x? using atomic norm minimization
from both noise-free and noisy linear measurements. In the
noise-free case, given x? in (1) we observe y = Φx?, where
Φ ∈ Fn×p is a sensing matrix. We recover x? by solving the
Basis Pursuit type atomic norm minimization:

minimize
x∈Fp

‖x‖A subject to y = Φx. (3)

The dual problem of (3) is

maximize
z∈Fn

〈z, y〉R subject to ‖Φ∗z‖∗A ≤ 1. (4)



or equivalently, a semi-infinite program (SIP) that has a finite-
dimensional decision variable and infinitely many constraints:

maximize
z∈Fn

〈z, y〉R subject to |〈Φ∗z, a (ω)〉| ≤ 1,∀ω ∈ Ω. (5)

We have used 〈x, y〉 = y∗x to denote the inner product and
〈x, y〉R = Real(〈x, y〉 takes the real part.

In the noisy case, we observe y = Φx? + w with w ∈ Fn
the additive noise. We use a LASSO-type formulation

minimize
x∈Fp

1

2
‖y − Φx‖22 + τ ‖x‖A (6)

to remove noise. The dual of (6) is

maximize
z∈Fn

1

2
(‖y‖22 − ‖y − τz‖

2
2) subject to ‖Φ∗z‖∗A ≤ 1 (7)

which is equivalent to another SIP

maximize
z∈Fn

1

2
(‖y‖22 − ‖y − τz‖

2
2)

subject to |〈Φ∗z, a (ω)〉| ≤ 1,∀ω ∈ Ω. (8)

We will see that viewing the dual problems as SIPs provides
insight into the discretization approach for solving them.

III. CONVERGENCE RESULTS FOR DISCRETIZATION

In this section, we present several results on the discretiza-
tion approach for atomic norm minimization problems. We
start with the following general convex SIP

maximize
z∈Fn

f (z)

subject to |〈Φ∗z, a (ω)〉| ≤ 1,∀ω ∈ Ω. (9)

As special cases, f (z) = 1
2 (‖y‖22 − ‖y − τz‖

2
2) corresponds

to the LASSO dual (8) and f (z) = 〈z, y〉R corresponds to
the Basis Pursuit dual (5). The SIP (9) satisfies the Slater’s
condition [7] since |〈Φ∗0, a(ω)〉| = 0 < 1.

Throughout the paper, we make the following assumption:
A1: The parameter set Ω ⊂ Rd is compact, and a (ω) : Ω→

Fp is continuously differentiable.
This assumption is valid the examples mentioned in Section

I. Under Assumption A1, we define a dual of the SIP (5) whose
variable is a (signed or complex) measure µ over Ω:

minimize
µ

‖µ‖TV subject to y =

∫
Ω

Φa (ω) dµ (ω) , (10)

where ‖µ‖TV := |µ| (Ω) is the total variation norm of µ.
Similarly, the dual of (8) is

minimize
µ

1

2
‖y −

∫
Ω

Φa(ω)dµ(ω)‖22 + τ ‖µ‖TV . (11)

Interested readers are encouraged to refer to [7] for a formal
and rigorous treatment of the duality theory for SIPs.

We summarize the relationships of the optimizations for the
noise-free recovery problem in the following diagram:

(3) (4)

(10) (5)

duality

reformulation reformulation

duality

(12)

The optimizations for the noisy recovery problem have a
similar relationship. The diagram (12) suggests that, due to
strong duality of (3) and (4), strong duality should hold for
(10) and (5). Indeed, we have the following proposition that
justifies this statement:

Proposition 1: [7, Theorem 2.3, Theorem 3.2] Under As-
sumption A1, for the primal-dual pairs (10) and (5), (and (11)
and (8)):

1) strong duality holds;
2) there exists at least one optimal solution µ̂ to (10) (and

(11)) such that µ̂ =
∑n′

j=1 ĉjδ(ω − ω̂j) with n′ ≤ n.

A. Discretization

Given a finite set Ωm = {ω1, . . . , ωm} ⊂ Ω, the associated
finite optimization

maximize
z∈Fn

f (z)

subject to | 〈Φ∗z, a(ωi)〉 | ≤ 1, i = 1, . . . ,m (13)

is an approximation to (9) under Assumption A1. The optimal
value of (13) is larger than that of (9) as the feasible set of
the former is larger than that of the latter.

Define Am = [a(ω1), · · · , a(ωm)] ∈ Fp×m and cm ∈ Fm.
The dual problem of (13) is

minimize
cm∈Fm

‖cm‖1 subject to y = ΦAmcm (14)

when f(z) = 〈z, y〉, or

minimize
cm∈Fm

1

2
‖y − ΦAmcm‖22 + τ‖cm‖1 (15)

when f(z) = 1
2

(
‖y‖22 − ‖y − τz‖22

)
. We identify cm with a

discrete measure µm =
∑m
j=1 c

m
j δ(w−ωj) which is supported

on Ωm. Therefore, the effect of discretization on (10) and (11)
is replacing a general measure µ supported on Ω with one
supported only on Ωm.

We use the Hausdorff distance between Ω and Ωm to
quantify the fineness of the discretization:

ρ (Ωm) = sup
ω∈Ω

inf
ω′∈Ωm

d (ω, ω′) (16)

where d (·, ·) is the metric on Ω. We will establish results on
two notions of convergence when ρ(Ωm)→ 0:

1) convergence of the solutions of the discretized dual
problems (13) to those of the original problems (9);

2) convergence in distribution of the solutions of the dis-
cretized primal problems (14) and (15) to those of the
original problems (10) and (11), respectively.

For the LASSO formulation, we also establish results on the
speed of convergence.

B. Convergence of the Duals

In this section we present results on the convergence of the
solutions and optimal values of the duals. Denote by Sd (Ω),
Fd (Ω), and vd (Ω) the solution set, the feasible set, and the
optimal value of the dual problem (9), respectively. Sd (Ωm),
Fd (Ωm), and vd (Ωm) are corresponding quantities for (13).



To guarantee that the feasible set Fd (Ω) and its finer enough
discretization Fd (Ωm) are bounded, we further assume

A2: There exist parameters ω1, . . . , ωn ∈ Ω such that
{Φa (ω1) , . . . ,Φa (ωn)} are linearly independent.

The following theorem shows that, as the discretization gets
finer, the solutions and the optimal values of the discretized
optimization (13) converge to the those of optimization (9).

Theorem 1: Under Assumptions A1 and A2, if ρ (Ωm)→ 0,
then each sequence of solutions ẑm ∈ Sd (Ωm) satisfies

d (ẑm, Sd (Ω))→ 0 and vd (Ωm)→ vd (Ω) asm→∞

where d (z, S) := infw∈S ‖z − w‖2.
Proof: Assumption A2 implies that

σ := inf
z

∥∥[a (ω1) , . . . , a (ωn)]
∗

Φ∗z
∥∥
∞

‖z‖2
> 0.

For a fine enough grid Ωm, due to the continu-
ity of a(ω), we could pick {ω′i} ⊂ Ωm such that
[a (ω′1) , . . . , a (ω′n)] is very close to [a (ω1) , . . . , a (ωn)] and

infz
‖[a(ω′1),...,a(ω′n)]

∗
Φ∗z‖∞

‖z‖2
> σ/2. Therefore, Fd (Ωm) ⊂{

z : ‖z‖2 ≤
2
σ

}
is bounded.

As a consequence of this and the continuity of the constraint
function | 〈Φ∗z, a(ω)〉 | for fixed ω, the feasible set Fd(Ωm)
is compact. Therefore, the continuity of the objective f (·)
implies that Sd (Ωm) is nonempty and vd(Ωm) is finite. The
same is true for Sd(Ω) and vd(Ω).

Reasoning by contradiction, we suppose there exists a
sequence {ẑm} that does not satisfy d (ẑm, Sd (Ω))→ 0. Then
there must be a subsequence {ẑml

}∞l=1 such that

d (ẑml
, Sd (Ω)) ≥ ε > 0 ∀l

Since {ẑml
} ⊂

{
z : ‖z‖2 ≤

2
σ

}
, we choose a convergent se-

quence. WLOG, we assume {ẑml
} is convergent and ẑml

→ ẑ.
We show ẑ ∈ Fd (Ω) and achieves vd(Ω). Fix ω ∈ Ω,

since ρ (Ωm) → 0, there exists a sequence ω̃m ∈ Ωm such
that ω̃m → ω. Then we have |〈Φ∗ẑml

, ω̃ml
〉| ≤ 1 due to the

feasibility of ẑml
. Taking limit yields |〈Φ∗ẑ, ω〉| ≤ 1, proving

the feasibility of ẑ. Since f (ẑml
) ≥ vd (Ω) due to Fd (Ωml

) ⊃
Fd (Ω), the continuity of f (·) entails

f (ẑ) ≥ vd (Ω) , (17)

implying f(ẑ) = vd(Ω). We have shown that ẑ ∈ Sd (Ω),
contradicting ε ≤ d (ẑml

, Sd (Ω)) ≤ d (ẑml
, ẑ)→ 0.

C. Convergence of the Primals

In this section, we study the convergence of the solutions
µ̂m =

∑m
j=1 c

m
j δ(ω − ωj) of the discretized problems (14)

(and (15), resp.) to µ̂, the solution of (10) (and (11), resp.).
Particularly, we want to establish convergence in distribution.

Denote by Sp (Ω) the set of optimal measures to (3),
and vp (Ω) the optimal value. Define Sp (Ωm) and vp (Ωm)
similarly. We have the following theorem:

Theorem 2: Under Assumptions A1 and A2, we have for
each sequence of solutions µ̂m ∈ Sp (Ωm), there exists at

least one convergent subsequence, and every convergent sub-
sequence {µ̂ml

} converges in distribution to some µ̂ ∈ Sp (Ω),
and vp (Ωm)→ vp (Ω) as ρ (Ωm)→ 0.

Proof: We prove the theorem for (10) and its dis-
cretization (14). The noisy case can be proved with minor
modifications. Strong duality established in Proposition 1
implies vd (Ω) = vp (Ω). Each discretized problem is an
equality constrained linear program, so strong duality also
holds, implying vd (Ωm) = vp (Ωm). Therefore, Theorem 1
entails vp (Ωm) → vp (Ω) as ρ(Ωm) → 0, or equivalently,
‖µ̂m‖TV = ‖

∑m
j=1 c

m
j δ(w − ωj)‖TV = ‖cm‖1 → vp(Ω).

The convergence implies that the sequence {µ̂m} is
bounded. According to Banach-Alaoglu theorem [8, Theorem
5.18, pp. 169], the closed ball of the dual space of a normed
vector space is compact in the weak* topology (the topology
corresponds to convergence in distribution). Therefore, {µ̂m}
has at least one convergent subsequence in weak* topology.

For any subsequence {µ̂ml
} that converges in distribution,

i.e., in the weak* topology, to some µ̂. We need to prove
µ̂ ∈ Sp (Ω). The feasibility of µ̂, or Φ

∫
Ω
a (ω) dµ̂ (ω) = y, is

simply a consequence of taking limit in Φ
∫

Ω
a (ω) dµ̂ml

(ω) =
y (Recall that each component of a (ω) is continuous).

We next show the optimality of µ̂. The Reize Representation
Theorem [8, Corollary 7.18, pp. 223] states that the TV norm
in the measure spaceM (Ω) is the operator norm of the linear
functional h 7→

∫
Ω
hdµ and hence can be written as

‖µ‖TV = sup
h

{∣∣∣∣∫
Ω

hdµ

∣∣∣∣h ∈ C (Ω,F) , ‖h‖∞ ≤ 1

}
,

where C (Ω,F) is the set of continuous functions from the
compact set Ω ⊂ Fd to F. Consequently, given ε > 0, there
exists a continuous function h ∈ C(Ω,F) with ‖h‖∞ ≤ 1
such that

∣∣∫
Ω
hdµ̂

∣∣ ≤ ‖µ̂‖TV ≤
∣∣∫

Ω
hdµ̂

∣∣+ ε. Convergence of
µ̂ml

to µ̂ in distribution implies that
∣∣∫

Ω
hdµ̂ml

∣∣→ ∣∣∫
Ω
hdµ̂

∣∣.
Therefore, for large enough l,

‖µ̂‖TV ≤
∣∣∣∣∫

Ω

hdµ̂

∣∣∣∣+ ε ≤
∣∣∣∣∫

Ω

hdµ̂ml

∣∣∣∣+ 2ε

≤ ‖µ̂ml
‖TV + 2ε = vp (Ωml

) + 2ε

Taking limit in l yields ‖µ̂‖TV ≤ vp (Ω) + 2ε, implying
‖µ̂‖TV ≤ vp (Ω). Hence, µ̂ ∈ Sp (Ω).

When Sp (Ω) is a singleton, any sequence of µ̂m con-
verge to µ̂ in distribution. Additionally, if µ̂ is supported
on {ω̂1, . . . , ω̂k}: µ̂ =

∑k
j=1 cjδ (ω − ω̂j), then we could

approximately identify the support from discretized solutions:
Corollary 1: Given ε balls Bj := B (ω̂j , ε) :=

{ω : d (ω, ω̂j) < ε} around ω̂j with ε small enough, we have
µ̂m (Bj)→ cj , |µ̂m| (Bj)→ |cj | and |µm| ((∪jBj)c)→ 0.

Proof: Pick ε small enough such that Bjs have empty
intersections. Since µ̂ (∂Bj) = 0, Bj are continuity sets of µ̂.
Hence, µ̂m (Bj)→ µ̂ (Bj) = cj .

Note that µ̂m is a discrete measure. Suppose the restric-
tion of µ̂m on Bj has form µ̂m

∣∣
Bj

=
∑
l c
m,j
l δ(ω −

ωm,jl ), then
∑
l c
m,j
l = µ̂(Bj) → cj . Clearly,∣∣∣µ̂m |Bj

∣∣∣ (Bj) =
∑
l

∣∣∣cm,ll

∣∣∣ ≥ ∣∣∣∑l c
m,j
l

∣∣∣ → |cj |, implying
limm→∞ |µ̂m| (Bj) ≥ |cj |.



We argue that limm→∞ |µ̂m| (Bj) = |cj | for all j, and
limm→∞ |µ̂m| ((∪jBj)c) = 0. If otherwise, namely, any of
these equalities is strict greater than, then we would get the
following contradiction

lim
m→∞

‖µ̂m‖TV = lim
m→∞

(

k∑
j=1

|µ̂m| (Bj) + |µ̂m| ((∪jBj)c))

=

k∑
j=1

lim
m→∞

|µ̂m| (Bj) + lim
m→∞

|µ̂m| ((∪jBj)c)

>

k∑
j=1

|µ̂| (Bj) + |µ̂| ((∪jBj)c) = ‖µ̂‖TV .

Corollary 1 suggests that for fine enough discretization,
the support of the discretized solutions cluster around the
support of the original solution. In practice, we find clustering
coupled with approximating one active parameter in each
cluster using an average weighted by recovered coefficients
give an exceptional heuristic for support recovery.

A second consequence of Theorem 2 is the convergence
of x̂m := Amcm =

∫
Ω
a(ω)µ̂m(dω) to x̂ =

∫
Ω
a(ω)µ̂(dω),

which is an optimal solution to (3) (or (6)).
Corollary 2: Under Assumptions A1 and A2, as ρ (Ωm)→

0, for each sequence {x̂m = Amcm}, there exists at least one
convergent subsequence; every convergent subsequence {x̂ml

}
converges to some x̂ =

∫
Ω
a(ω)µ̂(dω) with µ̂ ∈ Sp (Ω).

D. Rate of Convergence

In this section, we present a rate of convergence result
for the lasso dual (7). Since the objective function of the
dual problem (7) is strictly concave, the optimal solution ẑ
is unique. Similarly, the discretized dual problems (13) also
have unique solutions ẑm. Theorem 1 implies that ẑm → ẑ.

As shown in [9] for general SIPs, the speed of convergence
for discretization approach depends crucially on how one
discretizes the boundary of the parameter space Ω. We need
the following regularity assumption:

A3: Ω is prescribed by a set of inequalities:

Ω = {ω ∈ Rd : vi(ω) ≤ 0, i ∈ I} (18)

where I is a finite index set and each function vi(·) has con-
tinuous second order partial derivatives. Furthermore, for any
ω ∈ Ω, the set of vectors with I(ω) := {i : vi(ω) = 0} 6= ∅

{∂vi(ω)

∂ω
, i ∈ I(ω)}, (19)

are linearly independent.
For any subset J ⊂ I , define the boundary set SJ =

{ω : vi(ω) = 0, i ∈ J}. The next assumption dictates that
boundaries of Ω of all dimensions are gridded equally fine:

A4: If SJ 6= ∅, the Hausdorff distance between SJ and the
grid set Ωm restricted to SJ is less than ρ(Ωm):

max
ω∈SJ

min
ω′∈Ωm

⋂
SJ

d(ω, ω′) ≤ ρ(Ωm). (20)

Fig. 1: Convergence of optimal values and solutions
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ẑ
‖
)

We now present the rate of convergence results, which are
direct applications of a theorem by Still:

Theorem 3: Let ẑ, ẑm be the optimal dual and primal solu-
tions for the original denoising problem (7) and its discretized
version (13), respectively. Suppose Assumptions A1 and A2
hold and the atoms a(ω) have continuous second-order parietal
derivatives. Then we have:

vd(Ω)− vd(Ωm) = O(ρ1/2
m ), and ‖ẑm − ẑ‖ = O

(
ρ1/2
m

)
.

If in addition Assumptions A3 and A4 are true, then we have
accelerated rate of convergence:

vd(Ω)− vd(Ωm) = O(ρm) and ‖ẑm − ẑ‖ = O (ρm) .

IV. NUMERICAL EXPERIMENTS

We performed two numerical experiments to validate our
theoretical developments. The first experiments is on line
spectral estimation, which is the only known example that has
atoms with continuous parameterization in a low-dimensional
space and the atomic norm can be reformulated as a semidef-
inite program. Hence, the exact solutions to (3), (4), (6), (7)
can be found efficiently to quantify the convergence speed.

In the first experiment, we take Φ = I , p = 64 and generate
the signal x? that involves three active frequencies. The noise
is complex Gaussian with mean zeros and standard deviation
0.1. We vary the level of discretization m in {24, 25, . . . , 212},
and solve the finite optimization (13) using cvx for each m to
get ẑm and vd(Ωm). The semidefinite formulation of (7) was
solved also using cvx to get ẑ and vd(Ω). In Figure 1a and
1b, we plot the differences |vd(Ωm)− vd(Ω)| and ‖ẑm − ẑ‖2
as functions of m in logarithmic scale. The linear decreasing
is consistent with our analysis.

In the second experiment, we apply the discretization ap-
proach to single molecule imaging. In a typical setup of single
molecule imaging, a sub-cellular structure of size tens of
nano meters is dyed with fluorophores before being imaged
by a microscope. If all hundreds of thousands fluorophores
are activated simultaneously, then due to the diffraction of
light, the smallest details that can be resolved are limited
to 200-300nm. The STORM approach divided the imaging
process into tens of thousands cycles and in each cycle only
a very small random portion of fluorophores are activated and
imaged. Each frame is thus composed of superpositions of
translated point spread functions of the microscope. A typical



Fig. 2: Single molecule imaging using discretization and Lasso

(a) A typical frame (b) Identified positions

(c) No processing, low resolution (d) High resolution due to processing

frame is shown in Figure 2a. The precise locations of the
fluorophores are then estimated from each frame, and stitched
together to get a final image of the sub-cellular structure.

Mathematically, each frame is of the form

I(k, l) =
∑
j cjPSF(k − xj , l − yj) (21)

where the integral coordinates (k, l) indexes pixels, and the
continuous coordinates (xi, yj) give the position of the jth
fluorophore. The atoms [a(x, y)]k,l = PSF(k − x, l − y)
are indexed by the position parameters. In the “Bundles of
tubulins” simulated data provided by the Single-Molecule
Localization Microscopy grand challenge organized by ISBI
2013 [10], each frame is of size 64 × 64 with pixel size
100nm×100nm, while the target resolution is 10nm×10nm.
We therefore discretize the field of view into 640×640 pixels,
and solve the resulting `1 minimization problem (15). This
approach was first proposed in [1].

Inspired by Corollary 1, we cluster cm and use a weighted
average in each cluster to get an estimate of the position. The
final result for a single frame is shown in Figure 2b. Figure
2c shows the image obtained by adding all frames together
without processing, while Figure 2d shows the result of adding
the processed frames. We observe that processing using sparse
recovery significantly improves the resolution.

We also compared the performance of the sparse recovery
approach with a naive Center of Gaussian (CoG) approach,
and a state-of-the-art quickPALM approach. The plots measure
performance using four different metrics: precision, recall,
Jaccard, and F-score. More details of these metrics can be
found [10]. We see that the sparse approach significantly
outperforms the other two methods in all metrics.

Fig. 3: Performance comparison
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(b) Recall
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(c) Jaccard
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(d) F-score
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V. CONCLUSIONS

In this paper we argued that in many applications the
sparse recovery problems involve continuously parameterized
dictionaries. The atomic norm associated with the dictionary is
a powerful convex proxy to promote sparsity. If the parameter
space has a small dimension, discretization provides a natural
and efficient approach to approximately solve the atomic norm
minimization problems. We showed that in both noise-free and
noisy cases, the discretized solutions converge to the atomic
norm solutions under various criteria, thus providing a solid
foundation for applying discretization.
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